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LIST OF PHYSICAL CONSTANTS 


Many of the following values have been taken from “Least-Squares Adjustment 
of the Atomic Constants, 1962,” by Jesse W. DuMond and E. Richard Cohen, Ro). 
of Modem Physi^ 26, 091, 1953. Some derived constants of astrophysical interest 
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Thus ±8 means that the standard error is 8 in the last significant figure. 


Avogadro’s number, 1/mol 
JVo = 6.0247 X 10” ±4 
log No = 23.779936 

Loschmidt’s number, 1/cm* 
no = 2.68713 X lO” ±16 
log no = 19.429289 

Planck’s constant, erg ■ sec 
A = 6.6262 X 10"” ±6 
log h = -26.17880 

Boltzmann’s constant, erg/deg 
h = 1.38042 X 10“‘* ±10 
log h = -16.86999 

Wien’s constant, cm deg 
'Kjr = 0.28979 ±6 
logX™„r= -0.63792 
WT = 5.8793 X 10“ ±4 

Stefan-Boltzmann constant, 
erg/om*deg*sec 
<r = 6.6686 X 10"* ±6 
log ff = -4.24652 

Radiation density constant, 
erg/om*deg* 

a = 7.6634 X 10‘“ ±8 
log 0 =-14.12129 ±4 

Saha equation constant, 
e 10* e modulus/cfc = OT 
eT = 6040.3 ±0.2 
log BT = 3.70246 ±4 


Gas constant, erg/deg mole 
Bo = 8.3166 X 10^ ±4 
log Bo = 7.91995 

Rydberg constant for If, 1/cm 
Bh = 1.0967768 X 10* ±1 
log Bh = 5.0401178 
Bh = 3.28806 X 10“ ± 1/sec 

Rydberg for infinite mass, 1/om 
B = 1.0973731 X 10* ±1 
log B = 5.0403543 

Velocity of light, cm/sec 
c = 2.997929 X itf® ±8 
log c = 10.476821 

Electronic charge, esu 
« = 4.80288 X 10"“ ±21 
log « = -9.318498 

Electronic charge, emu 
€ = 1.60207 X 10"” ±3 
log « = -19.795319 

Electron rest mass, gm 
m. = 9.1085 X 10"” ±6 
logm, = -27.04065 

Radius of the electron, cm 
r„ = 2.8178 X 10"“ ±1 
log To = —12.56009 

First Bohr radius, cm 
Oo = 6.29171 X 10"* ±6 
log Oo = —8.276404 
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LIST OF PHYSICAL CONSTANTS 


Proton/electron mass ratio 
ikfp/m. = 1836.13 ±4 

Mass of the proton, gm 
JIfp = 1.67243 X lO”"*^ ±10 
log Mp = -23.77665 

Mass of the hydrogen atom, gm 
H = 1.67334 X 10“"^ ±10 
log -23.77642 ±3 

Mass of unit atomic weight, gm 
M = 1.65983 X lO""*^ ±10 
log m=-23.77994 ±3 

B,(r) has its maximum value at 
V = !r/(4113.3) ev 

(5.8787 X 10'®) T cycles 
per sec 

Electron volt: 

Xo = 12397.8 ±0.5 Angstroms 
Vfi = 8065.98 ±0.30 wave numbers 
To = 11605.7 ±0.5° K 
vt, = 2.41812 X 10'^ ±9 cps 

Ergs per electron volt: 

1.60207 X 10”“ ±7 
log (erg/ev) = —11.795318 

Energy equivalent of electron mass 
mo = 0.510984 ±16 Mev 


Energy equivalent of proton mass 
Mpc^ = 938.232 ±24 Mev 

Conversion factor from atomic mass 
units to Mev 

1 a.m.u. = 931.162 ±24 Mev 

Standard atmosphere (pressure) 
1,013,246 dynes/cmVatmosphere 

1 bam = 10 ^ cm^ 

Gravitation constant, dyne cmVgm^ 

0 = 6.670 X 10"® ±5 
log G = -7.1759 ±3 

Centimeters per light-year 
9.463 X 10“ 
log cm/ly. = 17.97603 

Parsec: 

3.084 X 10“ cm/pc 
3.258 light-years/pc 
2.063 X 10® astr. units 

Sidereal year 
3.1558 X lO’^ sec/year 

Astr. unit = 1.49674 X 10® km 
= 4.854 X 10”® pc 

1 sphere = 47r steradians 

1 sphere = 41,253 square degrees 
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CHAPTER 1 


Stellar Interiors and Nuclear Transeormations 

3.. Introduction 

At first glance it would appear that no astrophysioal topic would 
remain more concealed from our knowledge than the interiors of the 
stars. The depth to which we can see into the average star is discourag- 
in^y small. The thickness of the gases which produce the dark-line 
spectrum of the sun amounts to only 2 gm/cm*, equivalent to the 
tiniest fraction of the strata that compose the atmosphere of the earth, 
itself but a negligible fraction of the mass of this planet. 

In a few fortunate instances we can find the mass, radius, and 
luminosity of a star, and from its spectrum we can learn something 
about the chemical constitution of the surface layers. The problem is: 
given that the star is stable, and certain basic physical laws, what can 
we find out about the chemical composition, temperature, pressure, and 
density in the interior? 

We assume that the physical laws governing conditions in stellar 
interiors are the same as those deduced on the earth from laboratory 
experiments. Occasional modifications are required, as with the gas 
laws, under extreme conditions of temperature and density. The nature 
of these modifications is almost always fairly well indicated by theoretical 
physics. 

The condition that the star must be in a steady state simplifies the 
problem. Energy produced by nuclear transformations in the deep 
interior slowly seeps to the surface. The rate of energy generation in 
the interior must exactly equal the rate of energy emission by the 
star, i.e., its luminosity. Not only must the star be in a radiative 
steady state; it must also be in fnechanical equilibrium. At each point 
throughout the interior the pressure must exactly balance the weight 
of . the overlying layers. The pressure, density, temperature, and rate 
of flow of energy are assumed constant with the time in our treatment 
of a normal star. 

The chemical composition enters in a rather fundamental fashion. 
Nuclear physios suggests definite mechanisms of energy generation— 
■fche carbon cycle and the proton-proton reaction—whereby hydrogen 
■become progressively transformed into helium. The hydrogen con¬ 
sumption rate will depend on the amount of hydrogen and, for stars 
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that operate on the carbon cycle, the initial amount of carbon and 
nitrogen, since the latter cannot be built up from lighter elements. 
Throughout most of the volume of a typical star, energy is passed from 
volume element to volume element by radiation. The rate of flow of 
radiation depends on the opacity of the material—which is fixed by the 
temperature, density, and chemical composition. The gas pressure at 
each point depends on the number of particles* per gram of material 
and on the temperature. Completely ionized hydrogen produces more 
particles (protons and electrons) per gram than does completely ionized 
oxygen. Since the pressure depends on the nuinber of particles per 
cm®, the interior of a hydrogen star wQuld tend to’ be cooler than that 
of an oxygen star. On the other hand the radiation would escape more 
easily through the hydrogen star because of its greater transparency. 

In this chapter we shall discuss properties of matter and radiation 
of especial interest for the general problems of stellar interiors. Let 
us first find the order of magnitude of the temperature and pressure 
in the interiors of a star such as the sun. 


2. Mean Temperature and Pressure in Stellar Interiors 

The condition that the star is in hydrostatic equilibrium is expressed as 

dP = —gfp dr (1) 

[cf. eqn. (155) of Ch. '^]* where the minus sign arises because the 
pressure P increases as the distance from the center, r, decreases.* We 
postulate that the star does not rotate. Since the star is spherically 
symmetrical, the mass of an elementary shell of thickness dr at r will be 

dMr = 47rr®p dr (2) 

The acceleration of gravity at r depends only on the mass interior to r, 

Mr ^ 4^ r pr^ dr (3) 

Jo 

in accordance with the law of gravitation 

(4) 

where 0 = 6.67 X lO”® in c.g.s. units. Hence 


dr 



(5) 


*AJI references to chapters in the author’s Astrophysics—The Atmospheres of the 
Sun and Stars (New York: The Ronald Press Co., 1953) will be designated in this 
volume by * before the chapter number. 
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From eqns. (2) and (5) we get 


dP ^ GMr 
dMr 4ficr^ 

Let us define the average pressure by 
If we integrate by parts we obtain 


( 6 ) 

(7) 


P = ^ [PrMr]^ - jji // Mr dPr (8) 

where the first term equals zero since P vanishes at the surface of the 
star, and M, = 0 at r = 0 because p is eversrwhere finite. From eqns. 
(6) and (8) 


L 




(9) 


Since r is less than B in the star, we obtain a lower limit to the pressure 
by replacing r by 2? imder the integral sign. Then 


( 10 ) 


( 11 ) 

where ilfo and jBo are the mass and radius of the sun. Thus we see 
that most of the material in stars sinular to the sun is under considerable 
pressure. If we apply these results to the companion of Sirius, for 
which M = 0.98, and R — 0.02 in terms of the solar values, we find 
that the average pressure is greater than 1.8 X 10‘* atmospheres. 

We may obtain a lower limit to the teniiperature of a star that obeys 
the perfect gas law [eqn. (4) of Ch. *3]. The total pressure includes 
both gas pressure and radiation pressure, 

p = + = + (12) 

Let us call the ratio of the gas pressure to the total pressure, p. 

P, = /3P (13) 

P* = (1 - P)P (14) 

We shall define a mean temperature P in the same way as we defined P: 



or 


P ^ i._^. f* - ^M^ 

M 4tP* Jo ~ 

P > 3.00 


JJIff/RoV 


(15) 
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From eqns. (12), (13), and (15) 


and from eqn. (2) 


r = r^dMr 

M Jo pCR. 

f = ^ r^4^’‘pdr 
M Jo p(R 


If we replace (jujS) by its minimiun value (iu|3)min, we have 

Integrate by parts and use eqn. (6). 

m 1 r* dMf 

— 3 M (R Jo r 
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(16) 

(17) 

(18) 


(19) 


We aViall obtain a minimum value for the temperature if we replace 
r by jB and integrate. Thus 

T > 3.84 X 10V/5)«in(^)^) (20) 


Since for a pure hydrogen star, fi would be |, and |S = 1 for all but the 
most massive stars,* w8 > i. Thus 

r> 1.9X10'^^ (21) 

Most of the stellar interior is at a temperature greater than, a million 
degrees. 

A more precise knowledge of the temperature, pressure, and density 
within a star will require additional physical relationships, e.g., the 
law of energy generation, gas laws, mode of energy transport, etc. 
The temperature distribution will depend critically upon how the transfer 
of energy takes place, whether by radiation from volume element to 
volume element, or by convection currents wherein large-scale motions 
of the material carry energy from the deep interior to the surface. If 
radiative transfer of energy is responsible, the absorption coeflBicient of 
the stellar material must be known. If convection currents carry the 
energy, we need to know the ratio of specific heats. Both modes of 
• energy transfer may play a role in different strata of the same star. 

*For molecular weight values of practical interest, 0* < 1), radiation pressure 
can be neglected as a factor in the equation of hydrostatic equilibrium. The simplest 
way to justify the neglect of the Pr term is by means of Chandrasekhar’s “13* Theorem” 
(see chap, iii, Theorem 7, of his SteUar Structure). 
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3. The Radiative Transfer of Energy 

Kor ccmipU^t^'iuw. \v(‘ shall <h‘ri\T an(*\v (hf‘ oeniation f<»r tin* radiative 
flow of (‘n<Tgy thnaigh a hmtod ^as, anti disfii.ss it from a 
(iifftwnt point of vit‘\v than wo tlitl in ('haptor ’*^7. (*o»»si(l«*r a boain 
of radiation of initial int<*nsi(y /(r. (h passing through a t*ylindt*r oi 
longth tin and unit art'U wlatso axis is int'linod at att anglo with r<»s|M*ct 
to tho ratlins of iht* star. 'I'ln* lumanit of on«*rgy al»sorhc*d in the (\vlital<‘r 
in solid angles t/ca is 

/(r, 0)Kp<ii<ttw (22) 

situr p rfs is tho muss <»f fh<^ oylimlor and k is tlu* mass alisorption oo- 
(‘fliriont of the stoUar matt*riaL* 'riw* (♦vlintltT also omits <»norgy, anti 
tho amount nvradiutoti in stiUd angla //u) in any din^rtion will la* 

CiJJ) 

SutnminD; up th<^ kiuuih uii* 1 of thi* iiioidciit 

r/J(r, 9) flu tip flu Hr, ff) flu -f Jp dtf (*^>1) 

Krtwit th«* KifoimUrj’ of JIm* prohinm 

dr «' rtw 0 </« (25) 

If wo (iofitto u ft»i(!t iott 


«tr, 9) - ■*' Hr, 9) (20) 

c 

wo cmi ohiftiii (h<<! nutiittion diuiaity, H(r), hy hitUKritltiiK (Hjtt. (20) 
ovor all angifw with r lixod, 

ii L ^ Ir 

'rito (rtttiHfftr 4H{untioit may uow Ut put. iit t.hu form 

otw 9 ^ ■"* *#«<(»*. 9) “I" {2H) 

Tho ({uatility wo altail iimh) im tho ftiix norooN a aphoro of riuUuH r. From 
C'hapU^r *5 wo nwall that tho flux in <lofuioii i>y 

»F - JJ Hr, 9) rew 9 flu - JJ u(r, 9) o<w 9 Mtli 9 d^ d9 (2Ua} 
*In Ohaptm 1 and 2 wo um «, m(h«r than Jb to donoto tb« alimnpUMi ooofflolwit. 
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/(r, 6) cos* 0 cZw = — JJ u(r, 6) cos* B sin 6 d$ d<l> (29b) 

With the aid of the definitions (29) we shall now seek a soluton of 
eqn. (28) valid for the deep interior of the star. First multiply eqn. (28) 
by do)/4:T and integrate over all angles to obtain 

= 0 (30) 

Next multiply eqn. (28) by cos 8 dw/4ir and again integrate over all 
angles. We get [cf. eqn. (23) of Ch. *6] 

(31) 

dr c 

since j is independent of angle. We have three unknowns of the radiation 
field, w(r), F(r), P«(r), and two, differential equations. Fortunately, 
throughout most of the stellar interior, / is so nearly isotropic that if 
we expand u(r, 5) in a series in cos 8, viz., 

tt(r, 8) = a{r) + i8(r) cos 9 + • • • (32) 

we can neglect the terms depending on higher powers of cos 8; these 
assume importance only near the surface of the star. We identify 
«(»•) with u{r) by eqn. (27) while from eqns. (32) and (29b) we have 

= ^(r) 

which is the same relation as for isotropic radiation. 

The emissivity in ergs/gm/sec, comprises two parts; (1) Thermal 
emission according to Kirchhoff’s law. In order for a steady state to 
exist, the energy absorbed per gram must equal the energy emitted as 
thermal radiation. Hence 

ji = Kcu{r) = KcaT^ (34) 

(2) Energy generation by nuclear processes which depend on the density 
and temperature, viz., c(p, T) ergs/gram/sec. The total emission is 

j = ji + ia = xcaT* + e(p, T) (35) 

From eqns. (30) and (35) we now obtain 

T^=pt{p,T) 




(36) 
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Now eqn. (31) employed in conjunction with eqn. (33) and eqn. (12) 
of Chapter *5, u(T) = aT*, gives 


tF = — 


AacT^ dT 
3kp dr 


(37) 


as the rate of outward flow of energy. 

Let Lr denote the net radiation flow across a sphere of radius r 
and mass Mr concentric with the star. In a steady state, L, must 
equal the total amount of energy generated per second within the 
sphere: 

L, = 4ir f r'®p(r')€(r', p) dr' (38) 

Jo 

and the net flux in ergs/cmVsec across a sphere of radius r is 



ac dCT*) 
3kp dr 


(39) 


provided radiation, not convection currents, carry the energy. 


4. The Stellar Absorption Coeficient 

Before much progress can be made in the construction of models in 
which the energy transport is by radiation, we must have some knowledge 
of the stellar absorption coefiBlcient. The atomic processes important 
for opacity of the stellar material are: 

(1) Photoelectric absorption (bound-free transitions). Atoms or ions 
in discrete energy levels absorb, sufficient energy to eject an electron 
and become further ionized. Since any energy greater than the minimum 
necessary to detach an electron from the atom may be absorbed, a 
continuous absorption is produced. 

(2) Pree-free transitions. A free electron moving in an hyperbolic 
orbit in the neighborhood of an ion may absorb a quantum of energy and 
move away with a higher speed. 

(3) Radiation may be simply scattered by free electrons (Thomson 
scattering). Electron scattering becomes important at higher tempera¬ 
tures where the material is so highly ionized that photoelectric absorp¬ 
tions can make only a small contribution to the opacity. 

(4) Finally, discrete X-ray line absorption may be important at 
certain temperatures and densities. 

The high densities prevailing in stellar interiors have a marked effect 
upon the absorption coefficient. The energy levels of an isolated atom 
may be depicted as shown on the left of Fig. 1, where the smooth curve 
represents the potential curve of the dectron in the field of the ion. 
The LigL discrete levels gradually coalesce into the continuum as the 
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quantum number increases. In a gas of finite density, high levels 
which correspond to atomic radii greater than the mean distance 
between atoms, become smeared out into free states. PhysiiMilly, what 
occurs is that the higher the density, the greater the el(;<it,r()sl4itic 
shielding produced by the free electrons in the neighborhood until the 



Pro. 1 .—^Enbrot Lbvbls of a Pbiwukbbd Atom 

In the left third of the figure are depicted the energy lovols and jmtential curve 
V " Z*/r of the undisturbed atom. 

The right part of the figure illustrates the broadening of tho levels when the 
atoms are separated by a mean distance n of the order of 10'^ to 10 * om. Notice 
tho depression of the lower limit of the continuum as high levels are washcMi out by 
the effects of pressure ionization. 


nucleus no longer has any effect at distances equal to the ratlii of the 
allowed orbits of the bound electrons, and discrete levels coaso to exist. 
For any given density there is a limiting energy above which the origi¬ 
nally bound levels are essentially free. As the density increases, the 
depression of the continuum becomes more and more pronounced and 
additional states become absorbed into the continuum. This is the 
phenomenon of density ionization. Meanwhile, the initially sharp levels 
below the depressed continuum become widened out into energy bands, 
not entirely dissimilar to the energy bands of free electrons in a solid. 
The dotted line in Fig. 1 shows the point above which all electrons are 
essentially free. 

For a given temperature, pressure, and chemical composition one 
must compute k, taking into account the negative absorption as a 
fimction of frequency and then compute the Rosseland mean coefficient 
of absorption—^which essentially amounts to calculating an average 
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transparency. In ecjn. (153) of Ohapter * 9 , K, is Bucccasivoly replaced 
by y, and this in turn by IB,. This st^^p is justified for stellar interiors 
where J, differs from B, by a very small amount. Thou 


i 

K 



(40) 


The mean absorption coefficient iier gmm of elements heavier than 
hydrogen and helium is lusually expressed by Kramers’ formula 

it-const I-f- (41) 


which gives the deiwidenco on density and temperature. Here g is 
the properly averaged value of the daunt correction factor to the law 
derived by Kramers for X-ray absorption. Eddington humorously 
called an adilitional correction for the failure of the Kramers’ law, 
the '*gmlbtirn" factor, t. The iniKlern procctlure is t.o compute it as a 
function of density and temperature ami then choose g/t so that the 
results can Im represented by eipi. (41). If wo use the electron density 
N, in place of the density p, and drop the bar from g, we got 




ri7/a 


(42) 


per gram of the “heavy” elements. I*cr gram of the stellar material 
we have for tlu* “heavy element’’ contribution 


K »* 


9. ft 

ytV-i t 


X 


Y) 


(43) 


The electron density is given by etjn. (5)) of dhaptor *3. ’Phereforo 


K « 3.1) X 10** f (I + A')(l - X - >') (44) 

is the alworption cm'sfficient fier gram for the heavy component of the 
stellar material which includes fractions X and Y of hydrogen and 
helium rosiwctively. 

Ter gmm, the absorption coefficient, of the heavy elements is so 
much greater than that of hydrogen and helium tliat most workers 
have ignored the contributiinis of the latter. The bound-free absorptions 
are, of cours(% negligible Is'cause hydrogen and helium are completely 
ionired throughout the stellar intcirior, but the free-free absorptions 
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[in spite of the 2? factor of eqn. (14) of Chapter cannot be ignored 
in stars that are composed primarily of hydrogen and helium.* 

The contribution of electron scattering to the opacity, 

ic. = 0.20p(l + X) (45) 

is important at high temperatures and low densities. When two or 
more agencies contribute to the opacity the absorption coefficients 
cannot simply be added. One may employ, however, a simple empirical 
rule due to Stromgren. If and k, are the two opacities, iCo+, equals 
the larger of the pair plus 1.5 times the smaller of the pair. StrSmgren 
calculated the absorption coefficient, assuming hydrogenic levels and 
taking no account of the eflFects of electron shielding and pressure 
ionization. Morse used hydrogenic formulae [see, e.g., eqn. (14) of 
Ch. ^7 and eqn. (98) of Ch. '‘^6] for the free-free and bound-free absorp¬ 
tions with an effective charge Z^u and with the depression of the 
continuum taken into account. In Fig. 1 we notice that the potential 
curve has a maximum at some point o which depends on the density. 
With a given, the amount by which the level of the continuum is lowered 
may be calculated. He estimated the shielding and Z^n with the aid 
of the Fermi-Thomas model which assumes that the atomic electrons 
form a degenerate gas around the nucleus. The absorption contributions 
of each element are then added and the Rosseland mean computed. 

Morse carried out calculations for different assumptions about the 
proportions of the heavy constituents. The most frequently used blend, 
called the * ^Russell Mixture'' consists of the following proportions by 
weight: Fe « 0.125, K + Ca = 0.0625, Na -b Mg = 0.25, 0 » 0.50. 
At high densities k varies as T’® and is nearly independent of p, while 
at low densities k varies as to 

The bound-free absorptions primarily responsible for the opacity in 
stars like the sun mostly occur from levels associated with X-rays, i.e., 
they correspond to ionization from the X, L, and JA shells. At a given 
temperature, the 2C and L shells of different elements are beitig ionized 
so that K varies in an irregular way with the temperature. The roles 
of the different processes responsible for stellar opacity arc best illus¬ 
trated in the log p(l + X)“log T diagram due to Morse. See Fig. 2. 
If the density is steadily increased, one shell of electrons after another 
becomes merged into the continuum of free states. Thus, with increasing 
density, oxygen becomes stripped before iron loses all its electrons. 

♦Within the framework of approximations of the StrCmgren theory 

k(EL + He) = 3.31 X 10®*^pT“^/®(l + X){X + 4F) (44a) 

IS the expression for the opacity of a mixture of H and He acting alone. In spite of 
the smaller numerical coeflScient, the free-free absorptions would have to bo taken 
into account m a star that was composed of 98 or 90 per cent hydrogen and helium. 
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Finally, the free electrons beconae degenerate and the opacity begins 
to fall off. On the other hand, toward higher temperatures, oxygen 
becomes completely stripped long before iron atoms are ionized to the 
com. At high temperatures, all atoms are completely stripped and 
electron scattering alone determines the opacity. This situation may 
obtain in some of the hotter stars of the main sequence. 



Fia. 2 .—Efphcjts Important in tub Opaoitt as a Function of p (1 +X) and 

THI3 Temperature 

(Courtesy, P. M. Morse, Astrophyncal JoumaL University of Chicago Press, 
92,30,19400 

Although Morse’s work represents a distinct advance in the calcula¬ 
tion of opacities, there are a number of improvements that need to be 
made. Krst, Zt,it is different in the initial and final energy levels. The 
bound electron is held tightly to the nucleus and Z.u approaches Z. 
The free electron is shielded by the charge cloud around the nucleus and 
Z^tt may be much smaller than Z. The neglect of this change in Z^ff 
makes Morse’s opacities too large. Also the Fermi-Thomas charge 
distribution has to be modified for the fact that the temperature of the 
gas is not zero; hence the relation between a and p is changed. The 
distortions of the potential are particularly large for hydrogen and 
helium in the stellar interiors. 

Also, the influence of line absorption between greatly broadened 
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energy levels upon the opacity should be taken into account, ('alcu- 
lations show that as the temperature varies from 6 to 15 million degrees 
and the density from 4 to 70 gm/cm*, the line absorption increivses the 
opacity of something like the Russell mixture by from 40 per cent to 
10 per cent. At lower temperatures, increases in the opacity by a 
factor of 2 or more might be expected. Iron produces most of the effect. 

The opacity depends markedly on the assumed composition of the 
mixture—^pure oxygen will be much more transparent than the HiihhoII 
mixture. Recent work indicates that elements of the oxygen group 
are far more prevalent (by weight) than those of the iron groui); hence 
the opacity from this cause alone will be much smaller than Morse’s 
tables would indicate. 

Some of the difficulties in Morse’s treatment have boon eliminated 
in a recent treatment of the problem by Zirin who allows for the effects 
of the shielding in calculating the bound-free transitioaH. lie considers 
a mixture of gases and, although he emphasizes the lighter elements, 
the heavier ones can be taken into account in an approximate fiishion. 

The most satisfactory treatment, however, appears to bo that by 
G. Keller and R. E. Meyerott.’" Their treatment takes int.o accotmt 
the contributions of the bound-free transitions including hydrogen and 
helium as well. They do not include the bound-bound tmnsitions 
which may be important under certain conditions—as noted above. 

In the degenerate gases of dense stars electronic conduction is more 
important than radiative processes. Chandrasekhar, Kwirlos, and 
Majumdar independently derived expressions for completely degenerate 
gases while Marshak has treated the intermediate stage. 

6. The Convective Transport of Energy 

Energy may be transported in stellar interiors not only by radiative 
processes but also by large-scale motions of the heated gasoH, i.e., con¬ 
vection currents. Which mode will prevail will depend on the tempcni- 
ture gradient in the region considered. If the temperature gradient 
required for radiative transport of energy is too high, the layers will 
be unstable and the slightest disturbance will cause large-scale (convection 
currents to be established. 

To ascertain whether a certain zone in a star will be in radiative 
equilibrium or convective equilibrium, we can proceed thus: (lotiHidor 
a small volume element (i7, at a distance r from the center of the star, 
characterized by a pressure P,, density p,, and temperature T,. Imt^);in« 
that this element is displaced upward a distance dr. Will the forces 
acting upon it be such as to restore it to its original position? At 

*^o Argmne Naiional Laboratory Reparta, Nos. 4743, 4771, 485<l, and 300R. 
Detailed tables of opacities are not yet availablo. 
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r + the surrounding medium is characterized by a pressure Pj, 
density pj, and temperature Ta, and we want to know the pressure, 
density, and temperature of the displaced element dF, which we denote 
by the primed quantities P', p', T'. The element dV will expand so 
that its pressmre is equal to the external pressure at r + dr, namely Pj. 
The internal temperature, Ta, and density pa will not necessarily equal 
Ta and Pa, however. We choose our volume element of such size that it 
would require minutes or even hours for the energy to escape by radiation 
or conduction. Now P, = P[, pi == p(, Ti = T{, and Pi = Pa. Since 
the change is adiabatic Pa and Ta will be given by: 



/ 


Pi 



T[ 



(46) 

(47) 


Here 7 is the ratio of the specific heat at constant pressure, c,, to the 
specific heat at constant volume, c„ i.e., 7 = c^c,. The hydrostatic 
force on any volume element will depend on the difference of density 
between it and the surrounding fluid. If pi < pa, the net hydrostatic 
force is upward and the element is pushed to higher layers. If pi > pa, 
the displaced element will sink downward. Thus stability obtains if 

- (fer>s <«> 

For small dr we may expand by Taylor’s theorem, viz., 

Pa/Pi = 1 + (dP/dr) dr/P> 

and ( 49 ) 

Pa _ -I , { dA ^ 

Pi \drj p, 

Substitute in eqn. (48) and expand by the binomial theorem 


1^1 ^1 

P dr y dr p 

Since P and p decrease as r increases, we shall write 


(50) 


y\ Pdr) ~p dr) 


( 61 ) 


Thus the condition for stability is that the actual pressure gradient 
must be less than the pressure gradient corresponding to the density 
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gradient in adiabatic equilibrium. If 7 is small, the left-hand side ma,y 
become large and the layer will become unstable. Taking the logarithmic 
derivative of the perfect gas law, we have 



1 ^ 
p dr 

\dP 
^ P dr 

IdT 
~ T dr 

(52) 

and 

7 \ P dr ) 

\dP 
^ P dr 

IdT 
^T dr 

(53) 

Hence 

7 - 1 / 

ldP\ 

IdT 



7 \ 

Pdr) 

^ T dr 


or 

(y - 1)1 

( ldp\ 
^ p drJ 

IdT 

(64) 


^ T dr 



is the condition for stability. Note that the smaller the temperature 
gradient, the more stable the layer. 

In a medium initially in unstable equilibrium, if a volume element 
starts to sink it will continue to do so. Likewise a volume element 
that begins to rise will keep on rising. A rising element has too low a 
density and hence too high a temperature. In the higher layers it 
may lose its excess heat. Similarly, the descending element will be 
warmed up as it sinks. This process tends to cool the inner layers and 
warm the outer ones. Thus the original temperature gradient which 
was too steep becomes lowered, and approaches the adiabatic gradient 
as its limiting value. Notice that the energy is transported by the 
actual motion of the material itself. The condition 


(7 - 1 ) 


dp dT 
P ■ T 


y- IdP dT 
” 7 P ~ T 


(55) 


represents the limit, on the one side of which the energy transfer is by 
convection and the other by radiation. That is, if 



(56) 


convection currents will carry the energy. By eqn. (55) 


7-1 


7 



(57) 


For a monatomic gas, 7 = for a gas with m degrees of freedom, 
.y = 1 4 - 2/m. The smaller the value of 7 , the less steep the critical 
temperature gradient. Now 
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c, Sr = iU-\-PdV ( 58 ) 

c, dT = 8 U ( 69 ) 

where SU represents the gain of internal energy, which can be energy 
of ionization as well as kinetic energy. If the contribution to SU from 
ionization becomes sufficiently important, y can become depressed to 
the point where the inequality eqn. ( 55 ) Wl hold. For example, when 
hydrogen is all neutral, X = 0 ,7 = f, and when X — l,y will again be 
but when 0 < X < 1 ,7 is less than The addition of small quantities 
of another element will also depress the value of 7. 

Hydrogen, which is the most abundant element, becomes ionized 
below the level of the photosphere. The 7 of the gas becomes depressed 
to the point where large-scale convection currents may be set up, and 
mass niotion of the gas itself transports the energy. A. mass of ionized 
gas ascending toward the surface recombines. As the ionization energy 
is liberated, the mass will be heated and will continue to rise imtil the 
gas is once more neutral. 

The flow of energy in this hydrogen ionization zone must be turbulent, 
presumably characterized by whirlpools and vortices. New convection 
units or turbulence cells are set up as the old ones disappear. The 
actual dimensioirs of the hydrogen convection zone will depend on the 
hydrogen content, and it amounts to more than 2000 km for a pure 
hydrogen atmosphere. Rudkjjjfbing carried out calculations for the 
sun, a yellow giant, and an A star. In the former two stars, the con¬ 
vective zone begins at optical depths of 1.1 and 0.8, respectively, but in 
the A star, the convection zone falls in the atmosphere itself. Eddington 
argued that the convection zone extended much deeper into the star 
than the equilibrium theory would predict. This appears to be true 
for red dwarf stars where Osterbrock’s calculations show that the con¬ 
vection zone ea^nds to a large fraction of the stellar radius. 

That the influence of the turbulence in the hydrogen convection 
zone upon the overlying layers could provide a clue to the nature of 
the granules was suggested by Siedentopf. Half a centum ago Benard 
showed that if a thin layer of liquid is heated uniformly at its lower 
surface, a steady state of fluid flow in hexagonal cells will occur. The 
warmer material rises in the center, cools, and descends near the pe¬ 
riphery. The same phenomenon was observed by A. Graham and K. 
Chandra when the experiment was repeated in air. It is tempting to 
identify each granule with a single convection cell, but such a picture is 
somewhat of an oversimplification. When a temperature gradient is 
steep, instability may set in not only through a stationary pattern 0 
motions (i.e., convection) but also in the form of random oscillations 0 
increasing amplitude, a phenomenon sometimes referred to as over 
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Stability (Eddington). Under astrophysical conditions, thermal in¬ 
stability does not lead to convection in the usual sense but to large-scale 
motions of the type associated with the concept of overstability. 

In the structure of model atmospheres, as well as in stellar interiors, 
convective equilibrium may become important. When convection 
currents can be maintamed, they are much more efficient at the transport 
of energy is radiative transfer. The differences between the two 
TnPY.ha.T'isTnH recalls those between molecular conduction on the one 
hand, and large-scale currents (hydrodynamical streaming) on the 
other. Therefore, the temperature gradient required to maintain con¬ 
vection currents is only slightly in excess of the adiabatic gradient. If 
it dropped strictly to the adiabatic gradient, a mass element would then 
always be in harmony with its surroundings. Convection currents 
would stop completely and the energy would have to be transported 
entirely by radiation. The energy then would not be carried away 
rapidly enough, the temperature gradient would build up until the 
adiabatic gradient was exceeded, and convection currents would be 
re-established. In reality, the convection currents keep going at a 
steady pace, and the actual gradient exceeds the adiabatic gradient by 
such a nTwall amount that the relation between density and pressure is 
sufficiently well given by the adiabatic gas law, P = Kp"*. 

In the treatment of convection zones in model atmospheres, the direct 
calculation of the adiabatic temperature gradient becomes complicated 
because of the variation of 7 . If there are two or more abundant ions 
undergoing ionization simultaneously, e.g.. He I and He II, Uns6ld 
proposed that one calculate the entropy /S as a function of the state of 
ionization, and T for the stellar material by adding the entropies 
for the separate components. The structure of the convective zone is 
given without particular numerical integration by the curve S = con¬ 
stant. The temperature gradient is found by numerical differentiation 
along the S = constant curves. Miss Underhill has pointed out that 
one must also take into account the entropy of the radiation. 

Our rnftin interest, however, is in the deep interiors of the stars. 
Ionization there is so complete that 7 is close to -j-. In the practical 
calculation of any stellar model, at each point it is necessary to compare 
the temperature gradient with the adiabatic gradient to ascertain 
whether radiative or convectivp equilibrium prevails at the point under 
consideration. 

In models where the energy generation depends on a high power 
of the temperature, say T*® (carbon cycle), convection occurs in the 
core of the star. If the proton-proton reaction rather than the carbon 
cycle supplies the energy, the convective core may be very small or 
nonexistent. 
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In a domain where all energy is transported by convection currents, 
and radiation pressure can be neglected, the fundamental equations 
from which the pressure, density, and temperature may be derived as 
a function of r, would be eqns. (2) and (5) together with ecins. (4) and 
(10) of Chapter Once a solution of these equations has been 
obtained, we may improve the solution by computing radiative and 
convective contributions to the total flux, 

JF = g:, + tF. = ^ (60) 

where L is given by eqn. (38). Here JF, = tF depends on the temperature 
gradient according to eqn. (37), whereas JF„ is the flux carried by the 
convection currents. 

In a large part of the convective core the actual (near adiabatic) 
temperature gradient is of the same order (although smaller) than the 
radiative gradient would be. Hence the radiation flux is an appreciable 
fraction of the total flux. The turbulence adjusts itself automatically so 
that the resulting temperature gradient gives a convective flux and a 
radiative flux, which together give the correct total flux. 

Chandrasekhar* has discussed the influence of magnetic fields and 
rotation upon the stability of gaseous layers subject to a temperature 
gradient. He has derived criteria for the conditions under which in¬ 
stability will set in. Magnetic fields and Coriolis forces can inhibit 
convection currents. Indeed, the extent of the hydrogen convection 
zone in the sun appears to be controlled by the solar rotation which is 
much more important than magnetic fields except in the immediate 
neighborhood of spots I Future studies of stellar structure will require 
that the influence of rotation upon the convection zones be taken into 
account. 

6 . The Structure of the Atomic Nucleus 

The only processes whereby the sun and similar stars may be kept 
shining are those involving changes in the nuclei of light atoms with the 
resultant release of energy according to the Einstein relation 

E — Am c’ (61) 

where Am is the loss of mass in grams in the course of the nuclear 
transformation, e is the velocity of light in cm/sec, and E is the energy 
in ergs. 

In Chapter *2 we mentioned that the tiny “hard” core of the atom, 

•See, e.g., PhU. Mag., Series 7, 48, 1317, 1952; 44, 233, 1963; Proc. Bog. Soc. A, 
210, 26, 1961; A, 216, 293, 1953, for a discussion of some of these and other related 
topics. 
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the nvideus, contained two kinds of constituent particles, protons of 
mass 1.00759 atomic mass units which carry a positive charge of 
4.80 X 10"‘“ e.s.u. and neutrons with a mass of 1,.00898 atomic mass 
units and no charge at aU. The total number of protons, Z, in the nucleus 
determines the chemical element, and the total number of protons plus 
neutrons fixes the atomic weight A. The actual value of A will depend 
also upon the binding energy which holds the nucleus together. With 
the mass spectrograph it is possible to find the value of A to one part 
in a hundred thousand. We include the masses of the electrons in the 
mass of the atom, A. Consider ordinary carbon of atomic weight 
12 and atomic number 6. The binding energy will be 

6ot(,H‘) + 6m(„n’) - mGC”) = 6.04884 + 6.05388 - 12.00380 

= 0.09892 atomic mass units 

In this equation, we use the masses of neutral hydrogen (1.00814) and 
that of neutral carbon (12.00380). Note that the mass of six electrons 
of the carbon atom is compensated by the mass of the six electrons 
supplied by the six hydrogen atoms. In order for any isotope to be 
stable, its mass must be less than the sums of the masses of the con¬ 
stituent particles. This is a necessary but not a sufficient condition 
for stability. 

Nuclear dimensions have been estimated in various ways; from the 
energies versus decay times of a-particles (helium nuclei) emitted by 
natural radioactive substances, from the cross-section for elastic scatter¬ 
ing of fast neutrons and from a comparison of the binding energies of 
nuclei of the same mass, one of whidi contains {Z + 1) neutrons and 
Z protons and the other of which contains Z neutrons and (Z + 1) 
protons. For example, rN'® with 8 neutrons and 7 protons may be 
compared with 80“ which has 7 neutrons and 8 protons. The nuclei 
of radioactive atoms tend to have radii, R, in the range of 7-9 X 
10““ cm, while they, and the lighter elements as well, appear to follow 
the empirical rule 

R = Bo ^ cm (62) 

where Ro = (0.12 ± 0.02) X 10"“ is often identified as the range of 
nuclear forces, but this is only an approximation * Eqn. 62 suggests 
that each nuclear particle occupies roughly the same volume in a large 
nucleus as in a small one. 

The outstanding problem of nuclear physics is the nature of the 
% 

•That is, iZo a “ “ = 1.4 X 10”^* cm where is the mass of the t meson, 

fjtC 

See L. N. Cooper and E. M. Henley, Phys, Reo, 92, 801, 1953. 
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force or forces that hold together the nuclear particles, or nvcleons as 
they are sometimes called. In view of Coulom b ’s law of electrostatic 
repulsion which holds for very small distances, of the order of 10"® cm, 
as well as for macros6opio dimensions, it might be difficult to see why a 
nucleus containing two or more protons simply does not blow apart, 
leaving a monotonous universe of pure hydrogen. The answer is that 
the particles within a nucleus are subject to powerful short-range 
attractive forces that are effective at distances of the order of 10"*’ cm 
and weaken rapidly as the distance between the particles increases. 
The forces between the nucleons are all of the same order of magnitude, 
whether they are neutron-neutron, neutron-proton, ot proton-proton 
forces. One nucleon can attract only a limited number of its companions. 
Such a condition obtains in an ordinary liquid where each molecule 
attracts only near neighbors. These considerations lie at the basis of 
the “liquid drop” model of the nucleus, a crude but useful device for 
depicting certain nuclear properties.* 

An alternative model of the nucleus which is particularly valuable 
for light atoms is the shell model, in which the nucleons are arranged in 
shells somewhat analogous to the fashion in which the electrons are 
arranged in Is, 2$, 2p, etc., shells in an atom except that the order is 
Is, 2p, 3d, 2s, etc. The central force field is not coulombic but approxi¬ 
mates the average of the contributions of the nucleons to the field by 
a square well or oscillator potential with the range of the order of nuclear 
radii. 

7 . Nuclear Transfoimatious 

Whatever bonds the constituent particles of a nucleus share among 
themselves, the nucleus presents a united front to all external, positively 
charged intruders. The potential diagram of a typical nucleus is shown 
in Fig. 3. For distances, r < B, the nuclear particles are tightly bound 
and an incoming particle will feel the nuclear forces. For r > R, the 
potential follows the law 

r 

where and Z, are the charges on the nucleus and the colliding particle 
respectively. If we fire a proton or an a-particle at the nucleus, we 
might expect the intruder to be simply pushed away unless it had 
energy sufficient to surmount the barrier and come under the influence 
of the short-range nuclear forces important for r < R. Penetration 
can occur, however, even if the impinging particle does not have energy 

*The liquid drop model gives only a rough qtialitative picture, more satilsfactoiy 
for heavy nuclei than for the light ones of chief astrophysical interest. 
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Fig. 3.— Pjunbtra.tion of thd Potuntial Babrihb of a U238 Nuolhits 

The potential curve of this nucleus has a well with a width of about 2 X 10"“ cm. 
The Th C' o-partiole approaches to within 3 X 10"“ cm without showing any in¬ 
fluence of a deviation from coulombic scattering. The escaping U238 a-partiole must 
penetrate 6 X 10"“ cm of the barrier (indicated by the dotted line) before it can 
escape. Zero energy is indicated by the dot-dashed line. 


greater than Vq. This penetration of barriers in nuclear physics is 
probably best illustrated by the phenomenon of radioactive decay. 
Rutherford bombarded uranium nuclei with a-particles of energy 
JS = 14 X 10“® ergs from decaying thorium C' and found no departures 
from coulomb scattering. Yet U**® emits a-particles of energy 6.6 X 
10"® ergs corresponding to a distance of closest approach r = 6 X 10"^® 
cm from the center of tiie nucleus. Gamow, Condon, and Gurney 
independently suggested that in accordance with the principles of wave 
mechanics, iiiere was a finite probability that a particle could ^'leak 
through'' a potential barrier. Thus the a-particle may be thought of 
as residing at the level A in the U®®® nucleus and leaking through the 
barrier as a-particle of energy 6.6 X 10"® erg. By a similar token, if 
we bombard a nucleus with a particle of high enough energy, there is a 
finite probability that the particle will penetrate the barrier and enter 
the nucleus. The effective penetration cross-section for a “head-on" 
collision* turns out to be 


<r = 






I ^{2MZ,ZJ£) 


h) 


n 


in~ 




(63) 


*We mean a collision in which the orbital angular momentum of the incoming 
particle is zero. 
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*'1| + ‘'Is 
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wln*r«' .li anil ,ta aro atonuc wdght'H (pun* nuiulairs) and Mq ih the 
atiiinic nwiKH unit, and v in (,lu! relative vi'locity, 


A fi 'Jr (($.'',) 

For mllii4iitn.s tiuit. an* nnt (iuil<' hninl on, i.o,, for which Uio orbital 
inoin«‘iitum it* neii «*nt, then* >« alill a chaixu* <if {K'lictnition hut th« 
prohahility fulls off very rapidly with increuHinjr angular motmuitutn. 
'I'he falhoff is less rapid the higher th«* eiusrgy of th<! incoming partitde. 
Not«* the rapidl tleen'aw^ <tf «r with inttrt'tiHing Xj, and the riw! with in¬ 
creasing eni*rg,v of the iMunharding particle. For tsxaniplo, coimider 
pnitorw aiul oc-partiedea of the aame energy. 'I'he proton can }Min«l,rate 
a nucleiw of approximatedy four tinwa greater atomic number than 
can the «*i»arti<*le. K<*r a given micleiw, the «-particle muat have 16 
times UK much etiergj*. 

When the impinging particle «icw.»hIh in penetmting the nucleus 
with niiHierate energieH, it (haw not excite a particular mudoou, but 
alianw its energy aiuong them all. Following Bohr’s liquid drop analogy, 
we may tlefine a “temiM*ratuni" <jf the nueloiw in ucconlamse with the 
ndation A' ** i|A'A:7*, whejxi .V ia tlm mtmi)er of partichw. Thus when 
a JH'W particle enters the mjcleus its binding and kinetic energy is 
shared with the other nucIeotiH and the “hunpt^rature” of the assomhlage 
is raised. A nentrou which strikes and lKK’om<*s tightly hound to a 
lead nucleus aiids 6 Mev of binding plus kinetic energy and raises the 
“tem|H‘ratnre" of tfu^ latter to 3 X U)” "KI High energy nuclear 
ptuuininena, however, are cxpliuiMKi by inhmictions with single partidos, 

hotlowing Hohr, we think of the tundeus as [xtssessing a great nunilier 
of luiergy levels corM'.*4iKmding to iswsihle mjsles of oscillation. Unlike 
t4ie utinnic prohiein. wherein tlie eleetroitH could Ist exciltxl setsirately, 
we nwi>r<l each i^xcitisi level of iite ntndetts as analugous to the su|K)r- 
(tosition of overtones of the fundamental fn^ptencies. In tlm first 
Hp|>roxitimtion, the total energy is the sum of tlm energies of ov<«rt>on(Hi 
of tdl the fundntnental fn*<nMnicies. The net nwtlt of theua^ considera¬ 
tions is that a heavy atom will iiave a gnait. number of ixissible energy 
levels clos»* together; in fact the level distribution is almost continuous, 
U*i'HUs<‘ tin* level breadths ate eotnpamble to their st'parations, 

.Mteriialely, ii.Niiig the newer shell nnslel we may think of indivkhtal 
nucleons U'ing exeiteil siinu]lun<*ou.s|y to variotts energy slates. In 
this pietun* also, the density ttf the etiergy levels of the nucleus its a 
whole increases strongly with excitiitinn energy tutd die total number 
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of particles in the nucleus. Only at high excitations wiU the energy 
level distribution become nearly continuous. To reach such a level, 
the nucleus must capture an incoming particle with an energy of the 

order of 10 '' to 10 * ev. , . x -a- i • c + 

In Bohr^s picture of a nuclear reaction, the incident particle is nrst 

captured, forming a compound nucleus, Only subsequently does the 
compound nucleus decay into its final state. It should be remembered 
that even a low-energy incident particle when captured results in a 
few Mev excitation of the compound nucleus. The compound nucleus 
is in an energy domain where the density of ener^ levels is much 
greater near its lowest stable state. If an incoming particle has an 
energy equal to one of the nuclear energy levels, the chance of capture 
is greatly increased; we refer to such captures as resonance captures. 
On this picture we can easily understand why slow neutrons often ^ow 
resonance phenomena in collisions with heavy atoms, such as cadmium, 
■while for li^t atoms the chance of getting a “resonance capture” is 
smaller, because the level distribution in the same energy region has a 
low dentity. 

Nevertheless, even in light atoms resonance effects can occim at 
relatively low energies of the incident particles. For example, 0 has 
a resonance at 456 kev for proton capttures. In the neighborhood of 
that energy the cross section for proton capture is enormously enhanced 
over the value one would predict from eqn. (63). The exponential 
penetration term appears only in the width of the resonance. 

Thus, once a particle has been captured by a nucleus, the latter 
becomes excited to higher energy level. The nucleus may dispose of 
this energy in a number of ways: (1) A fluctuation may occur in which 
the energy is given back to the incoming particle which is ejected from 
the nucleus. This process is indistinguishable from ordinary scattering 
imless there is loss of kinetic energy. (2) The energy which has been 
shared the other nucleons may become collected in one of them 

and result in the ejection of this particle. On the Bohr picture, the 
particle emission is analogous to the ordinary evaporation process; 

energy must accumulate in one particle to enable it to escape 
from the attraction of its feUows. (3) A 7 -ray may be emitted. (4) A 
^-ray may be emitted although this process usually does not happen 
a Y-ray is enoitted or another particle is ejected first. 

Often, the energy release requires more than one step; e.g., we may 
have (2) + (3), (1) -h (3), or (4) -|- (3), or (3) may take several steps 
or cascades. Numerous experiments illustrate each and all of these 
processes. Inelastic-neutron-scattering experiments wherein the neu¬ 
trons lose energy rapidly and 7 -rays are emitted illustrate (1) + (3). 

We an exoergic process as one in which energy is liberated. 
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whereas an endoergic process is one wherein energy is taken from the 
incoming particle and stored in the resultant nucleus. The former are 
of greatest interest in stellar energy-production processes. 

With an incident proton, if the emission of an a-particle is sufficiently 
exoergic it is much more likely to occur than 7 -ray emission. For a 
proton captured by a nucleus of atomic wei^t 4n — 1, an a-particle 
emission is usually quite exoergic. For example, 

+ xH‘ .C” + ,He* (66) 

abbreviated as N“ (pa)C“, is the last step of the carbon cycle. An 
additional example is the transmutation of lithium into two a-particles 
upon the capture of a proton, 

+ xH‘ 2aHe^ (67) 

Other examples are; 

. ,F'® -1- xH‘ ,0“ -h xHe" (68) 

«B" -t- ,H‘ ->■ 3xHe" (69) 

The ejection of particles requires not only that the requisite energy 
conditions be fulfilled but also that certain selection rules be obeyed. 
When decay by particle emission is not possible, or when the nucleus 
is left in an excited level after particle emission, 7 -radiation may occur. 
For example, N** captures a proton and ejects an a-particle to decay 
to an excited level of C‘*; whereafter it cascades to a lower energy 
state with the emission of a 7 -ray of about 4.4 Mev. The energy of 
this 7 -ray is independent of the proton energy. Hence the 7 -emission 
occurs in the atom after the o-particle has been emitted. If, as in 
proton capture by N*'*, 7 -ray emission alone occurs, the energy of the 
emitted quantum does depend on the energy of the incoming particle 
as well as on the mass difference of the nuclei involved. 

Consider a nucleus which has captured a proton, but not yet emitted 
another particle or 7 -ray. We call such a nucleus a compound nuclms. 
Eventually it will decay to a lower energy level with the emission of a 
7 -ray, or possibly it will emit a particle to become another nucleus. 
We often express the total decay probability in terms of a disiniegraUon 
constant 



T is the mean lifetime of the compound nucleus. If several alternate 
modes of decay are available. 


r = ETi 


(71) 
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where represents the disintegration constant for each process. F as 
here defined has the dimensions of energy. 

The cross-section for a process wherein a proton is captured and a 
7 -ray or particle is emitted, is written by Bethe in the form* 

if E is not near a nuclear resonance. Then AiMq and A 2 M 0 represent 
the masses of the interacting particles, R is the nuclear radius, and a 
is defined by eqn. (87). 

In many reactions of astrophysical interest, we can expect eqn. 
(72) to hold only approximately even when E is not near a nuclear 
resonance and thus an empirical adjustment of the parameters in 
this equation is necessary, li E^i is the energy (measured in center of 
mass coordinates) at which the cross-section o-Af is measured, then (in 
center of mass coordinates) 

* 

= Ij esp (73) 

b = -31.281ZiZ,A‘^’ (74) 

where A = AiA 2 /{Ai -f A^ is the reduced mass in atomic mass units 
[see eqn. (64)] and j® is measured in kev. The cross-section parameter 8 
varies so slowly with the energy that it may be taken as constant over 
a fair range of velocities. The cross-section at stellar energies 0*0 is 

<ro = f exp (TbE-^'^ (75) 

where E here denotes the relevant kinetic energy in stellar interiors. 
All energies and cross-section parameters are referred to the center of 
mass coordinates. The value of 80 will depend slightly on the central 
temperature and will not differ greatly from 8 if 

If, however, the compound nucleus has an energy level at Er that 
does not fall far from the energy of the incoming particle, resonance 
occurs and o* will be increased. Then 

<r ~ exp (76) 

*That w, or is the cross-section for a head-on encounter [cf. eqn. (63)], multiplied 
by the ratio of the reaction probability T/h [cf. eqn. (70)] to the nuclear frequency 
h/MoR* (which is identified with the oscillation time of an unobstmcted nucleon 
^thin the potential well). Actually, the true nuclear frequency is usually quite a 
bit smaller than h/ MaR^ since internal collisions between the nucleons increase consider¬ 
ably the time reqmred for a given nucleon to traverse the nucleus. This means 
that r in eqn. (72) is not to be identified with the F found in experiments and explains 
why Bethe’s original v*s were too small. 
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where Sr may be many magnitudes larger than So. Resonances that 
fall in the region of low energies will have a profound effect on the rate 
of energy generation in steUar interiors (see page 40). 

In the neighborhood of resonance one may write 

cr^[(E- ErT + (77) 

where T is defined by eqn. (71). 

Frequently a nucleus is stiE in an unstable state after the emission 
of a 7 -ray. Consider the reaction 

which we abbreviate as C‘®(p 7 )N*®. The symbol p stands for proton. 
Now tN*® is short-lived; after about ten minutes it emits an energetic 
positron or |8-ray to form C‘*, viz., 

,N‘* eC'* + €* 

The positive electron encounters a negative electron and the two 
annihilate each other. Natural radioactive elements emit only nega^ 
trons while artificial radioactive substances emit both positive and 
negative electrons. 

The origin of /?-rays provides a fascinating question. From one 
point of view, both protons and neutrons are regarded as different 
states of the same particle. A neutron can become transformed into a 
proton with the ejection of a negative electron. Thus 

and 

.p'^ -H 

Sometimes when such a transition occurs, the excess charge escapes as 
a fast moving electron. If the energy of an unstable nucleus changes, 
enough energy must be supplied not only to provide for the rest mass 
of the electron, me®, but also to permit it to escape against the strong 
coulomb attraction of the nucleus.* 

These ft disintegrations differ significantly from aU other nuclear 
transfonnations in that for a transition between two well-defined 
nuclear energy states, the ejected electron may have any velocity 
ranging from zero up to the maximum allowed energy. For example, 
the positrons emitted when N'* decays into C‘® have energies up to 
1.20 Mev which correspond to the energy allowed from the mass 
difference between N'® and C“. 

*The olectron cannot exist within the nucleus; it is created in a transformation 
and flies away, usually with appreciable speed. Instead of ejecting a positive electron 
a nucleus will sometimes capture one of its own oUsotrons from the innermost or 
K shell. Sucli transitions arc called K mptures. 
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In order that energy and momentum be conserved, physicists have 
postulated a small neutral particle (of practically zero rest mass) called 
the neiitrino, which is ejected at the same time and carries ofi excess 
energy momentum and spin. H. R. Crane has given a summary of 
the experimental evidence for this process.* 

As an illustration of astrophysical interest, let us consider the firsii 
step in the proton-proton reaction, the formation of a deuteron in the 
collision between two protons, viz: 

iH‘ -I- ,H* ,H* -1- «•" +»- -1- 0.42 Mev (79) 

where v denotes the neutrino which carries away about 60 per cent of 
the energy. 

To calculate the probability of deuteron formation, we must consider 
the following factors: 

(1) Collision probability for the two protons and the penetration of 
their mutual potential barriers. At distances much greater than the 
nuclear radius the protons repel one another according to Coulomb’s 
law, but at distances comparable with the nuclear radius there come 
into action also the powerful short-range forces between nucleons. 
Experimental studies of the scattering of protons by protons permit the 
determination of the range and magnitude of these short-range forces 
and provide the necessary background for the theoretical calculation of 
capture cross-sections. These calculations involve a factor A* deter¬ 
mined by Frieman and Motz, and by Salpeter, which depends on the 
shape of the potential well of the deuteron; a correction factor, of the 
order of 1.13, for the finite range of nuclear forces; and the radius of the 
deuteron, 4.31 X 10"‘® cm. A purely radiative collision between two 
protons would not be possible because He® does not exist. 

(2) Probability of |3-decay. The two protons must remain in close 
contact long enou^ for one of the protons to transform itself into a 
neutron with the ejection of the excess charge as a fi-ray. Since the 
probability of jS-decay is always small compared with other nuclear 
processes, the formation of deuterons will be so infrequent an occurrence 
in laboratory scattering experiments as to be unobservable. Artificial 
jS-decay is only observable when a radioactive nucleus is produced as 
the end product of a nuclear reaction. 

According to the Fermi theory, the probability of jS-emission depends 
on 

r, = gfiW) M (80) 

where lAf]® involves the summation over possible spin states and the 
fact that either proton can become a neutron. Numerically jJIfl® here 

•Bw. ilfod. Phya., 20, 278,1948. 
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equals f. Here W is the energy of the j8-particle expressed in terms of 
me includes the rest mass of the electron. The Fermi ;8-decay 
function f(W) is a known function of the energy of the /9-particle. The 
^-decay constant g bears a somewhat analogous relation to the inter¬ 
action between the electron or neutrino and the nuclear force 
that the electronic charge c does to the interaction between an electron 
and the electromagnetic field. According to the discussion by Salpeter,* 

g = 7.5 X 10"* sec 

The Fermi ^-decay theory agrees well with experimental data on the 
energy of the emitted electron and the lifetime of the parent nucleus. 
Aside from the kinetic energies of the colliding particles, the maximum 
energy available to the positron from the combination of two protons 
to form a deuteron would be 

2(il^pf»ton) ~ (-^deuteron) 

= 2 X (1.00814 - 0.00056) - (2.01473 - 0.00056) 

= 0 . 00100 . 

This energy includes the rest mass of the electron, ttic*, in terms of which 
the maximum energy is 1.83. At a temperature of 15 million degrees 
the main contribution to the formation of deuterons comes from particles 
with energies of about 6 kev. 

The cross-sections for the proton-proton reaction were calculated 
first by Bethe and Ciitchfield, and subsequently by E. Frieman and 
L. Motz, and by E. Salpeter. • 

Much emphasis has been placed on the study of light nuclei—lithium 
to neon (Z = 3 to Z = 10). The very lightest nuclei, those with 2, 3, 
or 4 particles, appear to have no excited states of well-defined energy. 
More than 250 energy levels have been located in nuclei containing 
from 6 to 20 particles. In heavier nuclei the number of levels becomes 
greatly increased as the number of participating particles increases. 
Actually, the nucleons themselves appear to form stable groups among 
themselves; for example, it is useful to think of the o>-particle as existing 
as a distinct entity within the nucleus of, say N‘‘. Although no law 
has ever been derived to account for the number, kind, and spacing 
of these energy levels, some S3mmietries have been recognized, e.g., the 
energy level diagrams of isobars are similar. 

The identification of the energy levels in a nucleus involves measure¬ 
ments of the energies and products of reactions that leave the target 

*For this roaetion the spin of cither nucleon has to turn over. This occurs only 
in the Gamow-Toller typo of ;8-deoay. The numerical value of g refers to this typo 
of /S-(ioeay. 
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nucleus in the state X. For example, Be’^ decays by the capture of 
its own K electron into Li', with the liberation of 0.863 Mev of energy, 
or with the liberation of 0.385 Mev of energy, in which event the Li' 
nucleus is left in an excited level from which it decays with the release 
of 0.478 Mev. The same 0.478-Mev energy level is found by measuring 
the energy losses involved in the scattering of a-particles or protons by 
Li'. The energy levels in certain nuclei have been mapped in great 
detail; in other nuclei only portions of the energy range are covered, 
while in yet others very little information is known. 

For an account of the actual experimental techniques by which the 
basic nuclear reaction parameters are determined, the reader is referred 
to the literature. The energies of the bombarding protons must be 
constant; hence, probably the most satisfactory accelerator for the 
low-energy range is an electrostatic generator or a transformer-con¬ 
denser rectified voltage generator of the t 3 ^es employed at the Cali¬ 
fornia Institute of Technology. See Fig. 4. With the aid of a suitable 
electrostatic analyzer it is possible to get a beam of one Mev energy 
with a dispersion in energy of only 200 ev. For thick targets one 
may employ graphite blocks, while for thin carbon targets, Fowler 
and Lauritsen evaporated paraffin on thin copper supports. The most 
recent experiments employ carbon foils produced by cracking methane. 

Samples enriched in have often been employed to measure the 
cross-sections for this isotope. For ixitrogen one must employ rather 
rare, stable, solid compounds such as titanium nitride in order to with¬ 
stand heating during bombardment. These can be enriched, if necessary 
for the isotopes whose properties are to be studied. 

Detectors of the reaction products include scintillation counters and 
Geiger-Milller counters for /S-rays. N”, which is formed when 0** 
captures a proton, evolves by /S-docay into C‘®; hence measurement of 
the jS-activity in this reaction gives yields expressed as ratios of positrons 
to protons. These radioactive isotopes are easier to measure because 
the accelerator can be turned off to reduce the background during 
measurements. In all these experiments it is necessary to eliminate 
the background count by means of anti-coincident coimters, etc. At low 
energies where the yidds are small, the background count becomes 
serious. A pulsed ion source giving large proton yields over short 
periods was found to be necessary in the study of the (C‘*, p) reaction 
which does not produce a radioactive product. The measurement of 
7 -rays is rather difficult when the yields are low. 

The energies of |8-rays may be measured by i3-ray spectrometers, 
while 7 -ray energies have been determined by measuring their absorption 
in thin layers of aluminum, lead, or carbon, or from the energies of 
secondaries tom from atoms by photo-ionization. One method is to 
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measure the ranges of the secondaries, usually with the aid of coincidence 
counters—another is to measure the electron energy directly from the 
curvature of its path in a magnetic held. The best method is the 
measurement of the secondary pulse size in the scintillation counter. 

To achieve full resolution of resonance peaks, thin targets are em¬ 
ployed to get the position and width, i.e., E, and T,. If a thick target 
is used, the increase m yield from below to above resonance will give 
the area of the curve. Since the height of the thin target peak is 
^ Ty/r, and its width is r„ the thick target yield will therefore give 
r^. Absolute measures also give the cross-section as a function of 
proton energy, the influence of the resonances may be estimated and 
the cross-section evaluated for low energies. 

8. Hiennal Nuclear Reactions 

Years ago, Atkinson and Houtermans suggested that because of 
the high central temperatures of the stars, protons may acquire sufficient 
kinetic energy to penetrate the nuclei of light atoms. These processes, 
however, will be of interest only if energy is liberated from the nucleus. 

Following the discussion by Gamow, Bethe, and others we shall 
derive the dependence of energy generation upon the temperature. 
Consider two perfect, reacting gases of atomic weights Ai and An, 
atomic numbers Zi and Z 2 , and relative concentrations by mass Xi and 
Xi, in thermal equilibrium at temperature T and density p. For particles 
with energies (referred to the center of mass) between E and E + dE, 
the kinetic theory gives for the total number of energy-producing 
collisions per cm® per sec. 


dp = 


_ AXxX2P<X _ 


Ee-‘'*^dE 


(81) 


Here a is the effective cross-section of the reaction. Mo is the mass of 
the proton in grams 


A — —AiAj — 
Ax+ A2 


(82) 


where Ai = 1 for a proton, whereas At is the atomic weight (a pure 
number) of the other particle, e.g., a C‘® or nucleus. 

If we substitute eqn. (72) into eqn. (81) we obtain a product of two 
exponentials; one, exp (—E/kT) arises from the Maxwellian distribution 
of the protons, which rises to a maximum at M«® = 2kT and falls off 
at higher velocities; whereas the other. 


( 2WZxZt\ 

- 
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due to proton penetration, rises as E increases. Now dp/dE has a 
sharp naaximum at 


whose width is 


Eo = [■ 


V2h 


Ls^J L \/2 h J 


(84) 


The shape of the dp curve is such that the total number of collisions 
can be calculated as though the function were the Gaussian error curve 
of the same height and width. Thus we obtain: 



A,As 

(M2AMoZ^ZoRy'‘ r T^*MoAZiZl]^'^\ 

1 h L 2hkT J / 

(85) 

Bethe writes the resultant expression for thermal nuclear reactions 
in the form 

where 

4 XiXoP r „n8„4(2«/o)*/» a -r 

^ 3”'® A.AailfU 

(80) 

and 

“ “ AMo^Z^Zo 

(87) 


_ ^ Sir’‘MoAe*Zy,Zfi''* 

\ 2h%T J 

(88) 

If we express p in grams/cm®, r in electron volts, and T in millions of 
degrees, 


p = 5.3 X 10*"pXiXtr<l>(ZiZ^r\-^ 

(89) 


r = 42.48r V-® 

L(Ai + A2)J • 

(90) 



(91) 

The combined radius It is approximately 



It = 1.2 X 10-“(A, + A,)'/® cm 

(92) 


At the present time it appears better to employ cqn. (75) with a value 
of So estimated for energies of astrophysieal interest. The uncertain 
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factors are the crossnsection measurements at low ener^ and the 
extrapolations to the yet lower energies of astroph^cal unpo^TO. 
K So (of. eon. 75) is expressed in units of ev bams (one bam - 10 cm ), 
and Q is the energy emitted in Mev in the reaction between the nuclei 
of types 1 and 2, the amount of energy in ergs emitted per gram per 
sec is 

6 = 4.19 X 10 ’‘’‘(j>x,xoSoQ){AtAoZ^Zoy^r*e-^ ergs/gm/sec (93) 
Here Salpeter uses So in laboratory coordinates. We replace So by 
Ai + Ao ugg eqn. (75). In astrophysical (xiladations we 

must use the center-of-^mass coordinate system values as indicated by 
W. A. Fowler. The relation between the laboratory-system values 
and the center-of-mass-system values is 

A 

E = Eom = 

= A, + Ao 

where Aj is the mass of the bombarded particle in the laboratory 
experiment. 

9. The Proton-Proton Reaction 

Some years ago Bethe and Critchfield suggested that in the sun and 
fainter stars, energy was supplied by the proton-proton reaction, the 
first step of which is the reaction (79). This reaction has never been 
observed experimentally, and its reality depends on the correctness of 
certain selection rules for /3-decay. A large amount of experimental 
data now indicates that these rules, due to Gamow and Teller, are 
correct, so that appropriate calculations can be carried out. The 
bottleneck of the process is the collision of two protons to emit a positron 
and form a deuteron. For temperatures in the neighborhood of 15 
million degrees, the lifetime of a proton will be given by 

p = 3.9X10-(^)(|)’'“seo- (94) 

where T is expressed in millions of degrees. The step results in the 
liberation of 0.42 Mev (of which 0.25 Mev is carried away by the neu¬ 
trino) plus the annihilation energy of a positron (1.02 Mev). 

The next step in the process is the capture of a proton by the deuteron 
to form a nucleus of He*, viz., 

,H' -I- iH* -»■ ,He* + 7 + 6.5 Mev 
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which occurs so quickly that in the interior of most stars the deuteron 
lasts only a few seconds. The competing process by which the He^ 
nucleus captures the deuteron is slower by a factor of at least 50. 

It was originally thought that the He® nucleus might collide with an 
a-particle to form Li’^ which subsequently broke down into two a- 
particles. The process suggested independently by C. C. Lauritsen 
and W. A. Fowler and by E. Schatzman, viz., 

He® + He® He" + 2H^ + 12.8 Mev 

turns out to be at least a hundred times more frequent. The He®-He® 
reaction has recently been measured in the laboratory. The cross- 
section is known to within a factor of 2. Notice that in the proton- 
proton reaction, 2 deuterons are formed for each a-particle, and 26.2 
Mev of energy is liberated. The rate of liberation of energy is given by 

* = 2180(i + ^ r)[l + 0.054(L)‘'*]pZ*r*e- 

~ (te) 

in the neighborhood of 15 million degrees. Here T is measured in mil¬ 
lions of degrees, t is given by eqn. (88) and X is the fractional abundance 
of hydrogen by weight. 

In a mass of pure hydrogen at a density of 100 gm/om®, the rate of 
liberation of energy would be: 

r = 5 8 15 30 (millions of "K) 

eo = 0.2 3.1 50 630 (ergs/gm/sec) 

At 15 million degrees the life expectancy of a proton would be 8 billion 
years! The deuteron, once formed, would last only 4 seconds, and the 
He® nucleus that was formed would endure for a period of the order of 
half a million years. In spite of the potential barrier, the (He®-IIe®) 
collisions are more frequent than the deuteron-forming encounters oven 
at temperatures as low as 5 million degrees. 

Salpeter suggests that for temperatures in the neighborhood of a 
temperature To (expressed in millions of degrees), we may write the 
formula for the rate of energy generation in the form 



where «o is given above and n = 6.0, 5.0, 4.0, and 3.0 at temperatures 
of 5, 8, 15, atid 30 million degrees. 

It now appears that the sun derives its energy almost entirely from 
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the proton-proton reaction. This reaction fails to provide sufficient 
energy only in the hotter main sequence stars where it appears that the 
carbon (or carbon-nitrogen) cycle may be the principal source of energy 
generation. 

10. The Carbon Cycle 

The celebrated carbon cycle is illustrated in Fig. 6 . A carbon atom 
captures a proton (upper left hand corner). If the capture occurs near 
resonance, 456 kev, the atom wih emit a y-ray of about 2.369 Mev to 




Fig. 6.—The Cabbon Ctclh 

The energies are given in Mev. Vertical jumps denote 7 -ray transitions. Ejections 
of positrons (^) and o-partioles decrease the nuclear charge Z and are represented 
as diagonal lines. Proton captures are depicted as occurring at resonance except for 
where the captures appear to occur in the tail of the 6.84 Mev resonance. Noti(se 
that 7 -decay from the excited 8.06 Mev level in N“ can occur in different ways. We 
depict only the most probable mode of oedeoay following a proton capture by N>*. 

form a nucleus. The latter is unstable and suffers jS-decay into 
C‘®, viz.: N‘* (j 8 *r) (mean life = 10 minutes). The emitted / 5 -par¬ 
ticle escapes with a maximum energy of 1.20 Mev. The neutrino takes 
an average of 0.72 Mev energy so only about 0.5 Mev is normally 
available to the positron. The annihilation of the positron upon 
encounter with a negative electron (negatron) releases 2moC* = 1.02 Mev. 

The nucleus captures a proton to become N“ in an excited state. 
The nucleus decays to the ground level by 7 -ray emission. Ulti- 
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mately the N‘‘ nucleus captures a proton and emits a y-ray of about 
7.3 Mev energy to form O'® which decays to N'® in the order of two or 
three minutes with the ejection of a positron and a neutrino; the latter 
carries off about 0.98 Mev of the 1.7 Mev energy suppHed to the two 
particles. Again 1.02 Mev of energy is supplied as the positron en¬ 
counters a negative electron and the two annihilate one another The 
N nucleus captures a proton and the resultant compound nucleus 
breaks down into C'“ with the ejection of an a-particle. The trans- 
formatious in Fig. 6 are depicted as occurring at resonance except for 
N , but we must remember that under stellar conditions, proton 
pGuetrations will occur at much lower energies. 

The rate at which energy is produced in the carbon cycle will depend 
on the temperature, density, and composition of the volume element as 
weU as on the cross-sections for the various steps. These cross-sections 
can be measured experimentally down to about 100 kev. Under stellar 
conditions, however, penetrations occur for proton energies in the 
neighborhood of 25 kev and therefore it is necessary to extrapolate the 
laboratory data to low energies. 

Table 1, due to W. A. Fowler of the California Institute of Tech¬ 
nology, summarizes our knowledge of the carbon cycle and the proton- 
proton reaction (January, 1954). Column (1) gives the parameter 
b defined in eqii. (74) in (kev)'^® for both the center of mass (C.M) 
and laboratory coordinates, column (2) gives the reaction. Column 
(3) gives the energy release (Mev). This is followed by the energy 
A’j, at which the laboratory measures are made and the yield Yu 
per iiicident proton from available targets at laboratory energy. The 
cross-sections mc^urod at laboratory energies, are given in bams 
(one barn = 10 cm®). Colunon (7) gives the parameter Sjif in 

(kev-barns) in the (C.M.) system. Columns 8, 9, and 10 of the table 
give the parameters ^o, the energy A?o, and the cross-section o-o relevant 
to a temperature of 13,000,000“K. [See eqn. (75).] Here x denotes the 
equilibrium by weight at a temperature of 13,000,000‘’K. The mean 
reaction times t are calculated for fpX = 1.5 X 100 gm/cm® for the 
carbon cycle, and for pX = 100 gm/cm® for the proton-proton reaction. 
In the last column n is the exponent in the temperature dependence of 
the reaction probability, including that of the shielding factor [see 
e.g., cqn. (9(5)]. The mean life t ~ 2’"“. Additional comments are 
given in the notes to 1 able 1. The tabulated probable errors are about 
50 per cent greater than the probable errors of the low-energy laboratory 
measurement, in order to allow for the errors in extrapolation. The 
errors will be enormously greater, of course, if a resonance falls near A’o. 

The rate of the carbon cycle is affected by two factors which were 
not important or did not enter in the proton-proton reaction. The 
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first of these, /, may be called the electron Melding term. The charge 
of a heavy nucleus may be screened not only by bound K ox h electrons, 
but also by free electrons. The potential falls off much more steeply 
than 1/r, the narrowing of the potential barrier enhances the ease of 
penetration. The effect is more important at the lower temperatures 
and highftT densities. G. Keller finds that this effect is not important 
in the theory of stellar structure since the screening factor is unimportant 
at temperatures where the carbon cycle supplies most of the energy.* 
The value for vo in Table 1 applies to a stripped nucleus and must be 
multiplied by / ~ l.S for the shielding under stellar conditions for the 
carbon-cycle reactions at 13,000,000°K. 

In the carbon cycle the effect of resonances for proton capture may 
become very serious. 0“ and C‘® have well-defined resonances for 
proton capture at 456 and 550 kev, respectively, while N“ has resonances 
at 880, 1030, and 1200 kev. These particular resonances do not have 
much influence on our calculations of the rates of reactions in stellar 
interiors, but real trouble arises if there exist resonances in long-lived 
0“ or below the experimentally attainable lower limit of 100 kev 
for proton energies. In it seems likely that there are no such low- 
lying resonances, but in N'® such resonances may'occur. In fact, the 
lifetime of the nucleus could be cut down by a factor of 10* if the 
resonances fell near 20 or 30 kev. Hence the rate of the carbon cycle, 
the corresponding power output, will depend on the existence or 
nonexistence of such a resonance. 

Such resonances could not be found by direct measurement of the 
cross-sections at low energies—^the yields are too low, but might be 
located from 7 -ray transitions from higher levels. Recent observations 
of such cascade transitions in N**(p 7 ) reveal no evidence of any such 
resonances in the stellar region. At the moment it seems legitimate 
to take the extrapolated cross-sections at their face value and base 
calculations of energy generation and abundance upon them. An 
extreme upper limit to the energy production by the carbon cycle can be 
found if one supposes that nitrogen has a strong resonance and the 
lifetime of the cycle is fixed by the C“(py) reaction. In the neigh¬ 
borhood of 13,000,000°K the rate of energy generation by the carbon 
cycle (assuming the extrapolated cross-sections) is given by 

f—y * 

ecN = 235 pXh^on - ^ .r Y . exp [-64.78(|r)’'*] X 10®* 

1 -b 0.05(f^) 

fm yo.3 

= 1.60pXiiiJoN(^Y3/ 

J. 118,142, 1953. 


(97) 
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where X is the abundance of hydrogen by weight and Zcn that of carbon 
plus nitrogen. 

11. Ollier Nuclear Reactions 

In most stars, He* is the one indestructible ingredient. Li^t 
nuclei up to and including boron undergo rapid transformations upon 
collisions with protons, but all end up as helium. One example is 
furnished by the reaction 

£" + xH* 3sHe* 

which has a ten-thousand-fold greater probability than the building up 
of carbon by the 

B" + 

reaction. Except for He, all nuclei between hydrogen and carbon, 
viz., H®, H®, Li®, Lf, Be®, Be‘®, Be®\ can exist in stellar interiors only 
as long as they are synthesized by nuclear reactions. H*, He®, Li®, 
Be®, and B® are nonexistent. In particular there is no chance of building 
up appreciable quantities of carbon from the lighter elements, because 
any non-radioactive nucleus between He and C, i.e., Li®, Li®, Be®, B*®, 
or B" .react with protons, not to buUd up heavier elements but to give 
a-particles. The instability of Be* causes a gap in the list of stable 
nuclei because Be" is easily formed in nuclear reactions and were it 
stable there would be some possibility of building up carbon in ordinary 
stars. The lifetimes of carbon and nitrogen are very long because 
these elements are constantly being reformed in the carbon cycle. 

Among nuclei heavier than nitrogen, transformations occvir rather 
slowly. Under continued proton bombardment, about one 0‘® nucleus 
in 50 million will ultimately become Ne®®. The rest break down into 
nitrogen by various reactions. These energy transformations proceed so 
slowly that equilibrium in stars like the sun cannot be reached in times 
comparable with the age of the earth. 

A star of pure hydrogen would operate on the proton-proton mechan¬ 
ism. The carbon which serves as a catalyst for the carbon-nitrogen 
cycle must have been there “from the beginning,” smee there is no 
means of forming it from hydrogen at temperatures prevailing in normal 
stars. Therefore, we are forced to the conclusion that the carbon and 
heavier elements are residues of the primitive matter of which ordinary 
stars were formed. 

Salpetcr suggests that a star that has exhausted all its hydrogen 
and has become very dense with central densities and temperatures of 
the order of 2 X 10* gm/cm® and 1.5 X 10" ®K, respectively, may 
derive its energy from the exothermic conversion of 3 He* nuclei into 
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one C’® nucleus. The C" might eventually be built into yet heavier 
nuclei such as 0“ or Ne“. He supposes that in spite of its instability 
to disintegration into two helium nuclei, a small concentration ~10 
of Be® will be maintained because of the high temperature and dousily. 
This Be" easily absorbs a helium nucleus to form C which can be built 
up by successive a-particle captures to form 0 , Ne , etc. up to Ca . 
Such a process as the building up of C*" might occur in Sandagc and 
Schwarzschild’s red giant models where high central temperatures and 
densities in excess of 200,000,000°K may be attained. In these objects 
some energy might be supplied by the carbon-building reaction, but 
the main source of energy for quite a while would be the carbon cycle in 
the thin shell. 

If yet bighfir temperatures could occur in the stars, further building 
up to the stable elements near iron could take place. Two C'® niuilei 
would collide to give sodium, magnesium, or neon. At temperatures 
above 10'“ ®K photo-disintegration of nuclei releasing a-particlcs or 
protons can occur at a small rate. These liberated a-parti(ilos or protons 
can be absorbed by various nuclei successively to form heavier and 
heavier nuclei. Nuclear reactions involving elements beyond the most 
stable region must in general be endoergic. 


PROBLEMS 

1. A gaseous sphere of the same mass and radius as tho sun has a 
constant temperature of 3,000,000®K. Calculate: 

(a) The total energy stored in radiation 

(b) The total energy stored in gas kinetic energy aasuming the 
mass to be composed of hydrogen 

(c) The total energy stored as energy of ionization. 

2. At the center of a model for a star X — 0.47, Y = 0.41, T = 
20,000,000°K, M = 0.76, p = 111 grams/cm®, t/g == 10. Calculate k. 
Calculate the electron scattering coefficient per gram of material. 

3. Aaanme that at the edge of the convective zone in a star, T * 
15,000,000°K, p = 81 grams/cm®, n = 0.70, y = -J. Suppose the 
velocity a, of the turbulent element is 0.3 km/sec, and its length ] is 
1000 km. If the radius of the convective core is 8.4 X 10" cm, and the 
total energy generated within it, 3.79 X 10®® ergs/sec, is transported 
to its boundary by turbulent convection, find the re(iuire<l temperature 
gradient. At the interface 


logP ^ 
log 
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Hint for Problem 3: Assume that the energy transport Ft„rb depends 
on the difference between the actual and adiabatic temperature gradients 
in accordance with the expression 


Fturb 





-AdT 


Ldr 


y - I T dP~\ 
y P dr r 


In contrast to the analogous formula for conduction in a gas, c, occurs 
here instead of c, because the intermingling of the vortices with the 
surroundings and the formation of new eddies occur at a constant 
pressure. 

4. Find the ratio of the turbulent pressure, P| = to the gas 
kinetic pressure. 

6. Assume that the proportion of carbon plus nitrogen to the total 
amount of the heavier constituents of a stellar interior is 12 per cent. 
For X = O.GO, Y = 0.35, T, = 20,000,000®K, p = 100, calculate the 
relative energy outputs by the carbon cycle and by the proton-proton 
reaction. 

6. At what temperature, for the preceding values of p, X, and Y 
will the energy output by the two mechanisms be equal? 

7. Verify eqii. (85). 
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CHAPTER 2 


Model Stars 

1. The Fundameatal Equations 

From the results in Chapter 1 we may now assemble the fundamental 
equations of the problem of stellar interiors, whose solution will give us 
the stellar model. We choose r as the independent variable. The 
dependent variables are the pressure P, the density p, the mass inside 
a sphere of radius r, AT,, the total energy generated within a sphere of 
radius r, L„ and the temperature T. 

The required physical relationships are: 

the equation of state, 


p=>p, + Pr = ^T + orys 

(1) 

the molecular weight, 


“ Kp, T) 

(2) 

the absorption coefficient. 


K = k(p, T) 

(3) 

and the energy generation, 


6 = €(p, T) 

(4) 


which is given by nuclear physics. 

The molecular weight, absorption coefficient, and energy generation 
are single-valued functions of the temperature, density, and chemical 
composition of the material. The latter plays a decisive role, particularly 
if we change the proportions of hydrogen and helium with respect to 
tlie other elements. Significant, although less spectacular, changes 
occur if the relative proportions of atoms of the oxygen group and 
those of the iron group are altered. Thus we should have written: 

P = p(p, T, X, Y, F), K = k(p, T, X, Y,W), € = 6(p, T, X, Y, W) 

where X sUuuls for the abundance of hydrogen, Y for the abundance of 
helium, and W for the abundance of the heavier elements. 
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The fundanientfll relations we have established are; 
mass distribution: 


dMr 

dr 


= 4xr^ p 


Mr = 4«- /* r“p dr (5) 

Jo 

hydrostatic equilibrium: 

dP _ 

• 1^- ~ r^ ^ 

If the star is in radiative equilibrium, i.e., all the energy is carried to 
the surface by radiation, then 

= intr^tp, Lr = 4r f r^ep dr (7) 

cLt Jo 


and the radiative energy flow is 

d (aT*) Zkp L, ,qv 

dr ~ c 47rr“ 

For a star in convective equilibrium, wherein radiation pressure plays 
a negligible role, 

■ P = Kp'' («) 


The following boundary conditions hold 
Mr = 0, Lr = 0 (r = 0) 

Mr = M, Lr = L, P = 0, p = 0, T = 0 {r = li) 

Actually, T is so small at the surface compared to the value it assumes 
in the interior that no significant error is made by setting it zero there. 
From the discussion in Chapter 1, we anticipate that in stars deriving 
their energy from the carbon cycle, the innermost core will be in con¬ 
vective equilibrium, whereas the outer portions will l)C in radiative 
equilibrium. Most of the energy generation occurs in the convecitivo 
core, and the solution there can be found from eqns. (1), (2), (.5), ((5), and 
(9). The part of the star in radiative eciuilibrium obeys ecpis. (r)), ((5), 
(7), and (8) in addition to the first four fundamental relations. The 
over-all structure or model of the star is found by fitting onto the. solu¬ 
tion of the adiabati(5 core the appropriate solution of the radiative 
layers so determined as to insure (continuity of pre.ssuro, density, and 
temperature across the boundary. 
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In the calculation of a model star of giv'cn mass from etins. (1) to 
(10) three important considerations enter; 

(1) Clravitational eciuilibriura of the star. At eac.h point the weight 
of the overlying layers must be balanced by the total pressure. 
P(p, T) may become a complicated function when the ioniza¬ 
tion of some abundant element sets in, or degeneracy occurs. 

(2) Composition of the material. Under conditions that must pre¬ 
vail in stellar interiors, the material is mostly ionized. As wo 
have seen, the abundance of hydrogen and helium largely 
determines the mean molecular weight of the gas, and influences 
its transparency. The heavier elements of the carbon group 
and the metals primarily fix the opacity. 

(3) The mode of escape of energy from the interior. Throughout 
most of the star, the transport of energy is by radiation. It is 
expressed by an equation containing the opacity coefficient. 
In the central parts of the star, however, convection currents 
probably are important. In white dwarf stars, the gas is 
degenerate and energy is transported by conduction. 

The atmosphere can have but little influence upon the interior of 
the star. The surface temperature will so adjust itself that the total 
energy emitted equals the total energy generated. 

We shall describe two models of great historical interest—the con- 
veciive, model, wherein all the energy is transported to the surface by 
large-scale convection currents; and Eddington’s so-taillcd standard 
model, wherein the energy flow is by radiation throughout the whole 
star. Finally we shall compute a stellar model based on the hypothesis 
that the energy generation varies as a high power of the temperatunj, 
as is true for the carbon cycle. 

2. Uniqueness of Solution (Russell and Vogt Theorem) 

For stars oj the same chemical cemposibion, the mass uniquely determines 
the luminosity and radius. 

From ecpis. (1) to (10) wo can compute a stellar model by (luadra- 
tures. Suppose wo start the integrations at the surfac.o with known 
values of Jkf, p, T, P, and L. From the four differential ecins. (fi) to (8), 
we find the increments dM^, dP, and dT as we move a short distance 
Ar. Then we get new values of P, A/,, and T for r — Ar, and the cor¬ 
responding density from ecpi. (I). With P, p, and T we now compute 
values of m and k for the point r - Ar, employ again the differential 
eqns. (5) to (8), and proceed (at least in principle) to the (jontor of star. 
In some regions we may have to use the adiabatic oqn. (!)) instead of 
eqns. (7) and (8), but the principle remains the same. 
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In general, we would find that at the center of the star, the mass and 
luminosity would not vanish as they should. We would have to start 
over again with new values of our parameters, n and ko, and continue 
until we obtaiaed a solution. The four independent variables, P, T, 
Mr, and L, have to satisfy the boundary conditions ilf, = 0, L, = 0 
at r = 0, and P 0, T —> 0 at some value of r which corresponds to the 
radius of the star. Thus, out of a fourfold infinity of solutions, only a 
sin^e infinity satisfies the three independent boimdary conditions. 

The model stars of the same chemical composition form a one- 
parameter family. That is, for stars of the same composition, there 
exist two exact relations between the three quantities L, M, and B, 
viz., R(M) or L{M), so that if we plot L against M we should get a 
curve, not an area. If we find stars of the same mass but different 
luminosity, or stars of the same mass and different radius, there must 
be a difference in their composition.* The internal composition of the 
star nnay differ from that of its surface layers and cause a spread in 
L and P for a given M. That is, the M, L, R relationship depends not 
just on the mean composition but also on any hydrogen/helium ratio 
or other mean molecular weight discontinuities in the star. 

Before the law of energy generation was known, only one composition 
parameter could be fovmd from M, L, and R, since, as we shall see, there 
exists only one relation between these three quantities not involving 
the law of energy generation. The usual practice was to determine 
X on the assumption 7 = 0. 

Now that the law of energy generation is known for main sequence 
stars, both X and 7 can be found if the proportions of heavier elements 
are known. By equating L to the total energy produced by the nuclear 
reactions, we obtain a second equation which also involves L, M, and 
R (known from the observations), and X and 7 which are to be deter¬ 
mined from the two equations. 

We diall now derive a relation between the mass, luminosity, and 
radius (mass-luminosity law). This function will be essentially inde¬ 
pendent of the law of energy generation, if the stars are built on the 
same model. We accomplish this by means of what is called a homology 
transformation. 

3. Homology Transformations and the Mass-Luminosity Law 

Bengt Stromgren tiiowed that if the energy generation follows the law 

6 = «0P”r (11) 

*The result implies that the stats in question have the same equation of state; 
o.g., they all obey the perfect gas law. We cannot compare the sun and Sirius B, 
for example, since the latter follows the degenerate gas law. 
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^ (12) 

the luminosity of a star is given by 

* 1 

L = const — (13) 

provided the radiation pressure is negligible throughout its mass, and 
the star is in radiative equilibrium. The constant depends on m, a, 
and n, and if these parameters are the same from star to star, it must 
follow that L depends on M and In the Russell-Vogt theorem we 
postulated that the energy generation depended in some fashion on 
the chemical composition, temperature, and density. If the stars have 
not the same composition, L depends on both M and R and not on just 
one of them alone. 

Following a discussion by Chandrasekhar, we describe models based 
on two extreme forms of the energy-generation law: (I) Uniform genera¬ 
tion of energy throughout the star, i.e., s = 0, m =* 0 and € =?= 6© (e.g., 
a star of radioactive material). (II) Point source model wherein all 
the energy is generated at the center, i.e., a —> a>. All physically possible 
laws of energy generation faU between these two extremes, 0 < a < oo. 
For a given mass, the point-source model gives the lowest of all lumi¬ 
nosities. Without loss of generality in the following discussion we can 
equate n to i, so that eqn. (12) corresponds to Kramers' law. 

Now, 6, p, and k all depend on p, T, and the composition, and as a 
consequence of the Russell-Vogt theorem, L — L{M, comp), and 
R = jR(M, comp). Stromgren showed that even if we do not know 
how € depends on p, and the composition, we can still find L = 
L(ilf, R, comp) provided the energy generation follows the same func¬ 
tional form for all stars. Consider first the model I, wherein e - €o- 
The total amount of radiation flowing through any concentric shell of 
radius r is 


Lr = 4x^0 [ r^p dr (14) 

Eqtiis. (5) and (0) remain valid. Wo have defined 

^ = or = ^ (15) 

By Kramers' law, 

K = kopT"’-® ( 16 ) 
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d{flT*) _ 3ko6o 1 
dr e 



(17) 


These are the equations that must be solved with the boundary con¬ 
ditions, Mr = M, P = 0, p = 0 r = R. Furthermore, L = 

We must have a relation of the form R = R{eot or 22 = R(_L, M), 
so that for a given 2lf only one value of 22 is possible. Conversely, 
L = L(22, M); the exact numerical form can be found only by quadra¬ 
tures. 

Let us suppose that we have calculated the model for a star of radius 
22o) mass Ma, and energy production rate «o- With the aid of such a 
solution we can then obtain the solution for another star of radius 22i, 
and mass 2lfj, by means of a homology transformation. 

Let ro, Po, Mr., po, 22o, (p/3)o, To, to, refer to the values for one star 
and r-i, Pi, etc., refer to the values of the corresponding quantities 
for the other star. Let us write: 

n = fro, Ri = ^*220 , Pi = <‘Po, Pi = <'po, 2lf„ - t’Mr. , 

(jtfi)l = t‘(jtP)o I (*o 6 o)l — ^^(*0*0)0 J T, — i‘To 


In this equation the transformation of ^ is only approximate. Strictly 
speaking, the transformation should also be applied to eqn. (15) which 
would give one more condition. Hence the full homology transforma¬ 
tion (with 2lf, 22, and p independently variable) does not apply to stars 
in which the radiation pressure is important. Now the fundamenUI 
eqns. (1) to (8) must be fulfilled in the new variables as they were in 
the old, and the boundary conditions must be satisfied. That is, certain 
relations must be fulfilled between 0 , 6, c, d, etc. For example. 


dMrJdr, = 4irr?pi 


whence 


JMr . 

dro 


= 4irr5por' 


or r‘ = f 


implies 

P — o = 2a + c (10) 

since eqn. (5) is fulfilled in the “ 0 ” variables. Similarly ecpi. (8) gives 

^Tq _3 (>Co6o)o Po r j , a-6.M+.-|c+a+/' 

* dro- Aac rS 


from which there results 


d Qt 0 / ”1“ 3c 6.fid “h J 


( 21 ) 
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Similarly from eqii. (6) and the expression for Po we get 

h — a = g — 2a+ c and 6 = c + d — e (22) 

Thus we have four equations that must be satisfied by our seven vari¬ 
ables, r, P, Mr, p, T, (ko«o), subject to the boundary conditions 

P = 0, r = 0, at r = P, and M, = 0, L, = 0 at r = 0. It is usually 

customary to take r, M and (jiff) as the three fundamental quantities, 
and therefore the independent parameters will be o, g, and e. Then we 
get; 

b = -4a -f 2g (23) 

c = -3a -1- g (24) 

d = -a + g + e (25) 

f - ~2°' ~2 ^ 


as the transformation equations for the new star. 

Given the variation of p, Mr, P, etc., with r for one model star, we can 
compute these quantities for any other star built on the same model 
(i.e., with the same assumed law of energy generation, etc.) by means 
of the transformation eqns. (23) to (26). Let us compare stars for 
which the radius, mass, and (pj9) have all been changed. First, what 
will be the effect on the luminosity? From eqn. (14) we have 


kdLo = 4ir(€o)to) / r®p dr 
Jo 


(27) 


For another star of luminosity Li, 

/coL, = 4T(eoK„). f*‘r?p, dr = «oL„) 

J 0 


but 


-I/2o 


SO we can write 


or, dropping subscripts, 


xS.flj _ /MlV'® .7.J, / 

'ihLy 

(28) 


.a 

(29) 

const ikT / 


(30) 
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All stars built on the uniform energy-generation model should obey a 
mass—luminosity law of the form eqn. (30). We quote some of the 
values of these parameters from the work of Chandrasekhar, viz.: 

p. = 88.15?, T. = 0M8(£jGM/R, P, = 20.370M^R-* (31) 


If the luminosity, mass, and radius are expressed in terms of the cor¬ 
responding solar quantities, 

L = 1.43 X 10"'4‘Af'-'i2““-V® (32) 


Now consider model II, the point-source model, in which all the 
energy is generated at a point at the center of the star. Eqns. (5) and 
(6) and the gas law obtain as before, but eqn. (8) is replaced by 



3kop^ L 
^s.s 4 ^ 


(33) 


since L, = L = constant is the total luminosity of the star. Here 
again, numerical integrations have to be carried out to obtain a specific 
solution. For other stars built on the same model, we can apply the 
homology transformations as before, noting, however, that in place of 
Ko«o we have kJj, and that eqn. (21) is replaced by 

4d — a — f + 2c — 2a — 3.5d 

whence 

f = -ia + S.5ff + 7.5c (34) 

If we use 

kqL\ — t (ko^o) (35) 

and eqn. (28) we get 

L = ( 36 ) 

^0 it 


which is exactly the same analsrtical relation as we found for the uniform- 
source model, except that the value of the constant is different. Since 
the point-somce model gives the lowest luminosity, any physical model 
based on an energy-generation law of the type indicated by nuclear 
physics will fall between these two extremes. 

Eddington calculated a point-source model for a star five times as 
massive as the sun and found the luminosity to be 2.5 times lower than 
the standard model of the same mass, radius, and composition. For 
star models whose masses range from 0.2 to 20 times that of the sun, 
the luminosity varies over a range of 10 magnitudes. Hence the lum¬ 
inosity of a star is much more sensitive to the mass and to the molecular 
weight (i.e., the hydrogen and helium content) than it is to the type of 



Sec. 4] 


MODEL STARS 


53 


model An important point in this connection is that if we determine 
the zero-point of the mass-luminosity relation from the stars themselves, 
the curves will be the same for a variety of models and the empirical 
mass-luminosity curve cannot distinguish between the possible basic 
models the stars might follow. 


Comparison of Stellar Models 



Constant 

Eddington 

Point Source 

Pe/p 

88.15 

54.2 

37.0 

Tc/(jiOM/R(5{) 

0.968 

0.854 

0.900 

Pc/(GM*/R*) 

20.37 

11.05 

7.95 


The table, due to Chandrasekhar, summarizes the central pressures, 
temperatures, and densities for the model with constant energy genera¬ 
tion, Eddington's standard model (Sec. 5) and the point-source model. 
The Eddington model falls between the two extremes. 

The importance of the homology transformation is that once we have 
computed the pressure, density distribution, and temperature for a 
given mass, radius, and luminosity, we can apply the results to any 
other star built according to the same model. Furthermore, if we 
compute a model for a star of a given chemical composition, we can find 
a model for a different proportion of heavy constituents, hydrogen X, 
and helium F, provided the distribution of the heavy elements and, 
therefore, the opacity law remains the same. An application of this 
type of homology transformation will be found in (Sec. 7). 

4. Polytropic Models 

The earliest workers on the problems of large gaseous spheres (stars) 
realized that the observed flow of energy from the interior to the surface 
could not take place by gaseous conduction because of the low thermal 
conductivity of gases. Hence it was assumed that in stellar interiors 
large convection currents were set up. Tinder these circumstances 
pressure and density would be related by the adiabatic gas law 

P = Kp^ (37) 

provided the radiation pressure is negligible compared with the gas 
pressure. 

The modern view concerning stellar interiors is that energy may be 
transported either by radiation flow (as Eddington suggested) or by 
convection currents. The mode operative at any one point will depend 
on the temperature gradient; hence a given star may be in convective 
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equilibrium in one region while energy flow takes place by radiutioii 
in another. 

Let us now examine the problem of adiabatic or convective etiuili- 
brium. We had: 


dMr/dr = 4m^p, P = Kp’’ 
dP/dr = -QU,plr\ P^fpT 


where the constant K is not yet specified. These are the fundamentul 
equations which we must solve when energy transport is by convection 
c^rents rather than by radiation. We reduce the two first-ordor 
differential equations to one differential equation of the second order, 
eliminate Af, and P and use T as the dependent variable. From the 
perfect gas law and the adiabatic gas law, we obtain 




y 

Jly^i 


m 


Furthermore, 


^ - 2 4isll _ OMr 

dv fj, dv ^ (*^■ 0 ) 


and the first equation of the set (38) yields 


£ 

dr 




( 41 ) 


Let us introduce a new variable, y, defined by 

T = (42) 

where r, is the central temperature. Thus, y is 1 at the center and loss 
than 1 elsewhere. Since the left-hand side of the o(iuation is homo- 
geneous m r, we may write 


We get 


1 



(43) 

(44) 


as the polytropic equation. The reason for transforming our eciuation 
of equfiibrium into this form is to obtain an expression that contains 
only the one parameter 7 . It is customary to set 
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7 = 1 + 1/n (46) 

where n is called the polytropie index. The fundamentiil <liffereiitml 
eciuation which a gaseous sphere in adiabatic eciuilibrium must ol)oy is 


1 A 

dx 



(40) 


This expression is called “Emden’s Eciuation.” Only for n =• 6 and 
the trivial case, » = 1 , can the equation bo integrated analytically. 
For other values of the parameter wo must resort to numerical inte¬ 
grations. To tabulate the solution, one starts with the initial conditions, 
a: Bx 0 , y « 1 , dy/dx — 0 , and calculates the first few values by moans 
of a series expan.sion. Then one employs numerical integrations until 
he finds the value of x for whicih y = 0 . This point corresponds to the 
boundary of the star. Kmdon wju» the first to compute tables of y(») 
for different ft’s. More recently, the British Association for the Ad¬ 
vancement of Science computed tables of Emden functions for poly¬ 
tropic indi(!cs of 1 , 1.5, 2, 2.6, 3, 3.5, 4, 4.5, and 5. Wo reproduce hero 
the table for n => 1.5, corresponding to 7 — f. Hero y vanished for 
*0 == 3.05375. In addition to the solution y as a function of at, certain 
derivatives of y are given, as well as the following auxiliary quantities; 

,t - y", li = y«*’, C = -xV' (47) 

which are useful in astronomical apprutations. The parameter n deter¬ 
mines the density condensati<ni of the star, the larger the vaUio of «, 
the greater the concentration of mass toward the center. 

With y sa T/2\ known from the solution of Emden’s etpiation as a 
function of x, an<I x known as a function of r from ccpi. (43), we can use 
ecpi. (3$)) to find the variation of pressure and density throughout the 
gaseous sphere. 

Although the Emden fuinttions are appropriate to those portions of 
the star wherein the energy transport is primarily by convection cur¬ 
rents, workers in stellar interiors have often been tempted to <du )080 
their assumptions in such a way that the msultant eciuatiun of o(tui- 
librium would fall in polytropic form. Thus they semght to avoid 
troublesome numerical integrations. 

6. The Eddington Model 

The best known miwkil l)ased on Emden’s (upiution is that duo to 
Eddington. Ills chi(4 coJitribution lay in tho recognition of the im¬ 
portance of energy transport by radiation and of the role of radiation 
pressure. PJddington postulated that tho ster is everywhere in radiative 
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equilibrium; i.e., the energy is transported by radiation rather than by 
convection. From eqns. (7) and (8), 


Lr = 




4aer^ dT 
3kp dr 



pr^e dr 


while eqns. (5) and (6) give 


Hence by differentiation, 



(48) 



(49)' 


(50) 


Eqns. (1), (48), and (50) should suffice to give us a solution for gaseous 
stars provided the functional form of p, k, and e are known. Cf. eqns 
(2), (3), and (4). 

Eddington introduced a parameter, called ij, by the equation ' 


Lr L 

Wr^'^M ( 51 ) 

L/M is the mean rate of energy generation throughout the entire star, 
Lr/Mr is the corresponding average over a sphere of radius r, whereas 
ri is the ratio of the two averages. We find 


and eqn. (48) becomes 



(52) 


^ a 4acr’ dT 



(63) 


So far, within the framework of the fundamental assumption em-' 
ployed (radiative transfer of energy), the development has been rigorous. 
In order to cast his equations into polytropic form, Eddington 
the assumption 


IIK = constant 

With the aid of eqn. (6), eqn. (53) reduces to 

, AadT^dT L dP 

3kv dr MG dr 

Since the radiation pressure is P, = aT*/Z, 

MQcdPr d(P. + P,) 
Lk)j dr dr 


(54) 

(55) 


(56) 
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MGc 

4a- jPr = P, + Pr + constant (67) 

At the surface of the star, P, and P, are zero, so that the constant of 
integration must vanish. Since ki) is assumed constant, eqn. (57) shows 
that the ratio of gas to total pressure (8 must remain constant throughout 
the star. That is, 


/3 = 1 - 


dxMCrC 


Now from eqn. (15) 

p p I p __ o!r /I K \ 

P P, + P, (15a) 

If the temperature is eliminated from eqn. (15a), the pressure can be 
expressed in terms of the density by 

P = Kp^'^ (59) 

which is formally identical with the adiabatic gas law, with K given by 


/3(R*(1 - /3) \» 

I / 


Hence the solution is given by Emden’s functions for n = 3. With x 
expressed in terms of r by eqn. (43), and y - T/T, obtained from 
Emden’s table for n = 3 as a function of x, we compute p and P by 
means of eqn. (39) for 7 = -f. Thus we obtain the p, T, and P variation 
with r throughout the star. 

The Eddington model exerted such a profound influence on the 
study of stellar interiors that Milne called it the “standard” model, a 
term we may still retain to denote stellar models in which ^ is constant 
and the energy is transported by radiation.* 

The chief criticisms of Eddington’s model concern his assumptions 
about the opacity and energy generation, which are quantities deter¬ 
mined from the physical data. Information concerning tlie stellar 
absorption coefficient was sketchy in Eddington’s time. Nothing was 
known about energy generation. The assumption that kij is constant 
can be defended only on the grounds of its mathematical convenience. 
Physical theory fixes k and e, and therefore and we have no right to 
impose conditions on these quantities. 

*Eddington derived the Biass-Iuminosity law and believed it to give strong 
support to hte model. As the homology transformation argument shows, however, 
the mass-luminosity law arises as a consequence of basic ph3^ical laws and does 
not speak in favor of liiddington’s or any other particular model. 
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In his original work, Eddington assumed that stellar interiors con¬ 
tained little if any hydrogen, and he found a mean molecular weight of 
2 .1. Since the luminosity depends strongly on the molecular weight 
[cf. eqns. (30) or (36)], it is not surprising that Eddington's stars were 
too bright. This difficulty may be easily rectified by supposing that 
stellar interiors contain great quantities of hydrogen. The great 
importance of the Eddington model lies in the fact that it approximates 
most stellar models in temperature and density distribution. 

In stars similar to the standard model, the outer portions, although 
vast in extent, contain very little of the mass. The mathematical 
treatment of these outer portions of the star is simplified by the fact 
that there are no energy sources and that the mass of the outer portions 
is negligible compared with the mass of the star as a whole. 

To approach this problem, Chandrasekhar defined a fraction f of 
the stellar radius which contains 0.90 of the mass ikf; hence f gives an 
indication of the central condensation. For stars built on the same 
model, {, which depends on the luminosity, radius, and mass of the star, 
must be the same. Chandrasekhar finds that, toward the more luminous 
stars along the main sequence, the degree of central condensation 
decreases. That is, the stars become more and more homogeneous. 
The standard model breaks down at about ten solar masses, above this 
mass the star could not be built on the standard model and have the 
observed values of mass, luminosity, and radius. 

In the massive supergiant stars, the standard model breaks down in 
another way; for these objects the central condensation is greater than 
the standard model suggests. For example, the red component of 
W Cephei appears to have 0.9 of its mass concentrated in the first 
5 per cent of its radius. Chandrasekhar's method of envelopes is valid 
for any mass, since the radiation pressure is exactly allowed for, while 
the usual mass-luminosity treatments neglect it—an approximation 
valid only for stars less than five times as massive as the sun. 

6, The Stability of Stellar Models 

After the equations of equilibrium are fulfilled, we have yet to ask 
if the equilibrium is stable or unstable. Obviously, any model that 
approximates a real star must be in stable equilibrium with respect to 
small perturbations. Three essential perturbations are to be considered: 

(1) A secular contraction or expansion. If the star begins to contract, 
will it continue indefinitely or will it pulsate back and forth as the 
temperature in the interior first is increased and then decreased? If 
we had a star in which, at any given temperature, the molecules and 
atoms possessed larger internal than kinetic energy, i.e,, t < 4 , and 
this star began to contract, each volume element would be heated. The 
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internal energy could be, for instance, that of ionization. During 
contraction, gravitational potential energy would be released, but not 
in sufficient quantity to maintain the gas in hydrostatic equilibrium. 
Therefore contraction would continue with increased departure from a 
state of equilibrium, until 7 was greater than -J. Conversely, expansion 
of the gas, once started, would lower the temperature and release more 
energy than that required to lift each volume element against the 
gravitational attraction of the rest of the star. Expansion would 
proceed until 7 exceeded | or until the star exploded. 

Thus, a gaseous sphere with y < i could never exist in stable equi¬ 
librium. The result is of little practical interest since polyatomic 
molecules (for which y < i) cannot exist in hot stars and the change 
in effective 7 due to ionization can occur only in limited regions—namely, 
where H and He are becoming ionized. Instabilities of this type, 
therefore, can occur only in small regions of the stellar interior. 

The instability of a star composed of a gas whose internal energy is 
such that the sum of chemical, ionizational, molecular rotational 
energy, etc., is greater than the translational energy may be discussed 
in another way. Consider a volume element dV at a point in a star 
where the pressure is P. Then 

" 1/2 /*R 

/ PdV = PV\ - VdP (61) 

Jo Jo Jo 

If we integrate this expression from the center of the star to its surface, 
the first term vanishes at the center, since F = 0 there, and at the 
surface where P = 0. Put eqn. ( 6 ) into eqn. (Cl), noting that 

3 

We obtain: 

The potential energy of a shell dAf, in the field of M, is — 

T 

and we integrate over all dr to get the total potential energy. That is, 

O rMrdMr 
^ Jo r 

is the potential of the mass upon itself, S 2 . Thus 
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Suppose radiation pressure to be negligible so that P = P, = NkT. 
The total kinetic energy of the molecules is 

Thus P numerically equals | the kinetic energy of the atoms. The 
total amount of kinetic energy in the body is 

^ = |/Pd7 = |o (64) 

Now Q is the amount of energy required to expand the body to infinity 
against its own gravitational attraction. One-half of this already 
resides in the kinetic energy of the particles. Therefore the remaining 
energy store of particles, energies of rotation or vibration, nbAmiV.n .1 
combination, or ionization, must be less than the kinetic enei^. Other¬ 
wise the star could expand indefinitely and diffuse into space. Now 

r-t- 5 
^ = r-+3 

where r is the number of internal degrees of freedom. If r > 3 , 7 < ^, 
an instability of this kind results. 

(2) A second type of instability may be called a thermal instability. 
If a star undergoes a homologous contraction, L will vary as P”* in 
accordance with eqn. (13), but if the rate of energy generation is stepped 
up by more than this, the star will be stable, because the increase in 
gas and radiation pressure will cause it to expand to something aVin 
to its original state. On the other hand a star with constant energy 
generation (e.g., one composed of a uranium-gadolinium mixture) 
would be thermally unstable, as the rise of temperature would not affect 
the nuclear processes. An instability of this type would depart only 
slightly from equilibrium, and the star would continue to shine for 
millions of years. 

(3) Finally, there is “pulsational instability.” Suppose that a mass 
of gas, originally in gravitational equilibrium, is compressed into a 
smaller volume. The rise in temperature causes the gas to expand 
beyond the equilibrium condition. It is then too cool and contraction 
ensues and the cycle of oscillation is repeated. These pulsations will 
occur until they are damped out by leakage of heat from the hotter to 
the cooler layers. If, however, the oscillations persisted to the core of 
the star, they might affect the energy generation if the latter is strongly 
temperature dependent. Heat would be liberated when the star was 
smallest, and the resultant impulses would tend to increase the ampli¬ 
tude of the oscillations. Uivless the dissipation of energy offset the 
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increased heat liberation, the amplitude of the pulsations would increase 
with time until the star blew apart. 

The early studies of Eddington and of Jeans su^ested that if the 
energy generation depended more abruptly on the temperature than 
r®, the star would be tuistable. Cowling, however, showed that if the 
energy generation increased rapidly with the temperature, the tempera¬ 
ture gradient would become so high that the radiative equilibrium 
would be unstable and a convective zone would be formed in the stellar 
interior. His work shows that the energy generation may vary as 
rapidly as 7“ without causing pulsational instability unless y is near i. 
Ledoux has shown that y must be throughout a large volume of 
the star in order to make the star unstable. 

7. A Model for a Star That Derives Its Energy from the Carbon 
Cycle 

With the aid of a procedure due to Schwarzschild, we shall now 
compute a stellar model by the method of quadratures. The model 
will be a composite one; the innermost regions will be in convective 
equilibrium with 7 = ■§•. The outer portions, except for the hydrogen 
ionization zone which we can neglect, are in radiative equilibrium. 
Hence we must fit a gaseous envelope in radiative equilibrium to a 
polytropic core. Models of this type were first proposed by T. G. 
Cowling. The contribution of radiation pressure to the total pressure 
will be small and may be neglected, thus simplifying our work. We 
shall assume the composition and molecular weight constant throughout 
the star. 

Our procedure will be to start at the surface of the star and work 
inward. In the outermost portions the density will be small, and to a 
considerable depth below the surface the change in Mr will be negligible; 
i.e., we can assume M = M, and L = Lr, since no energy is generated 
in the outer zone. Fortunately, pressure and temperature may be 
expressed as analytic functions of r in the outermost layers. Thus we 
obtain starting values for the numerical integrations of eqns. (5) to ( 8 ) 
appropriate to a state of radiative equilibrium. Throughout the strata 
in radiative equilibrium, we shall assume the energy generation to be 
zero and, therefore, dLr/dr vanishes. At the bottom of the radiative 
equilibrium envelope, r = r^, and L, is then L. 

We must emphasize, however, that this approximation will not 
necessarily, be suitable, for a star that derives its energy from the proton- 
proton reaction. It may be valid for the hotter stars of the main 
sequence that derive their energy from the carbon cycle. 

Wo obtain the pressure as a function of the temperature in the 
outermost layer by dividing eqn. ( 6 ) by cqn. ( 8 ) to find 
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dr 

d(aT*) ~ 

dr e 4irr® 

where Af, = M for the layers iinder consideration. We shall now 
adopt an analytic approximation to « as a function of density and 
temperature. For the Russell mixture and for the pressure and density 
ranges valid in stars like the sun, k can be represented by an equation 
of the form: 


K = (66) 

which corresponds to Kramers’ formula with a (g/t) factor given by 


log = —0.6 — 0.26 log p 

(67) 

By comparison with eqn. (44) of Chapter 1 we have 


Ko = 10®'(1 + Z)(l - X - Y) 

(68) 

If the heavy constituent of stellar interiors is primarily oxygen, G. 
Keller fibads that the (g/t) for the temperature and density of the sun 
can be represented by 

(y = 5.9 X 10‘(1 + x^-^-^p-^-^T-^ 

(69) 

from which 


K = 1.70 X 10®'p®-“r"‘-“(l + Z)® *(1 - X -Y) 
and 

(70) 

= 1.70 X 10*‘(1 + ^‘’■*(1 - X - Y) 

(71) 

For illustrative purposes we shall carry through the calculations for the 
Russell mixture. We write the gas law in the form 


(72) 

where fc is Boltzmann’s constant, and H is the mass of the particle of 
unit atomic wei^t. With the aid of eqn. (66) and the eliwinatimi of 
p by eqn. (72), eqn. (65) becomes 

dP r 16irac(?ilf, / k T" *' 

dT L 3L«o \Hm/ J 

(73) 

which integrates to 


p'-” = ~ J)(T®-*‘ - r?-*‘) 

(74) 


where D denotes the quantity in brackets in eqn. (73). 
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We neglect the variation of n and ig/t) near the surface of the star. 
The error made is about the same as that committed in taking To equal 
to zero instead of To equal to 5000®K. Below the surface the tempera¬ 
ture increases very rapidly. In the layers where we want to apply 
eqn. (74), < < T® "; we can set To = 0 without the sacrifice of 

accuracy. From eqns. (6), (72), and (73) it follows that 

^_ (^\ P ^ ^ 

dr ~ / XkJT p®” dr 


If we eliminate P and T with the aid of eqn. (74) with To as zero, we 
have 


dT 

dr 


= -GMr 


'HiA 1.75 1 
, ft/8.25 r* 


Then we integrate with respect to r, noting that 7 = 0 when r = 72. 

For the outer shell down to log r = 10.600, where we can assume M, 
equal to M, we use eqn. (75) and then eqn. (74) to compute the tem¬ 
perature and the pressure in terms of r. 

The analytical formulae cease to be applicable after a short distance 
into the star where it is no longer legitimate to set M, equal to M. 
Then we must start the numerical integrations. For two or three 
points near the surface, we calculate values of T, P, r, and M, ^ M 
from eqns. (74) and (75). We then compute the derivatives of P, T, 
and Mr, and AP, AT, AMr for an increment Ar and obtain P(r — Ar), 
7(r — Ar), M(r — Ar). At r — Ar we compute a new set of AP, AT, 
and AJkf, and proceed as before. To simplify the computation we shall 
write: 

<r = log P, r = log T 
m = log Mr, Iff = log r 


Consider eqn. (5). Since dMr/dr = (Mr/r)din/dw 

log dMr/dr = log Mr — log r -|- log dm/dw 
= log 4ir -H log p -H 2 log r 

but, from eqn. (72), 

log p = log P -t- log - log T 
and with the aid of the definitions, eqn. (76), there results: 



Sec. 7] 


MODEL STABS 


65 


Fa 

[''"’■sj- 


3w? + <r--T — m + log 


[--(f)] 


Similarly, 


d<r r dP 
dvo~ P dr 


and from eqns. (6) and (72) 


whence 


(~?) = (-^) + logP - log r 

— log + log ^ ~ log T + log Mr — 2 log i 

mce 

log (-Aw ^ = -w + m - r+ log Aw) 


From eqn. (76) we have 


and since 


("1^) = (“f-) + log »■ - log T 


dT ^ dT^ 
dr dP dr 


we use eqns. (6), (72), and (73) to get 

log (_Aw £)=-«,+ 1.75<r - 9.25r + log (^)'' ” Aw] 

(79) 

Thus eqns. (77), (78), and (79) are the formulae to be solved numerically 
and simultaneously throughout the radiative layers of the stars. Notice 
that the parameters used in eqns. (73) and (75), viz., ko, D, and 

“ (2Z + IF + §20 

and the constants in the eqns. (77), (78), and (79), all depend on the 
assumed proportions of hydrogen, helium, and heavy elements. If we 
suppose the “heavy” constituents of the stellar interior to be primarily 
oxygen, rather than the Russell mixture, similar equations may be 
derived. The integrations are carried out numerically until the radiative 
gradient ceases to be stable. From eqn. (53) of Chapter 1 the con¬ 
dition for stability of radiative equilibrium is 


V PdrJ ^ \ TdrJ 
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or, in terms of our new variables 


7 - 


\ dv)/ \ dwj 


(82) 


where y is When the inequality no longer obtains, we stop the numeri¬ 
cal integrations and fit a polytropic solution at the point in question, 
since the energy transport in the inner layers must take place by con¬ 
vection currents, rather than by radiative transfer. We choose the 
solution of Emden's equation with n = 1.5. At the boundary of the 
radiative layer, our numerical integrations have given us 


rr, 


AT, 


rf r*d> 


f) 


i.e., the values of radius, mass within the radiative layer (mass of star 
minus mass of radiative layer), pressure, and temperature at the tran¬ 
sition surface. Now P/, f/, and Tf must be joined to the results from 
the polytropic solution. If a: and y are, respectively, the independent 
and dependent polytropic variables, the fitting conditions from eqns. 
(39), (42), and (43) are: 




P. 

Tl 


y 


Pr = P.yT 
Tf = T.yf 

If we eliminate T. and P. from these equations, we obtain 




1 


Wf)‘t 


(83) 

(84) 

(85) 

( 86 ) 


In the table of Emden’s functions for n = 1.5 wo compute the leftrhand 
side of eqn. (86) as a function of x, and find the value of x for which 
it equals the value of the right-hand side of eqn. (86) computed from 
Tf, Pf, and Tf. With the aid of ijf and eqns. (84) and (85) we can then 
find Pc and T,. The mass of the convective core follows from c(ins. 
(5), (39), (42), (44), and (83): 


M, 


rf Qon 




A necessary condition for the correct solution is 

rf .on “ ^^rf rul 


( 88 ) 


In other words, the mass left over at tlie end of the (luadratures through 
the radiative equilibrium zone must equal the mass of the convective 
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core. In general this condition will not be fulfilled for an arbitrary 
choice of X and 7, so we must choose other values of X, say, keeping 
7 fixed until we get a solution. One procedure is to take 7 as zero 
and try different values of X. A plot of A log Af = log Mrf ooa — 
log Mrf against X will enable us to interpolate to obtain the final 
X for which A log Af is zero, and eqn. (88) is satisfied. 

^ an illustrative example we shall calculate a model for the sun in 
which we shall suppose that the energy-producing mechanism depends 
on such a high power of the temperature that all of it occurs in the 
convective core. Since the sun derives its energy from the proton- 
proton reaction, this condition is not actually fulfilled, and for a more 
realistic model we could have chosen a hotter, more luminous star, 
such as Sirius. The same principles are involved and we might, in fact* 
go from our present model to one for Sirius by an homology transforma¬ 
tion. ^ The difficulty is that even in Sirius the proton-proton reaction 
contributes a sizable share (~25 per cent) of the energy generation. 
In a yet hotter star where we could be sure that the carbon cycle domi¬ 
nates completely, radiation pressure would have to be taken into 
account and the opacity would be chiefly due to electron scattering. 

We start with a trial value X = 0.33, 7 = 0, and a RusseU mixture 
for the heavy elements. Then from eqn. (80), u = 1.005 and = 
0.8911 X 10*«. The procedure will be: 

(1) Carry out the calculations analytically as far as we can go_ 

to log r = 10.600 by eqns. (74) and (75). 

(2) Integrate numerically, through the layers in radiative equi¬ 
librium, eqns. (77), (78), and (79). 

(3) Use eqn. (82) as the criterion for locating Vf. At this point 
we must fit the Emden function for n = 1.5 by eqns. (83) to 
(85). 

The basic numerical constants are: 

Total solar mass, Af = 1.986 X 10*® gm 

Total solar radius, R - 6.961 X 10‘“ cm 

Total solar luminosity, L = 3.78 X 10®* ergs 

Constant of gravitation, 0 = 6.67 X 10"* dynes cm®/gm® 

Mass of particle of unit atomic weight, H = 1.672 X 10"*^ gm 
Boltzmann constant, h = 1.379 X 10“ “ 

Stefan Boltzmann constant, a = 7.65 X 10“*® 

Velocity of light, c = 2.9978 X 10*® cm/sec 

We now compute log T and log P for the two values of 


w = log r = 10.640 and 10.600 



TABLE 2 

CAL Integration op the Begion in Radiative Eq 
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by eqns. (74) and (75) which become, respectively, 

logP = -16.8940 + 4.71430 log T (74a) 

log T = 17.5343 + log [1/r - l/R] (75a) 

Hence we obtain our starting values for the numerical integrations of 
<r, T, and m as a function of w. We assume m = log M = constant for 
these first two points. For X = 0.33, F = 0, and Am = 0.04, the 
equations to be numerically integrated are: 



= 3m — m + <r — T — 8.2130 


= —w + m — T — 16.4880 


= -w+ 1.75o- - 9.25t + 45.7009 


(89) 

(90) 

(91) 


In our integrations we must keep in mind that m decreases with de¬ 
creasing Wf whereas <r and t increase as w decreases. We compute each 
new value of m, cr, and r with the aid of the expression 

x....z. + (iwf)_ + ix>' (92) 


where X stands for either m, <r, or r, and D' is the first difference in the 
dX 

Aw ^ column. 
dw 

Table 2 illustrates the computational procedure. The c and t 
entries for w = 10.640 and 10.600 are taken from the analytic eqns. 
(74a) and (75a). For example, to obtain <r for 10.560, we compute by 
eqn. (90), 

log (-Am = -10.600 + 33.298 - 6.565 - 16.488 = 9.646 
or 

Am ^ = 0.442 
dm 


The previous entry in this column (obtained from the analytic solution) 
is 0.507 so that D' = —0.065. 

Then, 


<r(m = 10.560) = 14.055 + 0.442 - 0.033 = 14.464 
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The values of the other quantities are computed similarly. Proceeding 
step by step, the integration is continued until 


d<r . 
3 — Aw 
dw 


dv) 


Aw 


2.50 


(93) 


at some value, Wf. Then o-/, m/, and t/ are interpolated from their 
respective columns. In the present example, this point is reached at 

Wf = 10.045, T/ = 7.238, nif = 32.462, a, = 16.906 


The numerical value of the right-hand side of eqn. ( 86 ) is 1.049 which 
must equal (a:V~*)) ^ quantity computed from the tabulated solution 
of Emden’s equation forn = 1.5. From a table or plot of 'a:* versus x, 
we find Xf — 1.395, 2 // = 0.7183. Then eqns. (84) and (85) give: 


logP, = 17.206 and log T. = 7.382 

We next interpolate (—s® dy/dx)f for x == 1.395 from the Emden 
table, and compute log Mr/oon from eqn. (87) to be 32.602, which is 
greater than rrif — log M,t = 32.462. Hence the condition expressed 
by eqn. ( 88 ) is not fulfilled. This result means we have chosen the 
wrong composition (hydrogen content) and we must start over with a 
new value of X, keeping Y zero or varying both X and Y, until we find 
a solution which satisfies eqn. ( 88 ). 

Ultimately, we may find a satisfactory model with, say, X = Xo 
and Y = FoJ but it is not necessarily the model of the star in which we 
are interested, since wo have not included the law of energy generation 
in the analysis. This law, which is known as a function of temperature, 
density, and composition, gives an additional relationship which permits 
a determination of both the hydrogen and helium content of any star 
whose mass, luminosity, and radius are known, provided we know the 
relative abundances of the elements comprising the mixture of heavy 
elements. 

In this simplified illustrative calculation we have supposed that the 
energy generation depends on such a high power of the temperature 
that it all occurs within the convective core. ^ In a realistic model for 
the sun and similar stars which operate on the proton-proton reaction 
eqns. (77), (78), and (79) are supplemented by a relation, eqn. (7), 
involving the energy generation as soon as the temperature rises above 
a few million degrees. 
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8. Schwarzschild’s Method for the Deteiminatioii of the Hydrogen 
and Helium Content of the Stars 

If the energy generation takes place almost entirely by the carbon 
cycle, it is possible to estimate the hydrogen and helium content of a 
star in a straightforward fashion. In practice, the considerations apply 
to stars of the main sequence, somewhat brighter than the sun, e.g., 
Sirius, but not to stars which are so bri^t that radiation pressure 
plays an important role in their structure. 

To simplify the integrations of the stellar interior, Martin Schwarz- 
schild introduced four dimensionless variables, p, i, z, and q defined by 

^ ^ M(r) = gilf, r = zR (94) 


With these variables the basic differential equations (5), (6), and (8), 
valid for the layers in radiative equilibrium, become: 


^_2 a dt _ C p'-^* 

dz t ’ dz t z^’ dz z® 


(95) 


where the constant C is defined by 




(96) 


After several trials, Schwarzschild found that log C = —5.51674 per¬ 
mitted a fit between the convec-tive core and the radiative layer. Notice 
that C contains the two parameters that involve the hydrogen and 
helium content of the star, viz., ko and Hence a determination of C 
establishes a numerical relation between ko and and therefore between 
X and y. At the interface between the radiative layer and the con¬ 
vective core. 


radius of core 
radius of star 


0.121725 


logp/ = 2.1945, log t, = -0.0426, log q, = -0.9269 (97) 

The fitting values of the polytropic variables for n = 1.5 are x/ = 1.1201 
and 2 /y = 0.8093. From eqns. (84), (85), and (94), and the adiabatic 
gas law, the central temperature and density of the star are derived, viz.: 
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and if the mass and radius are expressed in units of the mass of the sun, 

T. = 25.89 X lOV p« = 111.6 ^ (99) 

Eqn. (96) may be employed to obtain the mass-luminosity relation. 
Since the numerical value of C is known, we may substitute the ex¬ 
pressions for n and ko, which are given in terms of X and Y by eqn. 
(68) and eqn. (80), into eqn. (96) to obtain: 

[2x -I- f y 4- Ki - -X" - y)r-‘(i + .x)(i - x - y) 

= ( 100 ) 


The determination of X and Y requires a second relation between these 
quantities. The law of energy generation according to the carbon 
cycle and the proton-proton reaction provides the necessary equation. 
We modify Schwarzschild’s treatment by employing the latest data 
on the energy generation in the stars. (Cf. Chapter 1.) For a star 
whose' central temperature lies not too far from that of the sun, the 
energy generation in ergs/cm“/sec by the proton-proton and carbon- 
nitrogen cycles are, respectively: 


= 0 . 28 pX*(f^y’' = «.pr‘ 

*0N = 1.66pZWon(^)’‘’’* = 


( 101 ) 


where the temperature is expressed in millions of degrees, and the abun¬ 
dance of carbon plus nitrogen, Won, is taken as 0.158(1 — X — Y). 
In accordance with the basic assumptions expressed in the set of c(ins. 
(95), we suppose all the energy is generated in the core so that 

p'f 

L = L„p -|- Lett = 47r / p(tpp -|- «on)>’* dr (102) 

«'0 


With the aid of eqn. (98), tho adiabatic gas law, and the definitions of 
the polytropic functions wc obtain from eqn. (102), 


M 

^JON 

M 




r/Tl.i 

„ ® ® 15.28 


J - T-ia".-* _£l. (ilX r' dx = 

' W ./« y ^ ^ - 58.45 


(103) 


where L, M, p, and T are expressed in cgs units. If we now eliminate 
p, and 2'o with the aid of e(in. (99), introduce e, and €2 from ccpis. (101), 
and express L and M in terms of the corresponding solar values, the 
energy-output’equatiou becomes 
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^6.1 7|/f22-4 

L = IS.IZV^ + 3.339 X 10® X (1 ~ X - (104) 

where fx is given by eqn. (80). This equation applies to any star built 
on Schwarzschild's model. For each star the mass-luminosity eqn. 
(100) defines one curve in the XF-plane; the energy-output eqn. (104) 
defines another. The point of intersection, X = 0.941, Y = 0.046, 
fixes the hydrogen and helium content for Sirius, according to this 
model. See Fig. 1. The helium content seems too low. We have 



Fig. 1.—Determination of the Hydrogen and Helium Content of Sirius 

For Sirius, M - 2.45, L » 36, and R »= 1.66 in terms of the corresponding solar 
values. The point of intersection of the mass-luminosity relation eqn. (100) (solid 
curve) and the energy-output eqn. (104) (dashed curve) fixes the hydrogen content 
X « 0.941 and the helium content Y 0.046 for this star. 

neglected the energy generation outside the core; on the other hand, 
the temperature dependence of the carbon cycle is too high if Tc is near 
20,000,000®K, so ^at the real central temperature may be higher 
and the hydrogen content lower. One suspects that the opacity law 
may be partly at fault.* A further possibility is that the core may be 
richer in helium and poorer in hydrogen than the envelope (see Sec. 12). 

*The investigations of Mrs. M. H. Harrison indicate that for the most likely 
composition of the heavy stuff, the guillotine factor can no longer be represented 
by a single straight line of the type of eqn. (67). As an extreme example, G. Keller 
has considered a stellar model in which there is one heavy element, oxygen. 
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9. Stellar Models Based on the Proton-Proton Reaction 

Calculations by I. Epstein and L. Motz (1953, 1954) and by Peter 
Naur demonstrate rather conclusively that the proton-proton reaction 
provides essentially all the energy generation in the sun. 

With the red dwarf stars, however, calculations based on the proton- 
proton reaction with the outer envelopes in radiative equilibrium lead 
to stellar models that are always too bright. 

Stromgren suggested and Osterbrock demonstrated the way out of 
this difficulty. Below the atmospheric layers in the red dwarf stars 
lies the hydrogen convection zone in which the Emden eqn. (46) is 
valid. Instead of being a few hundred kilometers thick, this zone in 
convective equilibrium may represent a sizable volume of the star. 
Eventually, near the center, the material switches back to radiative 
equilibrium. Osterbrock’s detailed calculations show that one can get 
a good fit for the radius, mass, and luminosity of a star such as Castor 
C or a Centauri B with values of hydrogen, helium, and heavier con¬ 
stituent abundances in good agreement with the results from stellar 
atmospheres. More precise computations do not appear to be worth 
while until the status of the opacity calculations is greatly improved. 

Naur and Osterbrock found that dwarf 0, K, and M stars and 
probably also the sun must be in radiative equilibrium at their centers. 
Dwarf stars somewhat earlier than the sun may have convective cores, 
while main-sequence objects earlier than F5 probably have such cores. 

Naur, who took into account the effects of the free-free transitions in 
hydrogen and helium upon the opacity, found that the solar model 
was extremely sensitive to the assumed opacity law in so far as the 
existence or nonexistence of a convective core was concerned. Ilis 
model I had no convective core; his model II a core of radixis 0.05. 
The required composition involved 0.75 per cent of elements heavier 
than helium, the hydrogen content was about 75 per cent, and the 
central temperature near 13.5 million degrees. The central density 
is near 90gm/cm®. The outer hydrogen-ionization convection zone is 
much loss important than in the red dwarf stars. It extended down only 
about 200,000 km. The Epstoin-Motz model (1954) gives X = 93.1 
per cent, Y “ 0.7 per cent, T, — 12,850,000°K, and a convective core 
radius equal to 0.08 that of the sun. 

10. Apsidal Motion in Eclipsing Binaries 

Fortunately, in a number of important examples, at least a partial 
check on the theoretical model is available. In certain eclipsing binary 
systems it is observed that the interval between primary and secondary 
eclipse is not constant. The secondary minimum appears to wander 
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back and forth with a period much longer than the orbital revolution 
period. We interpret this effect as arising from the motion of the 
stars in elliptical orbits which slowly precess. In general, this precession 
does not arise because of a third body in the system but rather because 
the two stars are distorted from their natural spherical shape by their 
mutual gravitational attraction. Hence they no longer attract one 
another like point masses. The basic phenomenon depends on the 
following three effects: 

( 1 ) Star A tidaUy distorts star B. 

(2) Because star B is distorted, it will no longer attract as a point 
mass at its center of gravity. 

(3) The fact that B no longer attracts as a point mass means we 
no longer have a strict two-body problem. The orbits will 
deviate slightly from Kepler ellipses; the most important 
feature of this deviation being a slow rotation of the major 
axis, i.e., a precession of the orbit with an advance of periastron. 


Since the stars are gaseous throughout, the figures of their surfaces 
at any moment will be nearly those appropriate to equilibrium under 
the instantaneous tidal forces. Hence the problem is more difScult 
than the corresponding problem of the perturbations of a satellite orbit 
by the equatorial bulge of a rapidly spinning planet.* 

The amount of distortion of star B will depend on the masses of 
the two stars, their relative separation, the size of B, and the mass 
concentration or the model of B. Likewise, star A will be distorted by 
star B. Cowling and Sterne’s investigations show that the ratio of the 
orbital period to the length of time it takes the major axis or line of 
apsides to rotate completely around will be: 


orbital period _ ^ 1 + fg* + je* Mi 

apsidal pa-iod ~ Mt 

+ “■3: (l-eV K 


(105) 


where A is the semi-major axis of the orbit, Ri and R 2 are the radii of 
the stars A and B, Mi and M 2 their masses, and e is the eccentricity, 
while the X's are constants that depend on the mass concentration to 
the center of the distorted star. For a homogeneous star, K is 0.760, 
whereas for a star whose mass is essentially all concentrated at the 
center, with a vanishingly small amount in the rest of its volume, 
K would be 0.00 since the stars would then be point masses and the 

♦Chandrasekharas investigation of the equilibria of distorted poly tropeis constitutes 
the fundamental work on this problem. (Af.iV. 93, 449, 1933.) 
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two-body solution would hold. For other density models, the value 
of K naturally falls between 0 and 0.75. On the assumption that the 
stellar internal density distribution can be approximated by polytropic 
models, Chandrasekhar computed the following table, which gives K 
and the ratio of central to mean density. For comparison with these 


Polytropic 

0 

1 

1.5 

2 

3 

4 

Index 







K 

0.760 

0.260 


0.0741 

0.0144 

0.00134 

PoIp 

1.000 

3.290 

5.991 

11.403 

54.18 

622.41 


calculations we take the observed rates of apsidal motions for eight 
eclipsing binary stars with well-determined orbits and K values, see 
Table 3. For each star Russell lists the spectral class, period in days, 

TABLE 3 


Binabibs with Moving Apsidbs* 


Star 

Spectrum 

P 

Bi/A 


e 

P'.P./IOOOP 

K 

YCyg 

09.5 

2.996 

0.206 

0.206 

0.14 

5.6 

0.014 

GLCar 

Bp 

2.422 

0.215 

0.215 

0.16 

3.8 

0.017 

AG Pers 

B3 

2.029 

0.263 

0.184 

0.05 

9.6 

0.0045 

CO Lac 

F 

1.542 

0.24 

0.24 

0.03 

9.5 

0.004 

V523 Sgr 

A5 

2.324 

0.22 

0.22 

0.17 

31 

0.0018 

HV 7498 

AO 

3.471 

0.123 

0.147 

0.55 

63 

0.009 

YYSgr 

AO 

2.629 

0.127 

0.127 

0.17 

49 

0.018 

RUMon 

A5 

3.584 

0.13 

0.11 

0.44 

61 

0.018 


♦Courtesy, H. N. Russoll, Ap, J. 90, 650, 1939. 


ratio of stellar radius to orbital radius for each component, the eccscn- 
tricity of the orbit, and the period of apsidal motion P* divided l>y 
1000 times the period, and finally K, Notice that K is always small; 
in no instance is it larger than 0.02. Observational selection would 
work in the opposite direction, since rapid apsidal motions, and therefore 
larger K's would be easier to detect. Thus there is strong evideruje 
that the density concentration within the stars is high. It is also likely 
that the stars are not all built on the same model. GL Carinae (Bp) 
and V523 Sag (A5) have nearly the same orl)ital period and radii, 
while the respective apsidal periods are 25 and 200 years. 

The density and temperature distribution in the average star model 
is wcdl represented by the standard model (polytrope for n = 3), and 
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it is satisfying to see how closely the predicted and observed central 
density concentrations of the stars agree. 

11. Stellar Rotation 


A star in static gravitational equilibrium will be radially symmetrical; 
i.e., the pressure, density, and temperature will depend on the single 
variable, r, and the problem of its internal structure will be readily 
soluble if the basic physical data are given. Now imagine such a star 
to be set in rotation. There will be a centrifugal force and the pressure, 
density, and temperature will depend not only on r but on the latitude 
as well. In general, the angular velocity will not be constant throughout 
the star but may vary from point to point.* 

The problem is complicated because the star does not rotate as a 
solid body, and the fundamental equations are much more complex 
than those valid for a static star. For example, the equation of hydro¬ 
static equilibrium (6) becomes replaced by two expressions, viz.: 


2 /, 2\ , 1 3P , 3# 


( 106 ) 


where co is the angular velocity, n is the sine of the latitude, and ^ is 
the gravitational potential. Similarly, the equation of transfer has to 
be written for two components, r and ix. 

In that portion of the star in radiative equilibrium, the viscosity is 
negligible and therefore the angular velocity may vary with the distance 
from the center and also with the latitude. The effect of meridional 
currents is negligible. 

Since the original work of von Zeipel, who showed that a star cannot 
rotate as a solid body, Milne, Eddington, Jeans, Rosseland, Biermann, 
Banders, Elrogdahl, M. Schwarzschild, and others have contributed to 
the problem. G. Randers studied the most general state of steady 
motion possible in a rotating symmetrical star of viscous material, and 
derived a number of theorems concerning the circulation of the material. 
Among the most interesting recent investigations is.M. Schwarzschild’s 
study of stellar rotation for stars similar to the sun. 

*One might expect yet another difference between a rotating and non-rotating 
star. We have no reason to anticipate large-scale internal currents in the latter; 
we may expect only a disorderly mixing of material between adjacent layers in a 
convective zone. Various writers have suggested that, in a rotating star, large-scale 
currents circulate in meridional planes. A detailed discussion by Schwarzschild 
has indicated that such currents may not play an important role in energy or momen¬ 
tum transport. 
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Schwarzschild’s treatment of the equations of equilibrium for the 
sun takes advantage of the fact that rotation amounts to only a small 
pertiirbation. Therefore, we may start with the static (i.e., non-rotating) 
solar model and apply a perturbation method. We write: P = Po -t- P', 
L — La + U, T — To + T', etc., where the subscript 0 applies to the 
static model. If these equations are substituted in the equilibrium 
equations, and the second and higher powers of the perturbations are 
neglected, two sets of equations follow. One set involves only Po, 
Lo, To, etc., and corresponds to the equilibrium conditions for a non¬ 
rotating star, a problem which has already been solved. The second 
set involves only linear terms in the perturbation. The resultant six 
differential equations must be solved with due regard to conditions of 
continuity at the interface between the convective core and the radiative 
envelope, and to the appropriate boundary conditions at the center and 
surface. 

Schwarzschild supposed that in the strata in radiative equilibrium, 
the star tries to distribute the angular momentum in such a way that 
it needs no large-scale currents to assist in the transport of energy to 
the surface. Thus he attempted to find a possible dependence of the 
angular velocity on r and <tt, such that the equations of equilibrium are 
fulfilled and the net flux is constant. 

A check on the theory follows from a comparison with the observed 
rotational velocity of the sun. If Vk is the equatorial velocity, and 
n = sin 4>, the predicted linear velocity at any latitude ^ will be 

V = !)* Vl - 0.97 m* + 0.06m" Vi - (107) 



2. ■ TlII'J liOTATIONAL VwiAX’ITY AT THM HUUKA(!K OF TUB SON 

Tho (!\irv(^ (1) iH l.ho rolaMon fouiwl by Sc.hwiirasfihiUrH annlysw, (2) iH thci ohHCtrvod 
ral.(^ of rotation, and (3) oorrc^HpondH to a .solid body. Kor all thn^w (jurv(w th(^ vobxnty 
iH oxprosH<xl in UirniHof thn liTUiiir v<ilo«ity at the cxiuator as 1. (dourtesy, M. KchwarjsH- 
chilcl, AntrophiimcM Jourmlf Univoi’Kity of Chicago PrevsB, 106, 45(), 1047.) 
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A comparison with the observations (see Fig. 2) shows that the actual 
linear velocity of the solar surface falls iu between the speed for solid- 
body rotation and the velocity distribution predicted by theory. In 
other words, the predicted equatorial acceleration of the sun is about 
twice the observed equatorial acceleration. 

It is of interest that the Schwarzschild theory, wherein large-scale 
convection currents are ignored in dsmamic and thermal considerations, 
gives the correct qualitative picture of the solar rotation. If we postu¬ 
lated that convection currents played an important role in the transport 
of energy in rotating stars, there should exist an equatorial deceleration 
instead of an acceleration, because convection cmrents tend to preserve 
angular momentum. Schwarzschild suggests that the quantitative dis¬ 
cordance between observation and theory may mean that the inner 
part of the radiative zone also rotates as a solid body, and slow convec¬ 
tion currents may penetrate this region and carry a portion of the 
energy flux. The currents may be so slow as to have little influence on 
the d 3 mamics of the problem, but their effects on the transport of energy 
could be appreciable. 

Whether a star is distorted by tidal forces or by its own rotation, 
the gravity g will vary from point to point on the surface. Von Zeipel 
showed that the surface bri^tness at any point is proportional to the 
surface gravity. In particular, the equatorial regions of rapidly spinning 
stars would appear dimmer than their poles. This phenomenon of 
gravity darkening assumes considerable importance in the interpretation 
of precise photometric observations of close eclipsing binaries.* 

12. The Giant Stars and Stellar Evolution 

Although chemically homogeneous models that derive their energy 
from the carbon cycle or proton-proton reaction give an adequate 
interpretation of the main sequence, they fail for the giant and super¬ 
giant stars. The derived central temperatures are so low that the only 
possible nuclear reactions would be those involving the terrestrially 
rare elements such as lithium, beryllium, boron, or deuterium. Such 
energy sources are extremely unlikely. The liberation of energy by 
gravitational contraction is quite inadequate. 

The way out of these difficulties seems to lie in chemically inhomo¬ 
geneous models, in which the outer portions of the star have very 
nearly a “normal” hydrogen-rich composition whereas the inner core 
is depleted of hydrogen. Opik was the first to suggest chemical in¬ 
homogeneities as the explanation of the large radii of giant stars. 
Subsequently, G. Gamow and G. Keller proposed a model in which the 

*Aii account of von Zeipd’a theorem is given in Eddington, Internal ConsiitvMon 
of the Blare (Cambridge: Cambridge University Press, 1926), p. 287. 
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energy is generated in a thin shell surrounding an isothermal core 
wherein all the hydrogen has been exhausted. F. Hoyle and R. A. 
Lyttleton and, more recently, Li Hen and M. Schwarzschild treated 
models wherein the core and inner portion of the radiative envelope 
had a molecular weight ni, whereas the outer radiative envelope had a 
molecular weight m 2 - A suitable model for a supergiant star could be 
obtained by a judicious choice of jLt 2 . Extensive contributions 

to the problem have been made also by A. Reiz, P. Ledoux, C. M. and 
H. Bondi, J. G. Gardiner, M. Schonberg, and S. Chandrasekhar, and 
others. 

Particular mention should be made of the family of models recently 
calculated by J. B. Oke and M. Schwarzschild. They assume a hy¬ 
drogen-rich envelope {X = 0.92) in radiative equilibrium, an inter¬ 
mediate zone in radiative equilibrium, and a core in convective eciuili- 
brium. Hydrogen is poor (X = 0.01) in both of the latter regions but 
still suffices to supply energy. They calculated a family of solutions 
which differ from one another in the fraction of mass (14 per cent to 
70 per cent) included in the convective core. The resultant models, for 
masses 1, 2, and 4 times that of the sun give dimensions and luminosities 
appropriate to giant stars but are sensitive to the assumed opacity law. 
The masses turn out to be lower than those required by the mass-- 
luminosity law. 

The physical justification for such non-homogeneous models is to be 
sought in the evolution of the stars. The lifetimes of highly luminous 
stars is short compared to the age of the galaxy. The sun producjos 
energy at the rate of 2 ergs/gm/sec while the 0-type maiu-s(K|ucnce 
eclipsing binary Y Cygni generates 1200 ergs/gm/sec. Hence, stars 
such as Y Cygni will have consumed all their hydrogen in a couple of 
hundred million years. The lifetime of a less luminous star is longer 
but even objects such as Sirius, thirty or forty times as luminous as 
the sun, must be younger than the galaxy. 

The evolution of a star will depend very much on whether it keeps 
itself well mixed or whether the mixing is confined to the convective 
core. 

Let us consider first the evolution of a star that keeps itself well 
mixed by internal large-scale motions so that the star remains (dicmi(uilly 
homogeneous. As hydrogen is converted into helium, the mc^an 
molecular weight increases and the star gradually becomes morc^ lumi¬ 
nous, consuming its diminishing supply of fuel at an ever iiuireasing rate. 
For purposes of illustration let us trace the evolution of a star of the 
same mass, radius, and luminosity as the sun. Employing Scdiwarzs- 
child\s model with an initial X = 0.47, Y = 0.41, and utilizing oqxu 
(100) together with his energy-output eciuation, analogous to our ecpi. 
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TABLE 4 

Evolution of a Star that Remains Chbmicallt Homogeneous 


(Schwarzschild Modd) 


X 

Y 

Tett 

R/Ro 

LIU 

0.47 

0.41 

6700 

1.00 

1.00 

0.40 

0.48 

6460 

1.035 

1.73 

0.30 

0.68 

8830 

1.062 

4.00 

0.20 

0.68 

9750 

1.100 

10.3 

0.16 

0.73 

11000 

1.12 

17.36 

0.05 

0.83 

14720 

1.13 

57.2 

0.025 

0.865 

16300 

1.11 

83,0 

0.020 

0.860 

16600 

1.10 

88.0 

0.015 

0.865 

17100 

1.09 

95.5 

0.010 

0.870 

17600 

1.07 

104.0 

0.005 

0.875 

18350 

1.04 

116.5 


Successive columns give the hydrogen content X, helium content F, effective 
surface temperature Teff, and finally the radius and luminosity in terms of the 
initial values of these quantities. The model is based on the carbon cycle as the 
source of energy generation. Hence the results are only of qualitative significance. 


(104), we obtain the results given in Table 4. As hydrogen is depleted, 
the radius increases and then decreases slightly, but the luminosity and 
temperature steadily rise. The star moves up the main sequence at an 
ever increasing rate until the hydrogen is all consumed. After that it 
may shrink with gravitational contraction supplying all the energy 
(Kelvin process) and eventually develop into a white dwarf—or if its 
mass exceeds a certain critical limit (see page 88), it may shed material 
violently as in supernovae or more slowly as perhaps in Wolf-Rayet stars. 

Unless the star is rotating rapidly, there appears to be no means 
whereby it can keep itself everywhere well mixed. Normally, mixing 
will occur only in the convective core; the radiative envelope will retain 
its initial composition. Thus as time goes on, the hydrogen in the core 
becomes converted into helium and a pronounced difference in com¬ 
position between core and radiative envelope develops. In our dis¬ 
cussion of Sirius by the Schwarzschild model we obtained an improbably 
high abundance of hydrogen due to our neglect of the difference in 
composition between envelope and core. Eventually all the hydrogen 
is gone; the star develops an inert, isothermal core; and the energy 
generation takes place in a thin shell at the boundary between the 
convective core and the radiative envelope. Schonberg and Chandra¬ 
sekhar showed that the isothermal core could grow until it included 
about 12 per cent of the mass. By this time the star would have left 
the main seciuencc and brightened about one magnitude. Beyond this 
point the star cannot be stable, and Sandage and Schwarzschild suggest 
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that the core contracts gravitationally. Their detailed calculations of 
the evolution of such stars assume that ^ nuclear energy is developed 
in a thin shell at 30 million degrees. At the same time energy is released 
in the contraction of the core. The stellar model consists of a hydrogen- 
rich envelope {X. = 0.596, F. = 0.384) and a hydrogen depleted core 
(y< = 0.98), both in radiative equilibrium. The mass of the core 
gradually grows as it shrinks in size, the hydrogen-rich envelope expands, 
and each step of the evolution can be followed in detail. 

For the sequence of models they calculated that the objects very 
nearly follow the mass-luminosity law for main-sequence stars, that 
the radius of the hydrogen-exhausted core shrinks from about 6 per 
cent of the stellar radius to 0.14 per cent, and that the central density 
rises from 3000 times the mean density to a thousand million times 
the mean density. The models reproduce the large radii required for 
giant stars and sufficiently high internal temperatures for nuclear 
processes to occur. Ninety per cent of the energy is produced in a 
t.Viin shell of 0.4 per cent radius. The central temperature rises above 



The linos rivo the Bpociulative evolutionjiry tracks for stars of masses 1, 1.6, 2, 3, 
and 4 times that of th<t sun. It is imiined that the convorHion of helium into carhon 
w^ts in atalxmt l.I X W'lv. Tim crosH-hatehiiiK shows suhomatiejUly the distribu¬ 
tion of stars in a globular clushir, wlulo the heavy Him* nivcss the theoretical appoar- 
aiMso of the diiH?rain 6 X 10* yjiars after the formation of the stars. (C3ourt<«y, A. 
R. SandiiKO and M. SchwarzseJiild, Aitlrophyitical Journal, University of Chicago 
Press, 116, 475,1962.) 
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30 million degrees because part of the gravitational energy goes into 
the increase of internal enei'gy. The calculations show that once the 
contraction of the core sets in the star moves rapidly away from the 
main sequence into the giant region of the Russell diagram. 

Sandage and Schwarzschild were particularly interested in inter¬ 
preting the color magnitude arrays observed by Arp, Baum, and Sandage 
in the globular clusters. In Bandage’s color-magnitude plot for Messier 
3 (cf. Fig. 6 of Ch. *1*) notice that the stars form a continuous sequence 
from M, = —3 and color index = -t-1.5 to M, = 5.6 and color index = 
-1-0.6. This sequence may represent an evolutionary path—at least in 
part. Suppose that in the beginning, about 5 X 10® years ago, the 
cluster started out with main-sequence stars of all spectral classes. 
The 0 and early B stars would bum out quickly and disappear, next 
the A stars would go until the main sequence would have been 
almost to the sun. In the allotted time, a star about 1.4-1.5 solar 
masses would have exhausted its hydrogen core and would have turned 
off the main sequence. Fainter stars will not yet have reached the 
tum-off point which occurs at Jlfboi = +3.3 by theory. The observed 
turn-off point is at Jkfboi = +3.6 and corresponds to the sharp turn at 
M, = +3.7, color index +0.36 in Fig. 6 of Chapter *1. The good 
agreement between theory and observation shows that the assumed 
age of the cluster is approximately correct. The star then rapidly 
moves to the right in the color-magnitude array, and theory would 
lead us to expect a gradual brightening and reddening. Although the 
internal temperature rises and the size of the star increases, the lumin¬ 
osity does not change very much. The observations, however, show a 
break near a color index of +0.5 and a sequence of stars of nearly 
constant color and steadily increasing luminosity. This break-off point 
appears to correspond to a central temperature slightly over 10* ®K and 
the onset of Salpeter’s carbon-building process wherein helium is 
consumed. Calculation shows that this would give an evolutionary 
development in the right direction. Also, rotation might affect the 
later stages by affecting the mixing and retarding envelope development. 
The stars appear to swell in size and gradually rise in luminosity until 
the nuclear sources are exhausted. The subsequent Kelvin contraction 
may produce the horizontal branch of blue stars in the color-magnitude 
array. 

Thus the color-magnitude array for a globular cluster represents an 
evolutionary picture. Each point represents a star that was once on 
the main sequence. If this concept is true, the luminosity function, 

•All references to chapters in the author’s Astrophysics—The Atmospheres of the 
Sun and Stars (New York: The Eonald Press Co., 1963) will be designated in tins 
volume by * before the chapter number. 
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ie the distribution of stars as a function of absolute magnitude, 
^ould be predictable from the density of stars in the mam sequence 
on the color-magnitude diagram. The stars should pass through the 
high-luminosity phases quickly, those of low luminosity relatively slowly. 
Sandage finds the observed luminosity distribution to be exactly that 

predicted on the evolutionary picture. 

Turning to stars in the neighborhood of the sun, we may expect the 
brighter ones which have exhausted the suppli^ of hydrogen and 
in their cores to evolve into subgiants, giants, or even super¬ 


giants, depending on their masses. 

As long as there is no mixing between the surface layers and the 
energy-producing interior, the stellar spectra ^ not reveal the pro¬ 
found composition changes that may occur in the interior. Sto 
whose spectra may reflect such changes appear to include the famt 
blue stars discovered by Humason and Zwicky and studied by Green- 
stein and Miinch, the Wolf-Rayet stars, and perhaps objects such as 
Bidelman’s helium star, HD 160641. An analysis of Mount Wilson 
and Palomar coudd plates of the latter shows that the proportions of 
C N, 0, Si, and Mg are not greatly different from the values for an 
ordinary's star, but hydrogen appears to have been replaced completely 


by helium. , . . i j 

Much work on problems of stellar evolution remains to be done 

before a fully satisfactory picture will emerge. Interesting problems 
are posed by eclipsing binary systems which are presumably of the same 
age and initial chemical composition and in which a bright main- 
sequence star often is associated with a less luminous, less massive 

The final stage of the evolution of many stars, however, appears to be 
represented by the remarkable white dwarf stars, whose properties we 
shall now consider. 


13. The White Dwarf Stars 

The white dwarf stars have low luminosities, masses comparable 
with that of the sun and densities of the order of 10‘ to 10“ times that 

of water. ^ , , • i. 

The companion of Sirius is the most famous of all these objects. 

A century ago, Bessel noted from meridian circle observations that 
Ririus did not move in a straight lino but oscillatiCd back and forth 
with a period of about 50 years as though it had an invisible companion. 
In 1802 Alvan Clark discovered the companion near its preilicted 
position. Orbital measures revealed its mass to bo 0.08 that of the sun, 
a somewhat surprising result since its luminosity was about 1/400 that 
of the sun. The star aroused little interest, however, until W. B. Adams, 
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in 1916, found its spectrum to be A5 and its temperature therefore 
near 8500®K. The absolute photovisual magnitude is 11.42, and since 
the bolometric correction is 0.32, the absolute bolometric magnitude is 
11.10, as compared with 4.62 for the sun. Hence Sirius B is 1/390 as 
luminous as the sun. Consequently each cm“ of its surface must radiate 
(8500/5712)‘ = 4.92 times as much energy as does the sun. Therefore 
the surface area must be (1/390) X (1/4.92) = 1/1920 that of the sun. 
Thus the radius would be 0.023 that of the sun. Since a mass 0.98 that 
of the sun is compressed into a volume 0.023 that of the sun the density 
will be 1.2 X 10' gm/cm®, or more than two tons per cubic inch! The 
precise value of the density will depend on the assumption made about 
the surface temperature. If we take the surface temperature as 8000‘’K, 
we get a radius of 17,000 km and a density of 97,000 gm/cm®. A tem¬ 
perature as low as 2500°K would be required to give a density equal 
to that of the sun, and such a star would certainly not have an A-type 
spectrum. 

Eddington pointed out that since, according to the theory of rela¬ 
tivity, the observed frequency of a spectral line depends on the difference 
of the gravitational potential between the emitting atoms and the 
observer, the spectral lines of Sirius B should show a red shift of the 
order of 20 to 30 km/sec. In 1926 Adams measured the radial velocity 
of the star and, after allowing for its orbital motion, he found an Ein¬ 
stein shift of about 23 km/sec in accord with expectations. This result 
checks our conclusions about the density of the star and also seems to 
put a limit on its temperature. For, if the temperature were greater 
than 9000®K, the predicted value of the Einstein shift would appreci¬ 
ably exceed the observed value. 

The efforts of Luyten and of Kuiper have added many new white 
dwarfs to our lists. They are more numerous in space than supergiants, 
giants, or subgiants, comprising perhaps as much as 3 per cent of the 
total numbers of stars in the neighborhood of the sun. In addition to 
the white dwarfs, yellow and red stars thousands of times fainter 
main-sequence stars of the same color appear to exist. Perhaps they 
approach the last stages of a degenerate star—the “black dwarf” state. 

The spectra of the white dwarfs have been investigated most thor¬ 
oughly by Kuiper and by Luyten. Kuiper found some showed broad 
hydrogen lines with no metallic lines; others showed only continuous 
spectra, while van Maanen 2 showed only strong H and K and the 
ultraviolet iron lines, although its color corresponded to that of an A 
star. The most complete survey is that by W. Luyten, who obtained 
spectral classes for 44 white dwarfs and color indices for these and 
many more. Most of the stars are classified as A; i.e., they show the 
Balmer lines, but a number show the H and K lines, while others show 
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continuous spectra in which no features cau be distinguished. Lusrten 
found two stara that showed helium and no hydrogen lines; these stars 
were not so blue and therefore presumably not so hot as others which 
showed the Balmer lines with no trace of helium. With the aid of all 
available parallaxes and color indices, Luyten finds the white dwarfs to 
occupy a single sequence roughly parallel to the main sequence in the 
Russell diagram but about 8 or 9 magnitudes below it. 

The role of white dwarfs as components of visual binaries may be of 
great cosmogonic interest. Stars in which main-sequence primaries are 
accompanied by white dwarf companions include Sirius, Procyon, 40 
Eridani B, and Wolf 672. Some of the more recently discovered objects 
are components of wide doubles which ultimately may give us informa¬ 
tion on the majwpia. In this connection, a double star discovered by 
Luyten wherein both components are white dwarfs is of particular 
interest. Both stars are 1600 times less Imninous than the sun, with 
diameters less than that of the earth, densities of the order of a million 
t.imftH that of water, and an orbital period of the order of 250 years with 
a separation of 50 astronomical units. 

The quantities of main interest in white dwarf theories are the radius 
and the mass. The mass can be found for components of binary systems, 
but the radius can be determined only from the total luminosity and 
effective temperature. Our knowledge of the latter depends mostly 
on the studies by Luyten, who finds that most white dwarfs have diam¬ 
eters that lie between that of the earth and Uranus, and on the investi¬ 
gations of G. P. Kuiper, who demonstrated that by combining spectro- 
photometric determinations of the energy distribution in the continuous 
spectrum with measures of the Balmer line profiles, as interpreted by 
the Verwiej theory, it was possible to estimate the mass of a white 
dwarf of known distance to within a factor of about two. At Palomar, 
J. L. Greenstein has recently secured excellent spectra of these stars. 


14. The Theory of the White Dwarfs 

In 1924 Eddington suggested that the high densities of the white 
dwarf stars could bo explained by the fact that in the hot stellar interiors, 
the atoms must be completely stripped of electrons and hence the bare 
nuclei could be closely jammed together. II. H. Fowler, in 1926, 
showed that such a gas, as a conseciuenco of the Fermi-Dirac statistics, 
would obey the degenerate gas law. Just as HaG can exist as icc, water, 
or steam, gaseous matter can exist in the perfect gas or degenerate gas 
state. The white dwarf material is what it is because of the pressure 
under which it is kept. 

For densities of the order of 10“ gm/cm'‘ and temperatures less than 
20,000,000®K the electron gas is degenerate, while the heavy particles 
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follow the perfect gas law. The pressure exerted by the degenerate 
electrons so much exceeds that supplied by the nuclei, that in our 
equations of equilibrium we neglect the contribution of the latter 
completely. 

'V^ite dwarf stars are not entirely composed of degenerate material. 
A t.hin stratum of normal substances overlies the degenerate gas core. 
The thermal conductivity of a degenerate gas is high and its opacity 
is low, because an electron can absorb a quantum of energy only if it 
can pass to an allowed state, i.e., one that is not already Med. This 
maanR that Only electrons of high energy will be able to absorb quanta. 
The others will be unable to obstruct the outward flow of radiation. 
Hence no large temperature gradients can exist within the body of 
the degenerate gas. The star consists of a nearly isothermal core 
overlaid by a shell which supports almost the entire temperature 
gradient. It thus resembles a metallic sphere enclosed in an insulator. 

Let us now examine the equations governing the structure of the 
white dwarf stars. Throughout most of the star the material will be 
degenerate, and the relation between the mass and radius will depend on 
the degenerate gas law. 

In general we will have to use Chandrasekhar’s parametric equations 
of state: eqns. (38), (39), and (40) of Chapter *3. The equation of 
mechanical equilibrium, in the form of eqn. (60), may be transformed 
bytmeans of the substitutions: 

f2AY" 1 

Byo^ ^ (log) 

y - V = Vi + ^ 


(where x is defined by eqn. (39) of Chapter *3) into Chandrasekhar’s 
differential equation 


I 2 ^ 

dij* y dll 



(109) 


Notice that the constant, yo, which fixes the units of the solution, does 
not drop out as it did in Emden’s equation. This equation is not 
homogeneous in any power combination of the independent and depend¬ 
ent variables. If the whole star is degenerate, the solution of eqn. 
(109) wifi, tell us how the pressure and density vary as a function of the 
distance from the center. 

If we substitute the parametric equation of state [(38) of Chapter 
*3], into eqn. (0) and make use of eqns. (39) of Chapter *3, and eqn. (108) 
we get 



(110) 
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At the center of the star M, must vanish, di^/dij = 0, and = 1 at 
r = 0. At the boxmdary of the star the density p vanishes. Further, 
p = B®* = 0 implies a: = 0 or y = yo = 1- If 171 corresponds to the 
boxmdary r = R, 0 (iji) ^ l/j/o- 

For each value of j/o there is only one solution. Since both mass 
and radius must be functions of the parameter yo, there exists a mass- 
radius relationship which is of the nature that the greater the mass, the 
smaller the star, and the greater its density. 

Chandrasekhar has computed the solution for a series of values of 
1/j/o in the range 0 < y < 1. We give a few of his results in Table 6. 


TABLE 6 

CoMPIiBTBIiT DBGBNHRA.TBi CONFIOtlBATIONS* 


l/l/«* 

M/M{0) 

Po gm/em* 

Pm gm/cm* 

Radius (cm) 

0 

5.75 

00 

00 

0 

o'. 01 

5.51 

9.86 X 108 

3.70 X lO’^ 

4.13 X 10* 

0.1 

4.33 

2.66 X 10^ 

2.10 X 10* 

9.92 X 10* 

0.5 

2.02 

9.82 X 108 

1.34 X 108 

1.93 X 10* 

0.8 

0.88 

1.23 X 10® 

1.92 X 10* 

2.79 X 10* 


"The values apply to 1. For other values of p', M should be multiplied by 
1/m'*, R by 1/m', and p by m'. M (0) denotes the mass of the sun. Courtesy, S. Chan¬ 
drasekhar, An Introduction to the Study of Stdlar Structure (Chicago: University of 
Chicago Press, 1939), p. 427. 

They show that the mean density, mass, and radius of these degen¬ 
erate gas configurations fall in the observed ranges of the known white 
dwarfs. 

In some respects the most interesting result is that the mass of a 
white dwarf star must be less than M = 5.75/m'*. A star with a greater 
mass than this must get rid of the excess (possibly by a supernova or 
Wolf-Rayet process) before it can settle down to the white dwarf state. 

We do not obtain greatly different results for the p-M-R relationship 
whether we assume the degenerate core extends to the surface of the 
star, or whether we fit onto this core a perfect gas shell. Kuiper applied 
the Chandrasekhar theory to Sirius B. With an adopted effective 
temperature of 9000°K the corresponding radius is 0.021 that of the 
sun. Since the mass is 0.98 that of the sun, we find from interpolation 
in Chandrasekhar’s table that 

^ " A + i(l - X) 

which implies X = 0.48. An effective temperature of lOjOOO^K will 
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give an X = 0.38 with n' = 1.46, but there seems no obvious way of 
making X' much smaller than about 0.4. 

Such large hydrogen contents lead to difficulties in connection with 
the mechanism of energy generation. If we suppose the luminosity is 
correct and estimate the internal temperature in the usual way, we 
find that with this temperature and with X = 0.4, the star would 
explode. A logical procedure would be to estimate the hydrogen content 
necessary to reproduce the observed energy output, calculate / and 
then B from the known mass of the star. The radius computed in this 
way turns out to be smaller than that found from the effective tempera¬ 
ture and observed luminosity. Marshak found the same discrepancy 
in subsequent calculations. The difficulty may lie in the observational 
data themselves. The observed spectrum of Sirius B may be affected 
by the overpowering brilliance of its companion. Hence the actual 
temperature of the star may be appreciably hi^er than the 9000®K 
usually assigned. Possibly it is as high as 25,000’’K. The observed 
Einstein shift may be too small if the spectrum is affected by scattered 
light from Sirius A. 

The degenerate matter does not lie far below the surface. Schatzman 
finds degeneracy to set in at AR/R = 0.05 in Sirius B and AR/R — 
0.0072 in van Maanen 2. He finds that under the influence of the strong 
gravitational field of a white dwarf, hydrogen is separated almost 
completely from the heavier elements, the thickness of the layer where 
the two are mixed together depending sharply on the temperature and 
surface gravity. Possibly the atmospheres of the white dwarf stars 
that show metallic lines are kept stirred up by convection currents. 

The white, dwarf theory may be applied not only to stars but also 
to find the maximum size of a cold body such as a planet. If we start 
with a cold body of small mass and add more and more material, the 
size will increase as the added material takes up more and more volume. 
Eventually the pressure becomes so great that pressure ionization sets 
in and the electrons become degenerate. Then as more mass is added, 
the gravitational forces compress it yet further, and the greater the 
amount of material, the smaller the volume it occupies. When degen¬ 
eracy is widespread throughout the mass, the mass-radius relation for 
white dwarfs holds until the critical mass is reached. Thus there will 
exist a maximum size that a cold body in equilibrium can have. Kothari 
derived the relationship between the mass, radius, and molecular weight 
for a cold body. He carried out calculations for the two extremes of a 
mass composed of hydrogen and iron and found that the planets fell 
between the two limits (see Fig. 4). Notice that, for a mass a little 
greater than that of Jupiter, the radius will begin to decline. 

If the white dwarfs represent the fi nal state of stellar evolution, it is 
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Fig. 4.—The Relationship Between the Mass and Radius op a Cold Body 

The solid curves give the theoretical mass-radius relationship for hydrogen 
(upper curve) and iron (lower curve). The radius R is expressed in centimeters, the 
mass M is given in terms of that of the sun. 


Mn = Moon 
My = Mercury 
M Mars 
V « Venus 


E =3 Earth 
U « Uranus 
N « Neptune 
S =* Saturn 


J =» Jupiter 
Sb =» Sirius B 
Eb => <r 2 Eridani B 
Pb ■=■ Procyon B 


(Courtesy, D. S. Kothari, Monthly Notices, Royal Astronomical Society. 96. 833. 
1936.) • ’ ’ 


difficult to understand why normal stars such as Sirius should have white 
dwarf companions, unless the latter were originally massive objects 
that long ago consumed their hydrogen fuel and collapsed to their 
present stage with the ejection of the excess mass. Occasionally we 
should observe a massive star undergoing a transition to a white dwarf 
state; perhaps the supernovae and Wolf-Rayet stars represent such 
metamorphoses (Oh. 4), although Schatzman has suggested that Type 
II supernovae originate from catastrophic readjustments in the super¬ 
ficial layers of white dwarf stars in the course of their evolution. Addi¬ 
tional observational data are needed, especially white dwarfs whose 
masses can be found, to test the theoretical mass-radius relatioTiship. 
For this reason observational programs, such as those of Kuiper, 
Greenstein, and Luyten, are of highest importance. 

16. The Origin of the Chemical Elements 

An outstanding astrophysical problem is the relative abundan(*.es of 
the chemical elements in the universe. A plot of the cosmic abundaiuio 
against the atomic weight shows a maximum at hydrogen and a jagged 
distribution that falls off more or less steeply to silver, and then deedines 
slowly thereafter. There is a deep minimum at Li, B, and Be. The 
irregularities can be accounted for by the differing stability of the 
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various isotopes of a given element, and the details therefore depend on 
natural /3-decay. Of prime interest are the broad features of the dis¬ 
tribution; why does the abundance decline so slowly beyond silver— 
why does not the exponential decay persist to uranium? 

Two different hypotheses have been proposed to account for the 
varying abundances of the elements. In one the distribution was 
assumed fixed during the pre-stellar stage of the universe. The other 
hypothesis is that the elements originated in dense stars. The present 
distribution of the elemeiits cannot have originated in ordinary main- 
sequence stars since their central temperatures and densities suffice 
only for the transformation of hydrogen into helium and the destruction 
of rare light elements such as lithium, boron, and beryllium. Atoms 
heavier than oxygen would be left intact. If we seek a stellar origin for 
all the elements, we are forced to postulate objects with very high 
internal densities and temperatures far in excess of even the Sandage- 
Schwarzschild models. 

Earlier attempts to explain the origin of the elements postulated an 
equilibrium pre-stellar state in which the relative proportions of different 
nuclei were fixed by their stability at the prevailing temperature and 
density. A nucleus of charge Z and atomic weight A may change 
to one of charge Z' and weight A' by the capture (or emission) of a 
neutron, a proton, or an a-particle. By the emission of a i3-ray it may 
change to an isobar. For example, Chandrasekhar and Henrich con¬ 
sidered the equilibrium between protons, neutrons, a-particles, electrons, 
positrons, and various atomic nuclei. Thus protons and electrons may 
combine to form neutrons, 'p + ^ and vice versa, while positive 

and negative electrons may combine to form a T-ray 

7 -ray 

Nuclei may be transformed by the absorption and emission of protons 
and neutrons, at the high densities and temperature presumably pre¬ 
vailing at the time of the formation of the elements. Under equilibrium 
conditions the concentration of protons, free neutrons, electrons, and 
a-particles can be found by statistical mechanics and the abundances 
of the various nuclear species derived. By choosing the neutron abun¬ 
dance so that the oxygen/argon ratio was the same as that given in 
Goldschmidt^s work on the composition of the earth’s crust, Chandra¬ 
sekhar and Henrich found T — 8 X 10^ ®K and p = 10^ gm/cm®. 
The predicated abundance of hydrogen and helium was much too large, 
partly be(*.ause no attention was paid to excited nuclear states which 
become important in the heavier atoms. The formation of elements 
beyond c*arbon recjuii'c^s more drastic conditions. Chandrasekhar and 
Henrich suggested that in the initial state of the universe the tempera- 
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Pro. 6.—Rblatxvb Abttndancbs op the Elements in the Univbesb 

relative abundances of nuclear species arc given as a function of atomic 
weight according to the data of Harrison Brown. All isotopes of a given element 
have been added together, and silicon is taken os 10,000. Nuclei of odd and oven 
atomc weight are denoted as o and +, respectively. (Courtesy, R. C. Alpher and 
B. C. Herman, tteviem of Modem Physics 22,155,1960.) 
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ture was 10‘®-10^‘ ®K and the densities ranged from 10^ gm/cm* to 
nuclear densities. The heavier nuclei were formed under these condi¬ 
tions and as the mixture cooled a small proportion presumably were 
left intact. 

Gamow pointed out that equilibrium theories of element formation 
encounter severe difficulties. 

The binding energies per nucleon increase up to iron and thereafter 
decrease. The ratio AjZ increases strongly for the heavy nuclei. 
On these equilibrium theories it seems impossible to find conditions 
under which correct abundances for both intermediate and heavy 
elements are found. Furthermore, heavy nuclei would not be frozen 
out in a slowly cooling mass but would break up into lighter nuclei. 
To preserve the heavy nuclei, the change in density and temperature 
of the material must have been very abrupt. Gamow suggested 
the elements were formed during the early stages of the eypfl.nRiAii of 
the universe. 

According to Alpher, Bethe, and Gamow the primordial substance 
from which the elements were formed, called the ylem, was a highly 
compressed neutron gas. As the gas pressure fell as the result of the 
expansion of the universe, the neutron gas decayed into protons, neu¬ 
trons, and electrons.* 

Radiative captures of neutrons by the protons led first to the forma¬ 
tion of deuterium nuclei which, in turn, captured additional neutrons. 
Gradually all the elements were built up. The present distribution 
was obtained after /S-decay had increased the charges of many of the 
heavier nuclei. Alpher points out that the observed abundance of a 
given kind of nucleus bears an inverse relationship to its neutron-capture 
cross-section. Common nuclei have small capture cross-sections, and 
vice versa. It is well known that elements of even atomic weight are 
about ten times as abundant as elements of odd atomic weight. A 
nucleus will more easily capture a neutron if the resultant nucleus has 
an even atomic weight. Cross-sections for neutron capture increase 
fairly rapidly with increasing A up to an atomic weight of about 100 
and remain roughly constant after that. The abundances decrease 
exponentially with A up to about 100 and then change slowly with 
increasing A. 

Hence the element-forming process may have been one of successive 
neutron captures. The final abundance of an element will depend 
principally on its cross-section for the capture of neutrons. Further¬ 
more, the neutron captures must have occurred at high temperatures, 
since there is no preponderance of elements such as cadmium or gado- 

*A neutron left to itself will decay into a proton and an electron in about 1800 
seconds. A gas of pure neutrons could exist only under extremely high pressure. 
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liniiun which have high cross-sections for the capture of slow neutrons. 
In this process the rate of increase of nuclei of atomic weight i is equal 
to the difiEerence between the rate at which nuclei of atomic weight 
i — 1 capture neutrons and become nuclei of atomic weight i, and the 
rate at which i-nuclei capture neutrons to become nuclei of atomic 
weight i + 1. The differential equations for this situation may be 
written for each nucleus and solved for various assumptions about the 
early stages of the expansion of the universe (the cosmological model). 
In order to get agreement with the observed abundances of the elements, 
Alpher found it necessary to suppose that in the early stages, the 
universe consisted mostly of radiation with only a trace of matter 
present. In this picture the element-building process started 200-300 
seconds after the beginning of the expansion, when the temperature 
was of the order of 10® °K, and the density was about. 10”® gm/cm®. 
The elements must have been formed in a period of time comparable 
with a neutron lifetime, about 30 minutes. That is, within an hour or 
two, the present distribution of the elements was established. 

In the element-building process, all free neutrons disappeared. 
Thereafter, lithium, beryllium, and boron, which have high target 
areas for proton capture, were to a large measure destroyed to form 
helium. Heavier elements such as carbon or nitrogen were scarcely 
affected in the short time that elapsed before the density and speeds 
of the protons had fallen to such a low value as to make proton captures 
unimportant. 

The non-equilibrium theory does reproduce the observed relative 
abundances, at least semi-quantitatively. There are some stumbling 
blocks, such as the non-existence of stable nuclei with atomic weights 
5 and 8. The gap at mass 5 means that He^ cannot absorb a proton 
or a neutron because neither He® nor Li® exists. Some process must 
be found for adding more than one particle at a time I So far, no satis¬ 
factory bridge over the mass 5 (and to a lesser extent the mass 8) 
difficulty has been found. Nevertheless, as a working hypothesis the 
non-equilibrium theory seems attractive. 

The possibility remains that some heavy elements may be formed in 
the hot, dense cores of certain abnormal stars. If heavy elements show 
abundance differences from star to star, as recent work by Merrill, 
Greenstein, Bidelman, Keenan, and others would suggest, a strong 
argument is provided for the stellar origin of at least some fraction of 
the heavy elements. 


PROBLEMS 

1. Derive the mass-luminosity law for a star composed only of 
hydrogen and helium. Assume a law of energy generation of the form: 
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and tkat the star is in radiative equilibrium throughout. 

2. Suppose that X = 1 when i = 0 for the star described in Problem 
1. Calculate the radius R and luminosity L, when X = and when 
X = 0.1 in terms of the initial radius R^ and luminosity I/o- 

3. Verify eqn. (87). 

4. Consider an isothermal sphere of radius R in hydrostatic equi¬ 
librium. Derive the differential equation relating the density and 
independent variable r, and put it in a form analogous to the Emden 
equation in which the gas constant 9i and the molecular weight ju do 
not appear explicitly. 

6. A star radius 22, mass Jlf, and luminosity L generates energy in a 
thin shell of infinitesimal thickness and radius Be- In the region 
r > X = Xi, y = Yi, and radiative equilibrium holds. In the 
domain r < 22*, X = 0, and F = Xi 4- Fj. The opacity is given by 
Kramers^ law. Write down the relevant equations for each region and 
the boundary conditions. 

6. Verify eqns. (109) and (110). 

7. What is the theoretical radius of a white dwarf of the same mass 
as the sun and composed completely of helium? 

8. Calculate a table, similar to Table 4, for Sirius, Give the time 
scale. 
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CHAPTER 3 


The Cepheids and Long-Pbeiod Variables 

1. Introduction 

In the last chapter our problem was—^given the observed mass, 
luminosity, and ra^us of a star, and some information on the com¬ 
position of the surface layers—^to find what we could about the stellar 
interior or, more specifically, the variation of density, temperature, 
and energy generation with radius. We saw that a reasonable picture 
of the main-sequence stars could be obtained, although adequate models 
for giants and supergiants is still lacking. Some information on the 
density concentration in main-sequence stars could be obtained from 
eclipsing binary systems which showed a motion of the line of apsides. 
It would be useM to have additional clues to the internal structure of 
the stars. 

Now the periods and amplitudes of mechanical systems in oscillation 
give data on their structure that could not be obtained otherwise. 
Raman spectra reveal modes of vibration of complicated molecules. 
Hence they give information on the binding forces that hold such 
structures together, that might never be foimd by traditional chemical 
procedures. Similarly a study of pulsating stars may give information 
on stellar interiors that could not be found from objects in static equi¬ 
librium. 

In this chapter we shall deal with stars that are believed to vary 
because of an over-all pulsation of the star. The observational data 
provide a wealth of material that is only now beginning to pay rich 
dividends not only in questions of stellar interiors but stellar atmospheres 
as weR. By stupes of the strange and exotic we throw now light on 
the unsolved problems of the atmospheres and interiors of giant and 
supergiant stars. 

2. Cepheids, RR. Lyrae Stars, and Long-Period Variables 

The classical Cepheids, cluster Cepheids (or more precisely the RR 
Lyrae variables), the W Virginis stars, the long-period variables, and 
the RV Tauri stars are examples of stars which are believed to owe 
their variability to a single cause, probably pulsation. The stars of 
this group range in period from an hour and a half to more than two 
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years and show a great spread in luminosity, dimensions, and presumably 
in mass. They are subject to cyclical changes in brightness, radial 
velocity, spectrum, and color. 

These stars belong to both kinds of stellar populations. In order of 
increasing period, the Type I population is represented by the classical 
Cepheids and the long-period variables with periods of the order of a 
year. The Type II population includes the RR Lyrae stars, the Cep- 
heid-like W Virginis stars, the RV Tauri stars, and the shorter-period 
long-period variable stars. Mg. la shows very schematically the relation 
between the luminosity, expressed on a magnitude scale, and the 
logarithm of the period for some of these different types. The Type II 
stars form a continuous sequence from the RR L 3 nrae stars through 
the W Virginis stars to the RV Tauri stars. 

The classical Cepheids also form a group in which the luminosity 
increases as the period increases, but this family of variables appears to 
fall 1.3 to 1.5 magnitudes above their analogues in the Type II popula¬ 
tion. The long-period variables which fall in spectral classes Me, 
Se, and N, and whose periods are greater than 50 days, do not form a 
continuation of either the Type I or Type II sequences. Bolometrically, 
the long-period variables of shortest period are three magnitudes, or 
more, fainter than classical Cepheids of the same period. 

Both long-period variables and classical Cepheids show a well 
marked relation between period and median spectrum in the sense 
that the longer periods are correlated with the later spectra.* 

Visual light range and period show a conspicuous correlation in 
that stars of longer period have greater amplitudes. Thus the visual 
ranges of long-period variables are greater than those of Cepheids, 
although the bolometric ranges are similar. The wave-length range to 
which the eye is sensitive happens to include the maxinrm m of Cepheid 
radiation, but is far to the short wave-length side of the energy TnaxiTmim 
of the long-period variables. Hence small temperature changes in cool 
stars can produce huge changes in the output of visual light. 

Some confusion in terminology has arisen from the recent practice 
in some quarters of referring to the Type II Cepheids as “W Virginis 
Stars.” Actually, the W Virginis group comprises only the Type II 
Cepheids with periods between 12^ and 20**, whereas Type II Cepheids 
with periods between 2^ and 12“* and with periods longer than 20“* are 

*G. Miczaika, from a study of the long-period variables in the great cloud in 
Gygnus found that the longer the period, the fainter the star. This correlation 
originates principally from the increasing influence of the TiO bands on the spectra 
of the variables. The elimination of this effect shows that the true luminosity is 
not a function of the period. Infrared work by Hetzler suggests that the period- 
luminosity relation for these stars is only a consequence of molecular bands in their 
atmospheres. 
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Fig, la.— ^Thb PBRioD-LumNosnY Curve fob Classical Cbphbids, RR Lyrab 
Stabs, and Type II Cbphbids 

The absolute photographic magnitude is plotted against the logarithm of the 
period for RR Lyrae stars (circles), Cepheids of Type II population (dots), and 
classical or Type I population Cepheids (indicated by the dotted lino). In this 
diagram, drawn by Harlow Shapley from observations made of eleven globular 
clusters, the zero-point of the period-luminosity curve for the Large Magellanic Cloud 
Cepheids is arbitrarily adjusted by 1.3 magnitudes. The fact that the classical 
Cepheids are of the order of 1.3 magnitudes brighter than previously supposed has 
been established primarily by the work of Walter Baade. Compare this figure with 
that given by S. C. B. Gascoigne and G. E. Kron for the Small Magellanic Cloud, 
Puhlications of the Astronomical Society of the Pacific 66, 35, 1953. 


well known. The emphasis on the W Virginia stars has arisen from 
the fact that these particular stars can be distinguished from Type I 
or classical Cepheids by their light-curves alone, whereas for the other 
stars no obvious differences in the light-curves occur for the two popu¬ 
lations. Thus we should speak of classical Cepheids or Cepheids of 
population I on the one hand, and Cepheids of population II on the 
other. The two groups show different dependences of the form of the 
light-curve on the period, the differences becoming very pronounced 
between 12*^ and 20*^. Cecilia Payne-Gaposchkin attempted to separate 
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Pig. lb.— ^Period-Luminosity Diagram for Type II Cbpheids 

Mean absolute photographic magnitudes for thirteen Cepheids in the globular 
clusters M2, M3, M6, MIO, M13, and M15 are plotted with filled circles. Open 
circles are six Cepheids taken from Martin’s work in Omega Centauri. The flagged 
points represent Cepheids with the RV Tauri behavior of alternating deep and 
fallow minima. They are all plotted with their longer period. The shaded region 
in(ficat^ the position of the classical Cepheids with the new zero point of —1.5. 
Points in the lower right-hand comer are long-period variables, predominantly around 
100-day period, as present, in these globular clusters. 

Dashed lines drawn through the points are all exactly similar but translated 
horizontally by a factor of two in the period. Color indices indicate that Type II 
Cepheids at a given luminosity are equivalent to each other regardless *of which line 
they fall on; i.e, whatever period they have. Joy’s spectra of these Type II Cepheids 
correspond to liie spectra of classical Cepheids of the same luminosity. Finally, the 
particular dash ed line on which these Cepheids fall seems to be identifiable from 
the shape of their light-curve. (Courtesy, Halton C. Arp, Mount Wilson and Palomar 
Observatories.) 

the li^t-curves of the two varieties of Cepheids by means of Fourier 
analyses.* 

3. Light-Curves and Intrinsic Luminosity 

The most easily observed characteristic of a variable star is usually 
its light-curve, and far more data have been accumulated on the light- 
curves of variables than on any other parameter, e.g., color, spectra, 
or parallax. 

The classical Cepheid light-curves show a considerable variety in 
form. Some rise rapidly from minimum to maximum and then decline 
more slowly (e.g., 5 Cephei), while others show humps on the declining 
branch (e.g.,.7? Aquilae), or less obvious humps on the ascending part 
(e.g., Z Lacertae). Hertzsprung called attention to an interesting 
relation between period and shape of light-curve for the Type I (classical) 

*Astr<m. J. 62, 218, 1947. 
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Cepheids. If we arrange the best observed light-curves iu order of 
increasing period, we find that for each period a definite light-curve 
prevails, and as we proceed to longer periods, the form of the light-curve 
changes. The progression of shape change with period shows discon¬ 
tinuities near 0^43, 1?2, 2^8, and 10^ as one group fades out another 
sets in. Kukarin and Parenago, on the other hand, find four separate 
groups. 

The most striking characteristic of the classical Cepheids is the 
constancy of their periods and the faithful n ess with which they repeat 
them. For example, measures of light or radial velocity variations in 
5 Cephei taken in diflierent years agree as well as those obtained in 
successive cycles. Some Cepheids, however, do show fluctuations in 
light-curve and period, although there is increasing evidence that these 
fluctuations themselves are periodic in character.* 

The continuous sequence of Tjrpe II variables extends from the 
RR Lyrae star HD 223,065, for which Eggen finds a period of 80 minutes, 
to RV Tauri stars with periods of the order of 80 days. The analogues 
of the classical Cepheids are the Type II Cepheids. The best-known 
example, W Virginis, whose period is 17 days, resembles the classical 
Cepheids in amplitude and steadiness of its light-curve. The form of 
its light-curve is markedly different from that of classical Cepheids 
of the same period and its spectrum is strikingly different. The Type 
II Cepheids .outside the 12'*-20’* range show no appreciable differences 
in their light-curves from Type I Cepheids. 

The light-curves of the semi-regular RV Tauri stars show striking 
variations from period to period. The light-curve of RV Tauri shows 
a 78.534“* period with two maxima of almost equal height and two 
unequal mi nim a, whose relative depths may change from cycle to cycle. 
In addition, these double fluctuations are superposed on a 1300-day 
oscillation. J. van der Bilt has recently suggested an even longer 
period of 8000 days. Other stars of this t 3 q)e may or may not possess 
the long-period fluctuations. In some objects, e.g., U. Monocerotis, 
the minima interchange from time to time and the periods show fluctuar 
tions. 

The long-period variables are among the best-known variable stars, 
since their deep-red color and large fluctuations in visible light mnVft 
them easy to detect. Ninety per cent of the known ones belong to 
spectral class Me (TiO bands plus emission lines), while the others are 
divided among the Se stars (ZrO) and carbon staraf 

*L. Campbell and L. Jacchia, Story of Vairiable Stars (Cambridge: Harvard 
University Press, 1941). 

fThere is a powerful selection effect in favor of the Me variables since many of 
them were discovered by objective prism surveys from their spectra. 
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The Gaposchkins find the average light-curves for the long-period 
variables to be much more nearly symmetrical than for average Cepheids 
or W Virginis stars. Among the Me variables the shorter-period stars 
tend to have symmetrical light-curves; the longer-period light-curves 
become increasingly asymmetrical. Among the Se or carbon stars, 
those of longest period tend to show the most symmetrical curves; but 
on the whole the R, S, and N stars have more symmetrical curves than 
have the Me variables.* The light-curves of long-period variables may 
show considerable variations from cycle to cycle. Mira Ceti is often 
appreciably brighter at one maximum than at another, f 

What can be said of the intrinsic luminosities and dimensions of 
these different types of variables? The classical Cepheids are pure 
Type I objects, confined closely to the galactic plane, to the Large 
Magellanic Cloud, to the spiral arms of the Andromeda nebula, and 
to other Type I populations. 

The relative luminosities of the classical Cepheids are well known, 
thanks to Miss Leavitt’s period-luminosity relation. From a study of 
the light-curves of these variables in the Small Magellanic Cloud she 
found that the period was related to the apparent brightness in the 
sense that the longer the period, the brighter the star. Since all these 
stars are at essentially the same distance, this relationship must indicate 
a correlation between intrinsic luminosity and period. The establish¬ 
ment of the zero-point of the period-luminosity law; i.e., the absolute 
magnitude corresponding to a particular period, turns out to be extremely 
difficult. Parallaxes and proper motions of nearby Cepheids have been 
employed, and until recently it was thought that the period-luminosity 
curve of the Cepheids fitted onto that of the HR Lyrae stars. Much 
evidonc .0 has now been accumulated to show that the classical Cepheids 
arc about 1.5 magnitudes brighter than previously supposed, t 

To establish the zero-point of the period-luminosity relation for 
the classical Cepheids, Ulaauw studied 15 of these objects for which 
accurate proper motions had been determined from the meridian 
circle observations. Ho made a cAreful analysis of the influence of 
space absorption on the distance determination. From an analysis of 

*Soc Gtunpbflll and Jaochia, op. cil., for dotailB. 

tSoo L. Goldbor}? and L. II. Allor, Atoms, Stars and Neltidae (Cambridge; Harvard 
University Press, 1943), Pig. 70. 

tin this conno(stion w« must mention the work of H. Minour (Arm. d’Ap. 7, 
160, 194-1; Comptes ftemiu of the Paris Ac 4 vdomy 236, 1607, 1962). In contrast to 
all prcjvious invostigators, he roaliswl that, since absorption hud to bo taken into 
account statistically, the final solution woukl iw very sensitive to errors in the adopted 
polo of the galaxy iHMMUise of tlie very strong concentration of the Ty^ I Cepheids 
to the galactic plane. lie tiioroforo derived a now value for the position of the polo 
from the Cepheids and obtained a position in good agreement with that found by 
Oort and by the radio observers. 
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the proper motion and radial velocity data he concluded that a correc¬ 
tion of -1.4 magnitudes was needed for the previously accepted zero- 
point. Thus, at minimum, 5 Cephei, whose period is 6.366 days, has 
an absolute magnitude of —3.0. 

The RR Ijyra& stars, whose periods are less than one day, are found 
not only in globular clusters, where they were first discovered by S. I. 
Bailey, but also in great numbers in all galactic latitudes, although 
they show a strong concentration to the galactic central bulge. Baade 
estimates there are 85,000 RR Lyrae stars within 3 kiloparsecs of the 
center. They appear to be pure Type II objects; those found in the 
neighborhood of the sun are all high-velocity stars. The establishment 
of their int^ic luminosity is a matter of considerable importance for 
the determination of the distances of globular clusters and the scale of 
our galaxy. Bandage’s careful comparison of the Russell diagrams for 
the clusters and for the stars in the neighborhood of the sun gives an 
absolute visual magnitude of M, = —0.09 =fc 0.2. 

An adequate study of the variables in a globular cluster requires a 
very large telescope. The most detailed investigation was that carried 
out by H. C. Arp at the Mount Wilson and Mount Palomar Observa. 
tones. He was able to get photovisual and photographic light-curves 
and correct for the effects of the interstellar absorbing medium. The 
Type II Cepheids show a different relationship between period and 
shape of light-curve than do the Type I Cepheids. The colors of Type 
II Cepheids show very little change with period; they are always very 
much bluer than Type I Cepheids of the same period. Also, there 
IS no unique period-luminosity relationship for the Type II Cepheids 
as exists for the classical Cepheids. In fact, there may be two or even 
three groups. Finally, if the two classes of Cepheids are interpreted in 
terms of the pulsation theory, the kinematics of the pulsation must 
be completely different for the two classes. The two RV Tauri stars 

found by Helen Sawyer Hogg in globular clusters have bolometric 
magnitudes near -4.5. 

From a spectroscopic study of 35 variables of high luminosity in 
globular clusters, Joy finds that in addition to the RR Lyrae stars 
four distinct poups exist. The first group with periods 1.4 to 2.8 days' 
although distinct from RR Lyrae stars, shows the same range of spectral 
c^s. It appears to form an offshoot of the RR Lyrae type, quite 
distinct from classical Cepheids of the same period. The variables of 
period 13-19 days resemble W Virginis. Those outside this range have 
light-curves resembling those of classical Cepheids. The stars of 
periods between 25 and 90 days show emission lines and arc earlier in 
spectral class than classical Cepheids of the same period. Some may be 
RV Tauri stars. There are also irregular and semi-regular variables of 
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types that have large space motions and low galactic concentrations. 
Me variables are found in 47 Tucanae. It is significant that although 
the HR Lyrae stars ai-c prominent in globulai- clusters, classical Cepheids 
are iionexistfCnt there. 

Thus, spectroscopically, the Type II Cepheids differ markedly from 
Type I Cepheids. For a given period they are always earlier in 
spectral class as their colors would indicate. 

Various investigators have studied the luminosities and motions of 
the long-period variable stars. From radial velocities and proper 
motions, Wilson and Merrill find that variables of type Mle (period 
176 days) have absolute visual magnitudes of — 2 . 7 , while Af 8 e 
variables with periods ~ 450 days have absolute magnitudes of 0.8. 
Wilson and Merrill find that the Me and Se stars, as a group, have 
absolute magnitudes of -1.0. From radial velocities, proper motions, 
and interstellar lines Wilson and Sanford find an absolute magnitude 
between —0.4 and —0.8 for R stars, and —1.8 and — 2.3 for the JV stars. 
Irregular ilf-typo giants have an absolute magnitude of — 0 . 9 , according 
to Joy and Wilson, while Reenaii finds —0.5. The supergiant irregular 
M variables have absolute magnitudes between —2.0 and — 4.5 (Joy). 
Keenan, who also applied spectroscopic criteria, finds M to be -4.5 
while Wilson gets -3.4 from the radial velocities and proper motions. 

'rhe long-period variables live up to the most literal interpretation 
of supergiant stars. Thus Mira Ceti has a mean diameter of the order 
of 220,000,000 miles, so that if Mira Ceti were to replace the sun, the 
orbit of trhe earth would lie well below the surface. This well-observed 
K(.ar is probably typical of long-period variables. 

'fhe space motions may be of great help m distinguishing Type I 
ami 'I’ypc II objects. Many long-period variables are high-velocity 
objects that are found in all galactic latitudes and longitudes. There is 
a nsmarkablc dependemio of motion on period of light variation. For 
exaniple, the average space motion decreases from 139 km/sec for a 
group of 14 variables having a mean period of 173 days to 40 km/sec 
for 1 () sliam with a period of 440 days. The kinematics of irregular 
variabkw api)ear similar to those of long-period variables. Class R 
.stars also have high velocities, while Sanford finds evidence of effects 
of (liiror('.nl.ial gahwdic rotation in the observed radial velocities of the 
class N st,ars. 

In luldition |.o the light variations, RR Lyrae stars, classical Cepheids, 
W Virginis stars, RV Tauri stars, and long-period variables show 
simultaneous varialions in velocity, color, and spectrum. The velocity 
<iurves provide! c.rmiial data for the interpretation of the variation. In 
the (ilassical Cepheids such as 5 Cephei or 17 Aquilae, the greatest 
velocity of rcicession falls at minimum liglit. This relation is fulfilled 
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closely for Cepheids with periods less than 10 days, but Joy finds that 
stars with longer periods show a tendency for velocity minima to come 
later than light maxima. In the RV Tauri stars the lag of velocity 
minimum after light maximum is greater than in Cepheids. 

The Cepheids and long-period variables are bluer in color and earlier 
in spectrum at maximum than at minim um . For example, the spe(!tnim 
and color of S Cephei at maximum matches that of a Persei Ih (super- 
giant) and at minimum it resembles that of Draconis (ir2lb (super- 
giant), while Mira at maximum is M5 and sinks to M9 because of the 
enormous strengthening of the TiO bands at minimum. From minimum 
to maximum light, W Virginis shows the Balmer lines in both emission 
and absorption; the relative intensities of neutral and enhanced lines 
show pronounced variations with phase. The lines also show a doubling 
near minimum. At maximum, RV Tauri shows a K-type spcctnim, 
but becomes redder as it fades and shows TiO bands at minimum in a 
spectrum that seems from its atomic lines, too early for these bands. 

Mention should be made here of the work of Olin Eggen. He accu¬ 
rately established the relations between period, color amplitude, and 
light amplitude among the three well-known groups of classical Cepheids: 
(A) 5 Cephei-like, which show a rapid rise and a slow decline, (B) r/ 
Aquilae-like, which show bumps on the descending branch, (C) f 
Geminorum-like, which show nearly symmetrical curves. The constancy 
of spectral class at maximum, observed by Arthur Code, is not confirmed 
by the colors. At minimum the colors check Struve’s suggestion that 
Cepheids belong to Morgan’s Class Ib and resemble normal stars. 

4. Radial Pulsations and Stellar Variation 

Any interpretation of the Cepheids, long-period variables or related 
objects must explain the correlation between light variation, ctJor, and 
spectrum changes. So far, the only hypothesis that appears to give a 
coherent interpretation of the observations is that these stars are 
pulsating. If the pulsation hypothesis is correct, the relation between 
the bolometric luminosity, the effective temperature, and the radius, 
viz.: 


L = <TTt4nrR’‘ (1) 

must be fulfilled at each point in the cycle. That is, suppose we are 
given the light-curve and compute the radius variation from the radial 
velocity curve. If we know the radius at some one epoch, we may 
then calculate T from R and L. Will the predicted temperature varia¬ 
tion be consistent with the observed changes in color and spectrum? 
First let us apply this criterion to the Cepheids. Stebbins determined 
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the light-curve of S Cephei at six different effective wave viz., 

X3530, X4220, X4880, X5700, X7190, and X10,300. With a temperature 
standard chosen as 5500®K for a dG5 star, he derived the color tempera¬ 
ture from a comparison of the relative intensities at X4220 and X10,300. 
Since the amplitude varies with wave length, the color temperature 
changes through the cycle from 6500°K at mayimiim light to 4920®K 
at phase 0.7, just before the light minimum. Stebbins also found a 
progressive retardation of phase with increasing wave length, amounting 
to 0.05 over the extreme range. At points of equal magnitude on the 
ascending and descending branch, the star is bluer as it brightens. 
These observations are to be understood in terms of the equivalent of 
eqn. (1) for monochromatic radiation, viz.. Lx = 4jrBx{T)irR’‘, .where 
Bx(.T) is the Planckian function. At maximum the color agrees with the 
supergiant a Persei F5 Ii»(Morgan-Keenan-Kellman), while at TninimuTn 
it corresponds to that of a supergiant 02 star. 

The spectral class variations agree closely with the color variations. 
From a comparison of Cepheid variables with standard supergiants of 
MKK Classes la, Ib, II, Arthur Code at Yerkes Observatory found 



Enj. 2. —Tiim Si’MCTRAi. Variationb in Cephuiidb 

Open circUiH show t.h<i speelral typos at nuiximum; filled cirolos show the spectral 
oltisses at minimum. (Oonrle.sy, Arthur Ciwlc.) 



108 


ASTROPHYSICS 


[Ch.3 


that at maximum the spectral type was nearly the same for all Cepheids, 
but wi^ increasing period the type at minimum becomes later and later 
(see Fig. 2). At maximum the hydrogen lines are abnormally strong, 
as Struve and others had noted, while at minimum X4215 is abnormally 
weak. 


The agreement between spectral class and color variations suggests 
that, in the first approximation, it is legitimate to treat the atmospheres 
of these stars as similar to those of other supergiants, in so far as the 
radiation laws are concerned. 

To derive the effective temperature variations for comparison with 
the color temperature variations, one must know the radius and bolo- 
metric luminosity at each phase. Integration of the radial velocity 
curve gives the variation in R, but to get the absolute value of R and 
the bolometric luminosity, one must know the absolute visual magnitude 
Afvia and the temperature at one phase. In his discussion of the pul¬ 
sations of 8 Cephei, Martin Schwarzschild chose == —2.36 at 
maximum light, on the basis of the period-luminosity curve. In view 
of the revision of the zero-point of the period—luminosity curve we shall 
take Myi, == -3.66. For the temperature at maximum, 5700°K will 
serve our purposes for an illustrative calculation. Then the radius 
R at maximum light will be 47.6 solar radii or 33.144 X 10” cm. From 
the i^egration of the radial velocity curve, Martin Schwarzschild found 
r — to be —1^05 X 10” cm at maximum light; hence the average 
(median) radms R was 34.649 X 10^^ cm. For any other phase, the 
value of r - i? may be found from the integration of the velocity curve. 

Our next task is to find the lummosity at each point in the (*.ycle. 
The light-curves give the apparent magnitude, ? 7 ^vie, and sincio wo 
know Afvia at maximum light, we can find MvIb at any phase. 
obtain L we must apply the appropriate bolometric corrections, whicdi 


TABLE 1 

Epfbctivb Temperatures of 5 Cephei 


+0.611 


A/boi 

log Zi 

1 -3.716 

36.898 

i -3.656 

36,860 

1 -3.611 

36.838 
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we derive from Kuiper’s table (Table 6 of Ch. "^6*) for Mvib = —4.0 
and the color temperature given by Stebbins. We then compute the 
effective temperature from eqn. (1) for various phases throughout the 
cycle, t 

In Table 1 we give for each phase the visual brightness on a magnitude 
scale, —m; the empirical bolometric correction interpolated as a function 
of color temperature from Kuiper^s table; the bolometric absolute 
magnitude, log L in c.g.s. units; (r — jR) and R in cm; and the effective 
temperature computed from eqn. (1). Our effective temperatures differ 
from those in Schwarzschild^s paper because we have chosen a different 
R, The qualitative agreement of the phases of the variations in the 
effective and color temperatures is good. Both show a maximum at 



PHASE- 

Fig. 3.— ^Tiija Color Tbimi»kra.titrb and Effeic3tivb Tempbjraturb as a Function 

OP PriASB IN 5 CmPHBI 

Tho solid curve reprosonts the variation of the color temperature as measured 
by Stebbins; tho dashed curves ropn^sents the offectivo temperature derived in Table 1. 

*A11 ref(Tonees to chapters in th(^ author’s AHtrophj/Hwa—The A tfnoepherefi of the 
Sun and Stars (Now York: Tho Ronald Prms Co., 1953) will bo dosip;natod in this 
volume by * before the cha])tHir niiinlx^r. 

till th(j num(irieal illustrations in this chapter we have used a zero-i>oint correction 
of —1.3 magnitudes, whereas a correction of about —1.5 magnitudes seems more 
likely on the basis of the most rocemt work (January, 1054). 
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about the same phase (although the ininimum effective temperature 
precedes the minimum color temperature) and for both the rise is sharper 
than the decline. Notice that the radius of the star near maximum and 
miniTnuTn light is almost the same and near the minimum value. The 
range in light variation is to be attributed to changes in the surface 
temperature; radius changes only modify the form of the light-curve. 

Quantitatively, the agreement between T, and is poor, but here 
we must recall that a color temperature is merely the parameter chosen 
to fit Planck's formula to the observed energy distribution over a limited 
wave-length range. We can interpret the color temperature only if we 
know something about the temperature gradient in the atmosphere and 
the absorption coeflScient. If the star is pulsating, the temperature 
and density may vary in the atmospheric layers in such a way that the 
calculation of the relationship is diflBcult. W. Becker's studies suggest 
that the use of the color temperature to compute the radius is inappro¬ 
priate. From the maximum and minimum of a number of Cepheids, 
Becker finds Tc to be related to a quantity he calls the “radiation" 
temperature. For a specified spectral region, the radiation temperature 
is the temperature a black body of the same size would have to have in 
order that it emit the same amount of energy in the given spectral 
interval. This quantity differs from the color temperature and has a 
smaller amplitude of variation. If it is employed in conjunction with 
the light-curve at any phase, the computed radius agrees more closely 
with the relative radius derived from the velocity curve. Hence we 
conclude that the pulsation hypothesis is worth further examination. 
Let us see how it fits the long-period variables. 

In the long-period variables, most of the radiation is emitted in the 
infrared and to derive bolometric luminosities the character of the 
infrared radiation must be examined. The most important study of 
the radiation of these stars was that carried out by Pettit and Nicholson 
with a thermocouple at the 100-inch telescope. If one junc^tion is 
exposed to the stellar radiation and the other is shielded, the e.m.f. 
developed will depend on the total energy (summed over all wave 
lengths) falling upon the thermocouple. The energy received depends 
on the atmospheric absorption and the reflectivity of the telescope 
mirrors, quantities which must be determined independently. If a cell 
containing water is placed before the thermocouple, much of the infrared 
radiation is cut out. By a comparison of the total energy received 
Mthout any filter with that measured when the far infrared is ex¬ 
tinguished by the water cell, it is possible to estimate the temperature, 
provided we can suppose that the star radiates like a black l^ody in 
the infrared. 

To interpret their measurements, Pettit and Nickolson drew black- 
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body curves for various representative temperatures. From these curves 
they subtracted: (a) the energy removed by atmospheric absorption 
and mirror reflectivity, and (6) this energy loss plus the energy absorbed 
by the water cell. (See Fig. 4.) The lower the temperature, the larger 
will be the fraction of the energy concentrated in the far infrared, and 
the greater will be the proportion of energy removed by the water cell. 
Thus the ratio of the areas under the two curves, one of which involves 
the water-cell transmission, while the other does not, is a function of 
the temperature. It can be represented by the empirical formula: 

log T == 3.477 - 0.6231 log w (2) 



Pio. 4.—Spectral Energy Curves of Lono-Pbriod Variable Stars at Maximum 
AND Minimum of Temperature and Light 

The smooth Planckian curves drawn for tomperaturos of 1800®K and 2350*^K 
are multiplied by tho atmospheric transmission for average conditions at Mount 
Wilson and by tho coofheients of reflection for 2 freshly silvered xnirrors. The re¬ 
sultant jagged curves show tho spectral distribution of the energy reaching the 
thermocouple. The dotted curves show the energy distribution after passage through 
the water cell. 

The energy curve in the visual region multiplied by tho sensitivity function of 
the eye is shown on a magnified scale in the^'upper left-hand part of the diagram. 
Notice that tho huge range in visual brightness corresponds to a much smaller range 
in the total energy output. 

The scale of the ordinates refers to the amoxmt of energy received per cm* per 
minute outside tho earth’s atmosphere for a star of zero radiometric magnitude. 
(Courtesy, E. Pettit, and S. B. Nicholson, Aatrophyaical Journal, University of 
Chicago Press, 78, 333, 1933.) 
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where the water cell absorption w is the ratio of the two afore-mciitionod 
areas expressed in magnitudes. Here T is the temperature of t.he 
Planekian energy distribution that most nearly fits tho energy cli.stri- 
bution in the star. 

To reduce the radiometric magnitudes to bolometric magnitudes, it 
is necessary to find the ratio of the area under the black body-curve to 
the area corrected for atmospheric transmission and reflection losses by 
the mirror, i.e., the ratio of the energy in the beam outside the atmos¬ 
phere to the energy received at the thermocouple. Pettit and Nicholson 
were able to express the bolometric corrections in magnitudes in tonns 
of the wateivcell absorption by the empirical formula 


Snir = 0.252 + 0.234‘U), m\, — rrir — Sm, (3) 

where m, is the observed radiometric magnitude and is the apparent 
bolometric magnitude. 

The energy received from the star outside of the earth’s atmosphere, 
as expressed by jWj, depends on the angular diameter of the star, d, 
and the temperature which is a function of the water-cell al)sorptiun. 
We may write 


log d = 5.276 - 2 log T. - 0.2m6 


(4) 


It is found empirically that the effective temperature 7’, is not the 
temperature derived by fitting a black-body curve to the stellar energy 
distribution, but is related to T by T = 1.044r.. Hence d is propor¬ 
tional to l.OQT'*. 

The amplitude measured in total energy is much smaller than tho 
visual amplitude. Thus eleven long-period variables with a moan 
i^al ranp of 5.9 magnitudes had a bolometric amplitude of only 
0.89 ma^tudes, whUe the famous red star, x Cygni has a thousand¬ 
fold greater amphtude m visual than in total light. Tho temperatures 
as measured from the water-cell absorptions, ranged from 2(H0®K at 
visual maximum to 1920°K at minimum for Mira Ceti, while v (lyirtii 
wied from 22^®K at maximum to 1640®K at minimum. The eooL, 
Star measured, V Cygni, had a temperature of 1600®K. 

Pettit and Nicholson found the temperature to be’greatest at tho 
brightness rather than at the time of greaU^st 
to^ radiation, mdicatmg that not only the temperature but also the 
taeter of these variables changed during the cycle. From the observed 
ra^ometne ma^tude m, and water-cell absorption w, one can find 
?2^f? ^ t^perature variations with the aid of c(ins. 

(2), (3), and (4). The diameter of the average long-period variable 

tihow thS radiometric measures 

show that the hght maximum in the infrared comes systematically later 
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than the maximum in visual light. The bolometric maxiTYinm comes 
about 60 days after the light maximum when the star has faded 1.6 
magnitudes. Like the classical Cepheids, the long-period variables are 
bluer on the rising branch of the light-curve than at the anma magnitude 
during the decline. 

The spectra of the long-period variables show complex and, to some 
degree, startling changes. Mira, which Joy studied in great detail, 
may serve as a typical example of an Me variable. At maYimiim the 
spectrum is near Mb and, as the star fades, the spectral c1«.hh advances 
as the TiO bands strengthen until at minimum it is near lf9. Low- 
level atomic lines such as X4227 of Ca I also strengthen. These changes 
are all consistent with the temperature variations indicated by the 
bolometric observations. 

Somewhere on the rising branch of the light-curve, bright hydrogen 
lines appear and strengthen as the star rises to maximiiTY' , only to decline 
again as the-star fades. Their behavior is not symmetrical with the 
light maximum, however. The intensity ratios of these lines are bizarre; 
before maximum H5 is strongest, H-y is weaker. He is very weak, and 
H/3 is usually missing. As the cycle advances, the Hy/HS ratio increases 
until Hy is stronger than H5. Now Hy falls in an absorption band of 
TiO and H/5 in an even stronger band, He is superposed on the Ca II 
H line, while HS falls in a relatively unobstructed region of the spectrum. 
Thus the observations suggest that before maximum the TiO and 
Ca II absorption occurs above the level where the hydrogen emission 
is produced.* That is, as time advances, the Balmer decrement tends 
more and more (jloscly to its normal value. 

The fa(!t that spectroscopic effects arc observed from different strata 
at the sjuno time (iomplic-ates the interpretation of long-period variables. 
The bright line.s api)ear to originate deep in the atmosphere, whereas 
the dark linos seem to be formed in the upper layers. Nowhere are 
complications introduced by stratifications better exhibited than in the 
radial volocily dahi. 

I'ig. 6, due to Paul W. Morrill, illustrates the changes observed with 
high dispersion in iho spectra of the MSc variable 11 Leonis. The 
bright lines, I'e II, II, Si I, and \4202 Fc I give a systematic velocity of 
approach as compared with the dark lines, a phenomenon noted long 
ago by W. W. Campbell. The velocities of the emission linos of hydrogen 
and ionized iron dec.rease with advancing phase, while those of neutral 
iron, X12()2, and Ki I increase with advancing phase. The absorption¬ 
line vchxiil.ics show little <ihange with plnwe. Similar data arc obtained 
for other Me. variables. 

*Iu uiuisunlly bright maxima, ll-y becomes stnxigcr than Il5, and II/S is strong 
as though tho overlying TiO bands wore weaker. 
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Is it possible to interpret the radial velocity, radiometric, and tem¬ 
perature variations of the long-period variables in terms of the pulsation 
theory? From their radiometric observations, Pettit and Nicholson 
computed the diameter variations as a function of phase. From these 
diameter variations it is possible to calculate the velocities of expansion 
or contraction of the star. It is diflScult, however, to correlate these 
predicted velocities with any observed feature of the spectrum. 



DAYS -40 0 +40 +80 +120 


Fig. 5.—Compabison of Velocity Cukvbs Dbbived prom Various Linwh in tub 

Spbotrum of R Lbonib 

(Courtesy, Paul W. Merrill, Astrophysical Journalf University of Chicago Prtms, 
108, 286, 1946.) 

R. M. Scott suggested that the photosphere of the star associated 
with the radiometric measurements is near the region whore the emission 
lines are produced, rather than near the layers where the absorption 
lines and the titanium oxide bands are formed. The radius variations, 
computed from emission-line velocities derived long ago by Joy from 
low dispersion spectrograms of Mira, seemed to agree in phase with 
the radii computed by Pettit and Nicholson. Recent high dispersion 
(coud4) studies of similar stars, however (cf. Fig. 5), show that no 
unique velocity may be assigned to the emission lines, and that different 
elements behave in different ways. The general behavior of the emission 
lines strongly suggests that the emitting gases move continuouHly out¬ 
ward; there is no clear-cut indication of an actual atmospheric pulsation. 
The agreement found by Scott, therefore, appears to have been for¬ 
tuitous; at the present time the long-period variables permit no docusive 
judgment to be rendered on the pulsation hypothesis. 'The observed 
velocity variations may represent the passage of running wav(w tbrough 
strata at different depths, but a quantitative analysis would be diffuniit. 
As a working hypothesis, however, we shall assume pulsations as the 
basic cause of variation in these long-period stars. 
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6. The Theory of Adiabatic Pulsations 

August Bitter, in 1873, was the first to suggest that Cepheid variation 
was due to a pulsation and showed that for a homogeneous star the 
period of pulsation would be inversely proportional to the square root 
of the density. The pulsation hypothesis was ignored, however, in 
favor of the interpretation of Cepheids as double stars until Shapley, 
in 1914, showed the latter theory to be untenable. The size of the orbit 
of the supposed companion to the Cepheid would be too small to leave 
room for the primary and the companion would have to move within 
the principal star. 

Eddington developed the modern mathematical theory of Cepheid 
pulsation which we shall now consider. If a star in hydrostatic equi¬ 
librium becomes suddenly compressed, the gas pressure will more than 
compensate the weight of the overlying layers, and the upper strata 
wall be pushed violently upward past the equilibrium position. The 
diminishing pressure cannot support the weight of these layers which 
gradually slow down, come to rest, and fall back into the star. The 
falling material overshoots the equilibrium position, the gas is com¬ 
pressed, and the cycle is repeated, until it is damped out by dissipative 
forces, unless power is supplied from some source. 

If, for each instant of time we can specify the pressure, density, and 
temperature of a pulsating star as a function of r, we know the solution. 
Let us fix our attention upon a layer at a distance ro from the center of 
the unperturbed star. The other independent variable is the time, i. 
The dependent variables are: 


Pit, To), Tit, To), r(«, ro), p(<, ro), Hf,, and (5) 


Here Mr is the mass within a shell of radius ro. The mass dilf, of this 
shell is constant in a pulsation if we follow the motion of the material 
in this layer, thus 

dM, = 47[r*p dr = 4jrrJpo dro (6) 

where the subscript 0 refers to the undisturbed values. 

Hence 


lV £_ § 1 - 

iToJ po dro 


1 


( 7 ) 


We use partial derivatives because both r and t are independent variables. 
The static relation 


dP OMr 

dr r* ^ 


(8) 
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must be replaced by the equation of motion for each cm'* ol t he niu( ('riiil. 
That is, the mass p of the unit volume multiplied by it-s a(*(*('l(M*alioii 
must equal the forces exerted by the instantaneous pressiiix' ^radi(Mit 
[dP/dr) and the gravitational attraction 






( 0 ) 


The equation of radiative flow, i.e., the expression involving <t{aT^)/(h\ 
remains true, since the flux reacts instantaneously to (‘hangos in the 
temperature gradient. The relation is useful for prccIi(‘Xing the light 
variation. The equation in dLrfdr cannot remain valid over short, 
intervals of time, since temperature variations occur throughout the 
star. Energy may be stored up and subsequently I'elcased. In a few 
days the amount of energy that gets out of a shell is small (compared 
with the amount already stored there. Over a period of a t,hou«ind 
years, the dL/dr relation will have to be fulfilled, but it is not. valid 
over a few days. 

Further, we shall consider the volume element (piitc indopond<uitly 
of its neighbors. The opacity is so high that little energy will leak in 
or out of a small element (of diameter of the order of 0.001 that of th(‘ 
star). That is, the energy changes will be practically adiabatic*. 

Hence 



Also 

Mr “ Mf^ (II) 

because the mass inside the layer at fo remains the samc^. 

The fundamental equations of the problem arc not amcMiahlo to 
analytic solution. Therefore we apply the method of inicu’o-pulsat ions. 
The first step is to develop the theory as in ordinary ac^oust.i(*s wh<‘r(* 
we work with wave motions that can be superposed linearly to form 
compound waves. We assume the oscillations arc adia])at ic^ jind obtain 
a linear differential equation for the amplitude of the pulsat.ion.s. In 
the next step, terms that represent the loss of wave energy by dissipation 
are included. 

The first approximation, wherein the radius variations much 
smaller than the radius of the star, gives a good cjualitativo pic^turc^ c^f 
the motions and also nearly the correct period. Wo writes 

r = r„(l + rO, P = P„(l + P,), p = p„(l + p,) (12) 

Now Ti, Pi, Pi are all small so that we may neglect higher jjowerH of 
these quantities than the first. Thus, since for small x 
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(1 -f x)" = 1 -I- nas + • • • (13) 

eqn. (7) gives 

(1 -f 2r,)(l + P.)(l + r. + ro = 1 (14) 

When we multiply out and neglect the quadratic terms we get 

0 = 3ri 4- Pi + ^ To (15) 

oTo 

From eqn. (7) we can derive 

dP^dP (ry P_ 
dr dra \rj Po 

Similarly 

^ P = ^ Pod - 2ri + P.) (17) 

r To 

and 

d\ , V d\i dV, 

df ~ df ~ df 

because pi and ri are small. Therefore d\/df is a quadratic term in 
small quantities. Note that we must have 

djP 0 ^ 114* fa Q\ 

"XT = “7“ Po d9) 

an 

for equilibrium conditions. From eqns. (9), (16), (17), (18), and (19) 
we get 

Po(l 4- Pi) + Po ^ — O' ^ Po(2ri 4- Pi) 

To OTq Tq 

4" iT^ Po(l — 2ri 4” Pi) 4" Po^o aio ~ 0 (20) 

r„ at 

Hence 

—Q poPi 4" Po ~~ Q 4pori 4" Po*‘o = 0 (21) 

and from eqn. (10) 

Pi = 7Pi (22) 

Now eqns. (15), (21), and (22) provide us with three equations in three 
variables. Two of these are differential equations of the first degree 


dPo 


(1 4- P.) 4- Po 


^ ("lV^ 

^0 _ V (,/ Po 


/I UN 
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which can be transfonned to one of the second degree. We retain 
and t as the independent variables. Thus we have 

, r 4-37QAfr. Po l1 _ ^^1n 

a»o 5ro Lfo rS PoJ 7 rS Po u\ 7 P 0 

(23) 


Tbis is a differential equation whose coefficients depend on tho xinper- 
turbed values of the density and pressure. These are known from tho 
integration of the stellar model. Eqn. (23) is the acoustical wave 
equation, but in ordinary acoustics we usually work with plane solutions 
with constant density and temperature, i.e., without density and 
temperature gradients. Stellar pulsations are in the nature of big-wave 
acoustics. 

Let us now examine the boundary conditions. At the center the 
displacement is zero at all times, i.e., r = 0 for To = 0. All coefficients 
in eqn. (23) stay finite as tq approaches zero, except 4/ro which increases 
without bound. Hence dr^/dr^ = 0 at ro = 0 . Since p/P = ix/aT, 
the coefficient of Po/Po in eqn. (23) must vanish at the surface when 
r = 0. Hence at the surface 


^GMr. . 4-37G'ilf,. 1 

rS y rl r„ 


1 dV, 

7"^ 


0 


(24) 


Eddington sou^t a “standing wave” solution, i.e., one in which 
all parts of the star moved in and out in sjmehronism. The acoustical 
analogue is an organ pipe closed at one end. Throughout most of its 
length a standing wave exists, while the constant pressure at tho oiui 
of the pipe corresponds to the condition of vanishing density at tho 
surface of the star. A running wave solution will not work in tlie interior 
of the pipe. In the standing wave the time-instant of greatest displace¬ 
ment is the same everywhere; i.e., the different parts of the wave aro 
in phase. The amplitude a depends on ro. Furthermore, o(ro) will bo 
0 at the bottom of the organ pipe or the center of the star. The appro¬ 
priate solution will be of the form 


nCvo , t) = a(ro)T{t) ( 2 .( 5 ) 

i.e., the variables are “separable” for a standing wave solution. In 
fact, we find that 

ri = a(ro) cos — t 
V 

will satisfy eqn. (23) provided that a(ro) is taken as the solution of 


(2(5) 
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(27) 


with the boundary conditions, Tq = 0, da/dra = 0. 
and at To = R, 
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- rS y\vl 


0 


(28) 


Since eqn. (27) is a differential equation of the second order, its 
general solution contains two free constants. One of these cannot be 
used to satisfy the boundary conditions, namely, if a is a solution 
which fulfills the boundary conditions, then = (ic is also a solution 
which fulfills the boundary conditions. With the other free constant 
only one of the boundary conditions can be fulfilled. The second 
boundary condition must therefore be fulfilled by a proper choice of p. 
Hence we find p to be the eigenvalue of the problem which is determined 
by the physical conditions we had to impose on the solution. 

This differential equation must be solved by numerical integration 
to get o(ro) and the period of oscillation. We start with the unperturbed 
model of the star, so that the density and pressure are known at ^ch 
point, and determine o(ro) in such a way that the boundary conditions 
are fulfilled. With an assumed trial value of p, one can solve eqn. 
(27) by a power series expansion near r = 0 and r = R (the outer radius 
of the star) and proceed from these points outward and inward, respec¬ 
tively, by numerical integration. At some point, e.g., halfway to the 
surface of the star, the outward-progressing and inward-moving solutions 
must be fitted together. In general they will not fit together, and the 
value of p must be varied until a fit is obtained. The pulsation of 
longest period will be the fundamental mode of oscillation of the star. 

Although the actual determination of the fundamental period for 
any given model is laborious, we can easily show by means of a homology 
transformation that the period p and density p are related by the 
expression 

pVp = constant (29) 


Consider two homologous stars in which the period, displacement 
function, undisturbed density, and pressure are, respectively, 

p, a, Po, Po and p', a', p'o, P'o 


Let us write 


P = P'f 


(30) 



ASTROPHYSICS 


120 


[Oh. 3 


where / is a constant to be determined. Since the stars are homologous, 
a = a'. Our variables are related by 


ri, Mr. = Mr., p 

~ Jlf' ® M'^ R* 



(31) 


Now eqn. (27) will be valid for the primed as well as the unprimod 
quantities. Thus we have 


d‘a' R'^ 
drj* R’‘ 


dr'o R^ 



Mru pC 

pd 


' 4 - 37 OMr. po 1 R'^ , /arV M' Rl~ 
. 7 rl Poro R’''^ yP'Ap'J M R'f_ 


= 0 


(32) 


which is identical with eqn. (27) if 


that is 


which implies 


^ _ MLBlL 

R^~ M R' f 


P _ 

^ ~ M R'^ 




(33) 


vVp = v'Vf = K (34) 

1 C is a constant, which should be the same for all stars built on the 
same model. For a polytropic model, K depends sharply on 7 , a-s the 
following table computed from integrations by Martin Schwarzs(thild 
shows: 


y 

1.43 

1.64 

1.67 


pVp7 

0,46 

0.33 

0.28 days 



where pc is the central density. 

That is, if the stars are all built on the same model, p'\/% shoiihl ho 
the same for all of them. Eddington estimated the dimensions of th<^ 
classical Cepheids from their absolute magnitudes (obtained from the 
period-luminosity law) and surface temperatures and guessed their 
masses from the mass-luminosity law. He found the prodiud. 
to be very nearly constant along the entire range of classical ( 7 eph('!i<ls. 
If the standard model is assumed, the computed period is less than 
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the observed period, which would imply that the value of K and therefore 
the stellar model is wrong. 

If we repeat Eddington’s calculation with the revised zero-point of 
the classical Cepheids and the mass-luminosity law as expressed in 
e<in. (8) of Chapter *1, we obtain the following results for some t 3 rpical 
classical Cepheids. 


Star 

Period 

Mboi 

Po 

pVp7 

SU Cassiopeia 

1.950 

-2.45 

0.054 

0.452 

IIT Aurigae 

*3.728 

-3.06 

0.027 

0.612 

d Cephei 

5.366 

-3.57 

0.0071 

0.452 

17 Aquilae 

7.176 

-4.00 

0.00346 

0.421 

f Geminorum 

10.155 

-4.67 

0.00116 

0.345 

XCygni 

16.385 

-5.27 

0.000463 

0.352 

Y Ophiuchi 

17.121 

-5.47 

0.000262 

0.278 

1 Carinao 

35.528 

-6.83 

0.000068 

0.293 


Successive columns give the designation of the star, the period in 
days, the adopted mean bolometric magnitude, the central density 
(assuming the standard model), and py/pc- The latter is not constant 
but appears to diminish slightly as the period increases. 

If we assume Eddington’s model and the mass-luminosity law, the 
predicted periods seem to be a little too short for their densities. The 
discrepancy could be removed by assuming the stars to be more homo¬ 
geneous, but the energy generation requires a dense core with a high 
central temperature. I. Epstein proposed a model with a dense energy- 
producing core which had little effect on the pulsation period, the latter 
being determined by the outer part of the star which might be partly 
in convective equilibrium. 

Furthermore, no bona fide determination of the n^ of a Cepheid 
exists. The extrapolation of mass-luminosity relationship of main- 
seciuence stars to the supergiants is really scarcely justifiable. 

A more detailed study of the prototype d Cephei by Savedc^, in 
which he refers all calculations to the absolute visual magnitude, 
temperature, and radius at minimum light, leads to an excellent agree¬ 
ment between the theoretical and “observed” PVp. He assumed 
Mv,. (min) = -3.0 ± 0.3, mass = 1.78 d= 0.16 X 10*^ gratM from 
the mass-luminosity law, T.„u = 4950 “K, and obtained by theory a 
radius of the star at minimum light of 3.83 ± 0.4 X 10 cm m com¬ 
pared with a value, 3.70 X 10‘® cm from the radial velocity and color. 

One other point deserves mention here. To what extent are the 
mathematical approximations introduced in the theory of small ampU- 
tudes justified? This theory gives a sinusoidal velocity curve, whereas 
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the observed curve shows a distinct skewness. Since the simple theory 
gives the wrong velocity- and light-curve form, may it not also give the 
wrong period? 

The simple pendulum provides a useful illustration. As long as 
the oscillation is small, the period is independent of amplitude. For 
larger amplitudes the period increases. The same conditions might be 
anticipated for pulsating stars. As the amplitude increases, the velocity 
curve departs more and more from the sinusoidal form and the period 
lengthens. The prediction of amplitudes from theory is more difficult 
than the prediction of periods, just as the prediction of the amplitude 
of the swing of a pendulum from the elastic constants of the steel 
spring and a knowledge of the clock escapement would be more trouble¬ 
some than the calculation of the period of the swing from the length of 

the pendulum and the acceleration of gravity. 

Rosseland and others have discussed the 
problem of large (anharmonic) pulsations, 
and have shown how the shape of the velocity 
curve may be expected to depend on the am¬ 
plitude of the pulsations. Bhatnager and 
Kothari carried the problem further and 
gave an exact treatment for 7 = f. They 
concluded that the theory of anharmonic 
pulsations cannot account for the non-sinu- 
soidal character of the velocity curve of 
Cepheids. The observed skewness of the 
curves would demand an amplitude of pul¬ 
sation of, roughly, the stellar radius, while 
the observed amplitude is less than a tenth 
this quantity. Thus, for the observed am¬ 
plitudes, the increase of period and the degree 
of skewness of the velocity curves are too 
small. The theoretical asymmetry and in¬ 
creases of period are consistent with obser- 
Fig. 6 .— FtJNDAMBNTAL AND ^ut thc amplitude required is much 

OvBRTONB Oscillations large. This is the big discrepancy of the 

Upper: Fundamental. pulsation theory which can be settled only 

Lower: First harmonic. when the structure of giant stars has been 

worked out. 

Most vibrating systems—strings, drums, or bells, for example, 
oscillate not only in their fundamental mode, but in overtones as well. 
In the fundamental mode of oscillation of a gaseous star* all points 

•Deformations of an oscillating star where the displacement $ from an equilibrium 
positmn depends on the angular variables, 0 and ^ as well as r, are probably of little 
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move outward or inward in synchronism. In the first overtone, the 
points within a nodal sphere of radius, say ri, will be moving outward, 
while those outside the nodal sphere will be moving inward. Half a 
cycle later the material outside the nodal surface will move outward 
and the material inside will move inward. 

For any stellar model one may solve eqn. (27) for higher overtones 
as well as the fundamental. Schwarzschild has carried out such calcula¬ 
tions for the standard model with different values of 7 . For 7 = 1.54, 
the overtone periods pt, in terms of the fundamental period po, turned 
out to be 


overtone 

1 

2 

3 

4 

P</Po 

0.687 

0.515 

0.412 

0.343 


Note that the overtones are not simple harmonics of the fundamental; 
e.g., the ratio of the frequency of the first overtone to the fundamental 
is 1 /0.69 rather than 2/1. The larger the value of 7 , however, the closer 
will be the frequency ratio tend to 2/1. The situation is analogous to 
that of a drum where the overtones are not simple multiples of the 
fundamental. 

Striking evidence for stars vibrating in an overtone is provided by 
certain short-period variables observed by Martin Schwarzschild in 
Messier 3. Oolor-index-period arrays suggest that these cluster vari¬ 
ables vibrate in their first overtone rather than in their fundamental. 

Fath concluded that the star d Scuti has three distinct periods of 
pulsation, viz., Po = 0^193739, 01157382, and 0109156, which possibly 
represent jsvertone pulsations. The second period does not appear to 
be securely established. If it is true, the star must be built on something 
different from the standard model. 

Although the overtones are incommensurable with the fundamental, 
in some instances one of them may be so nearly commensurable as to 
produce a beat period long in comparison with the fundamental period. 
Miss IQuyver suggested that certain peculiarities in the li^t-curves 
of the cluster-type Cepheid RR Lyrae could be explamed as the effect of 
resonance between the fundamental and some higher mode. The 
principal period of this star is 0156685, but there is also a secondary 
period of 4016. Presumably, this is a beat period arising from the fact 
that the fundamental is nearly commensurable with some higher mode, 
possibly the second overtone with a period of 015590.* 

♦From the fact that tlie pcriod-oolor-amplitude relation for his Type B (>phffl^ 
is displaced from that of liis Type 0 by about half a penod, Eggon suggests that the 
Typo C objects vibrate in thdr first overtone. 
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If the semi-regular or even irregular variables were to be interpreted 
by the pulsation theory, we might suppose that several overtones were 
excited at once. The RV Tauri stars and long-period variables often 
show light-curve changes reminiscent of sporadic phenomena rather than 
the superposition of overtones, however. 

The theory of anharmonic pulsations seems to explain, <]ualitotively 
at least, the asymmetry of the light and velocity curves. Possible 
resonance between different modes of vibration may account for seeming 
irregularities in the light-curves and the changes thereof, (loxipling 
between different modes also may control the amplitudes of the pulsa¬ 
tion. Woltjer suggested that an interaction occurred between the 
fundamental and some higher mode, in which the damping sufficed to 
dissipate enou^ energy to restrict the pulsation amplitude to its 
observed value. 

Savedoff finds that the pulsation theory does not fit the RR Lyrae 
stars if they obey the mass-luminosity law for Type I main-sequence 
stars. On the other hand the theory does fit the observations if masses 
about 1.5 that of the sun are assumed. If we interpret (see (Ih. 2) the 
color-magnitude array for globular clusters as a consequence of the 
evolutionary development of an ancient main sequenc.e, we (ainiiot 
expect any stars to be more massive than about 1.5 to 1.7 times the sun. 
All more massive stars would have burned out long ago. The expected 
mass of an RR L 3 Tae star on the basis of the evolutionary developments 
in globular clusters is just the same as that required by the pulsation 
theory I 


6. Surface Phenomena in Radial Pulsations 

.^though the standing wave theory fairly succassfully predicte the 
peno^ of Cepheids, it gives the wrong phase relation betweem light and 
velocity. The star ought to be brightest and hottest when ’most con¬ 
tracted, and coolest and faintest when most expanded. At these 
phMes, the velocities should be zero. Actually the star is brightest and 
“ expanding most rapidly and coolest when c-ontracting 

Martin SchwarascWld has shown us the way out of this difficulty, 
he trouble with Mdington’s treatment was that he assumed the whole 
star swelled ^d shrank in phase. On the basis of quite general (!on- 
fflderations, SchwmschUd showed that near the surface wo must 
PossibiUty of a standing wave going over into a muniiig 
wavj just as m an organ pipe one must consider the transition of a 
^n^g wave into a running wave as the edge is approached. The deep 
tenor pulsates admbatically and in synchronism and there the standing 
wave eory is valid, but in the outer regions compressional waves 



Sec. 6] THE CEPHEroS AND LONG-PERIOD VARIABLES 125 

appear nnfl run toward the atmosphere. The period remains unchanged 
since it is fixed by conditions in the main body of the star. In the 
envelope, the running wave solution gives a different relation between 
the light variation and the velocity variation than does the standing 
wave hypothesis. The observed light output and radial velocity depend 
on the phase of the wave at the surface and bear no direct relation to the 
phase of the wave in the interior except for the traveltime of the wave 
from the depths. 

We may illustrate the difference between the two kinds of pulsations 
with the analogy of a one-dimensional wave. In the simplest example, 
the solution of the wave equation is either a standing wave with a 
displacement 

Sx = ff(x)f(t) (36) 



Pig. 7.—Defohmation op a Volume Element by a Wave 


or a progressive wave with 

Sx = f(x — vt) (36) 

where t; is the velocity of the wave. Consider a mass Sm of gas contained 
in the slab of thickness, AB = Ax, and unit cross-section. A moment 
later the molecules at A have moved a distance Sx to A', while those at 
B have moved a distance Sx' to B', Now, 

A'B' == Ax + ^Sx + -- iSx) A®] - Sx (37) 

The amount of gas in the slab A'B' is the same as the amount of gas 
in the initial slab AB. Hence, 

Ax Pa = Ax p^l -1- (.Sx) 

or the density obeys the relation 

'{} di 


(38) 
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For the standing wave, see eqn. (36), we have 

7 = ‘ ‘ + [ifes«<*>] 

while for the ninrdng wave, 

Thus for the standing wave, the density depends on the displac.cmeut 
8Xj while for the running wave, the density depends on the velocity 
of the material, d/dt(Sx). Quoting Schwarzschild:* 

Now the law of radiative transfer gives the radiation flux as a function of 
the absorption coefiicient and the temperature gradient; therefore in adiabatic, 
oscillations the radiation flux will depend on the density and pressure gradient, 
because the temperature can be taken as a function of the density, and the 
temperature gradient as a function of the pressure gradient. Finally, by the 
law of motion, the pressure gradient is governed by the acceleration and gravi¬ 
tational forces per unit volume, which again depends on the density. The 
result is that the radiation flux through a layer is a function not only of the 
radius and acceleration of the layer but also of the density of the layer. ITeiu^c 
from what is shown above about the density variations in different wave types, 
it follows that this dependence of the radiation flux on the density docs not, in 
the case of a standing wave, introduce an effect of the velocity of the material 
upon the light variation, although in the case of a progressive wave it does. 
Therefore in this progressive wave it seems possible to find an explanation for 
the observed similarities in form and phase between the light and velocity 
curves of a Cepheid. 

One theoretical point must be mentioned; why must the osc.illation 
run over into a running wave in the upper layers? In a mechuni(ial 
system with definite boundaries, the wave energy must become dissi¬ 
pated in order for a running wave to be produced. An occiiii breaker 
impinging upon a sloping beach is so strongly dissipated that the 
reflected wave is too feeble to have any effect upon the incident waves. 
On the other hand, waves reflected from a vertical wall tend to prodiu^o 
standing waves. In the absence of any dissipation or storing of energy, 
the surface of a star would act like a reflecting wall, and the waves set 
up in the star should be of the standing variety. Nevertheless, the 
phase relation between light and velocity requires the (^xisteiK^o of 
progressive waves and, therefore, the existence of dissipative forcjos in 
the outer layers of the star. Eddington and others showed that ordinary 
conduction, viscosity, and radiation phenomena would bo unimportant, 
but that the hydrogen convective zone near the surface of the star may 

♦Harvard Observatory Circular, No. 429, 1938. 
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provide the needed mechanism for storing or dissipating energy. 
Another possibility, proposed by Pannekoek and Walraven, is that 
a(‘.tual shells of material are torn from the surface when the wave 
reaches it, and the kinetic energy of these shells provides for the dissi¬ 
pation of energy. Years before Schwarzschild suggested the running 
wave hypothesis, J. A. Aldrich at the University of Michigan found a 
phase lag between the neutral metallic and hydrogen lines in the spec¬ 
trum of S Sagittae. The neutral metallic lines reached any particular 
phase first, the enhanced lines lagged behind, and the hydrogen lines 
were retarded most of all. Other Cepheids such as 77 Aquilae also 
showed conspicuous effects, although d Cephei showed only small 
differences. 

The pulsation theory attributes this phenomenon to a compressional 
wave from deep in the star that passes up through the photosphere and 
successive atmospheric layers. If we integrate the velocity curves for 
the high-level (hydrogen) and low-level (neutral metal) lines, we find 
that the radii corresponding to these different heights change in such a 
way that the maximum compression of the photosphere occurs just 
after maximum light, when these layers are moving rapidly outward. 
As the wave approaches the surface, the underlying strata are pushed 
upward rapidly and compress the upper layers until the outward 
acceleration stops. The magnitude of the phase lag indicates very 
extensive atmospheres, quite consistent with the idea of supergiants- 


t 


STANDING WAVE 
WITH AMPLITUDE 
INCREASING OUTWARD 




Pig. 8.—Compemssion of a Photosphbeio Latbe bt a Wave 

In th(^ standinK wave model minimum density occurs when the radius^ 
mum A , and maximum d(insity occurs when the radius is a minmum B. In tne 
rumiinK wave model maximum density occurs at C, when the velocity is a maximum, 
and minimum density occurs at D, when the velocity is a minimum. 


The phase relation between light and velocity curves depends on the 
period of the variable, as Joy and McLaughlin found independently. 
In Cepheids of five-day period, the velocity minimum comes at light 
minimum. With stars of longer period, the velocity minimum lags 
more and more behind the light maximum until in SX Herculis the star 
is brightest when the velocity curve shows it to be smallestl 
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The larger the star, the longer will be the period and the inorci ex¬ 
tensive will be the atmosphere relative to the size of the shir. Thus 
in stars of longer period, not only is the traveltime of the wave through 
the atmosphere greater, it is also a larger fraetion of the period. 

The maximum velocity of approach of the photosphere should always 
coincide with maximum light, but if the atmosphere is so distended 
that the atoms effective in producing spectral lines are far above the 
level of the photosphere, there will be a time lag which will be greater 
the more extended the atmosphere, i.e., the larger the star. In a (dassieal 
Cephmd of three- or five-day period, the time lag is small sineo the 
atmosphere is close to the photosphere, but as the period and size of 
the star increase, the lag becomes greater and greater. 

With the aid of reasonable assumptions about the temperature and 
density variations, Schwarzschild attempted to predict the light-curve 
of 5 Cephei from the observed velocity curve. He repreHcntc<l the 
photospheric density by means of a semi-empirical expression which 
contained a linear combination of velocity and radius with adjustable 
constant coefficients. Then he adjusted the constants in such a way 
as to obtain the best fit with the observations. In particular, lus pr(v 
dieted the variation of pressure and density in the surface layers as a 
function of phase. 

Fortunately, such predictions can be tested with the aid of spectro¬ 
scopic observations, and a number of investigations along those lines 
have been carried out. The most detailed studies so far published are 
those of Walraven, who made a careful spectroscopic analy.siH of high- 
dispersion plates secured by Pannekoek at Victoria, and of M. an<l H. 
Schwarzschild who employed Mount Wilson coudd plates secured by 
W. S. Adams. 

From measures of line intensities at different phases and with relative 
Nf values derived from the solar spectrum, Walraven derived curves 
of growth for the different elements. From a moan curve of growth, 
he found Nf as & function of phase. Then he derived the («(titotion 
temperature as a function of phase from the iron lines. With the aid 
of ionization and excitation theory, plus the assumption that the II" 
ions produce the continuous absorption as in the sun, he (ialculated 
the ionization and electron pressures. The excitation and ionization 
t^peratures vary in phase with the color temperature, but the excita¬ 
tion temperature shows a smaller amplitude than does the ionization 
temperature. The electron pressure varies in phase like the mdial 
vdocity. The temperature and electron pressure maxima (toincide 
with the light maximum and with the maximum rate of expansion of 
the star (minimum radial velocity). 

_ Walraven computed the effective surface gravity from the tempera- 
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ture, electron pressure, and the theory of model stellar atmospheres. 
The effective surface gravity obtained in this way is about 36 times 
smaller than the gravity computed from the mass and radius. This dis¬ 
parity agrees with the results found from other supergiant stars. Fur¬ 
thermore, the phase variation of the effective gravity resembles that of 
the velocity of the surface layers, /, and that of the electron pressure. 

For the Eddington standing wave model, it follows that the effective 
surface gravity is given by g^tt = QM/r^ -f r". Thus g^ti varies in 
phase during pulsation on account of the changing distance of the 
radiating layer from the center of the star, and because of the accelerar 
tion r". We may obtain r" from a differentiation of the radial velocity 
curve, and r from an integration thereof, as previously noted. The 
standi n g wave model predicts only small changes, except near minimum 
radius where a sharp, high maximum is found. At this same phase the 
effective surface gravity shows a minimum. 

Walraven was able to show that the surface gravity observations 
could be explained in terms of the running wave hjrpothesis, if one 
could suppose that the static surface gravity, po, was 1/35 the gravity 
derived from the mass and radius, and that the velocity of propagation 
of the outruiming wave was about 2 X 10® cm/sec. The observed 
pressures, interpreted with the aid of the running wave theory, give 
phase variations of the effective surface gravity that agree with the 
observed variations. The pressure variations throughout the cycle 
appear to be very large, P„ax is about 10P„,in! Hence the velocity of 
propagation of the outward-moving running wave must nearly equal 
the amplitude of the velocity of pulsation. This would imply that the 
regions of pressure maxima are shells of matter separated by nearly 
empty space. The amplitude of pulsation of a wave must increase until 
the velocity of the atoms equals or exceeds the velocity of wave propa¬ 
gation, which in turn depends on the thermal velocity of the atoms. 
Then the pressure wave changes from essentially a sound wave to a 
shock wave, and a detached shell is thrown off with each pulsation of 
the star, as Pannekoek had previously suggested. The kinetic energy 
of the shell is derived from the wave rising from the stellar interior. 
It thus provides a means of energy dissipation in the photosphere that 
is required for the production of running rather than standing waves. 

In this connection we mention an observation by Stnivo of peculiar 
hydrogen lines in the spectrum of RH Lyrao. At the time of median 
increasing bri^tness, H/3, Hy, and H6 become faint and show a complex 
structure. Upon a wide, faint. Stark-broadened absorption line there 
appears a narrow absorption core flanked by narrow emissions. The 
entire phenomenon lasts not more than Ixalf an hour. The hydrogen 
lines are strong both before and after the peculiar stage, and the hi^er 
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members of the Balmer series are not affected. The observations suggest 
that HjS, H 7 , and H 5 are produced in a shell or extended atmosphere 
in which emission with central absorption is stimulated during the 
rapid rise of surface brightness of the starts atmosphere. 

Pannekoek suggested that in the classical Cepheids a periodic 
ejection of shells alternates with times of rest. At minimum the atmos¬ 
phere is undisturbed. Then an outward-moving layer of higher tempera¬ 
ture breaks forth from the depths and determines the spectrum. At 
maximum the dense, high-temperature shell rising with high velocity 
is fully displayed. The layers continue to expand, lose their high 
temperature and velocity until the ejected shell produces an extond(Kl 
atmosphere with a low-density gradient, and the minimum conditions 
recur. The crest of the outrunning wave may tear itself away from the 
contracting lower layers and produce a detached shell. As the light 
decreases, the spectrum changes from the maximum to the minimum 
type and vice versa. In transition stages we might expect a composiU^ 
spectrum. 

In this connection R. F. Sanford's observations of RR Ijyrae arc of 
particular interest. The metallic lines (Fe I, Fe II, Ti I, Ti II, etc.) 
show a smaller amplitude than do the H and K (Ca II) or Ha lines. 
Near zero-phase (median increasing brightness), two components of 
Ha and H and K are observed. Sanford remarks: 

If the velocity variations of RR Lyrae are caused by pulsations of its atmos¬ 
phere, the behavior of the velocities of H and K and Ha would seem to indicate 
that an atmospheric wave suddenly started outward with the maximum velocity 
of e^ansion at the time of maximum light and then slowed down, roa<!hing 
mfl . xiTniiTn velocity of contraction at minimum light. Since the wave persists 
altogether for an interval of 1.060 period for both H and K and Ha, two atmos¬ 
pheric layers may be forming two separate sets of absorption lines simul¬ 
taneously.* 

These observations seem to support the suggestion that the amplitude 
of the wave gradually increases throughout the upper strata, t Finally, 
the energy appears to be dissipated in the form of shock waves. 

The spectrum and radial velocity changes in the Type II (lopheid-like 
variable W Virginia as observed by R. F. Sanford give further support 
to the hypothesis of shock waves and detached shells. Emission linos 
of hydrogen are visible from minimum to 0.1 X period after maximum 
light; the absorption lines are double near maximum light. 'I''his 
doubling of the lines is attributed to the appearance of a new eydo of 
outrushing gases, before the previously ejected shell has fallen bac.k. 

•Ap. J. 109,210,1949. 

. JI I l. m __ 


i. F. Sanford and M. P. SavedolT stamgly 
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An analysis of the light and color curves, plus the line intensity and 
velocity measures, has been carried out by H. A. Abt. The layers of 
gas responsible for tlie absorption lines are geometrically thin and rise 
and fall in about twice the period of light variation. The sequence of 
events appears to be roughly as follows: At light maximum the radius 
of the photosphere, which is then about 18 million kilometers, begins 
to expand. Near phase 0.4 or 0.5, when the photosphere reaches a 
radius of 40 million kilometers, it throws off a shell and begins to con- 



Fia. 0 .—^Vaiuationb in the ATMOsrriHBiiJ of ?? Aquilab 

The light and velocity curves arc observed directly. The variation in radius or 
displacement, r — i2, is found from an integration of this velocity curve; the accelera¬ 
tion is found from a differentiation thereof. The temperature, oleqtron pressure, 
absorption coefficient, and density are found from an analysis of the line intensities 
by methods similar to those described in Chapter *8. (Courtesy, M. and B. Schwarz- 
child and W. S. Adams, Astrophysical Journal^ University of Chicago Press, 108, 
210, 1948.) 
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tract. The ejected transparent shell continues to move oultward a 
total of 35 million kilometers in about a period, before it ho^>;ins to fall 
inward. Meanwhile, the photosphere has contracted, expanded ap;ain, 
and ejected another shell! An actual physical ejection of shells niust 
take place since shock waves could not account for the 300-fold variatdou 
of electron pressure in the course of a cycle. 

The Schwarzschild's study of ti Aquilae indicates that largc-s(^alo 
convection currents characterized by fast-moving, turbulent ehunents 
exist in the photosphere- This large-scale turbulcncic is indicatcKl by 
the line profiles (Sec. 15 of Ch.*8) and may be responsible for a mechan¬ 
ical pressure four times as large as the gas kinetic pressure. 

From measures of selected iron lines they were able to derive the 
density variation throughout the cycle. From a comi)arisou of the 
density with the velocity variation, they found the photospheric/ pul¬ 
sations to have neither the character of a standing wave nor that of a 
simple progressive wave in a uniform atmosphere. The observations 
can be explained, they suggest, if we suppose that the random vekxiities 
increase greatly in the strata above the photosphere and if, in these 
chromospheric layers rather than in the photosphere, the pulsation 
consists of a simple progressive wave. The observed pulsations of the 
photosphere fall in a region between the pure standing wave domain 
and the pure progressive wave domain but simulate the latter rather 
than the former. 

It should be emphasized that the type of radial velocity changes in 
which a new set of lines makes its appearance before the old set dis¬ 
appears is characteristic of the Type II Cepheids and never occturs in 
the Type I Cepheids. This means that the pulsation mechanism in the 
two kinds of stars is fundamentally different in so far as the surfa(jc 
layers are concerned. Furthermore, classical (/Opheids repeat their 
light and velocity curves faithfully from one eyedo to the next, whereas 
Type II Cepheids may show significant changes between (ty(d(^s. 

7. Atmospheric Pulsations in Long-Period Variables 

The fact that each line in the spectrum of a long-pcri()<l variable 
cannot be uniquely assigned to a definite stratum reudcTs th(% inU^r- 
pretation of the long-period variables extremely difficult. The at.moH- 
pheres are of enormous extent, and the observed radiations rcprescnit 
the composite contributions from layers of vastly different t(^mp(^rat.urc 
and density. 

From an application of the running wave theory to the long-p(n*iod 
variables, R. M. Scott concluded that the atmospheric pressure varied 
over a 70-fold, and the density over a 20-fold, •jange. Both pressure 
and density reached their maximum the time of light maximum. 
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The outstanding problem is the origin of the emission lines, especially 
those of hydrogen, whose presence corresponds to a temperature much 
in excess of what we could expect in an ilf-type atmosphere. 

These emitting gases are observed only during part of the cycle, 
when they are rising and not during the interval when they are falling. 
The larger the star and more extensive the atmosphere, the greater the 
distance between the regions producing the absorption and the emission 
and the greater the phase lag (Va — V^) between the emission and ab¬ 
sorption velocity curves, a fact in harmony with Merrill’s observation 
of Va — V„ although the fluctuations in the correlation near a period 
of 250 days needs explanation. For Se stars (7a — 7,) is greater than 
for Me stars. 

The changing relative intensities of the emission lines may arise 
from the effects of changing depth. In early parts of the cycle, the 
emission occurs deep in the atmosphere. There H 7 and Up are strongly 
absorbed by overlying TiO, H by the Ca II H line, while H5 is unob¬ 
scured. Later, the weakening of the TiO, possibly by dissociation, plus 
the fact that the emitting hydrogen is higher in the atmosphere, allows 
Hy and H/S to strengthen. As the light dims, and the level of excitation 
falls, the hydrogen layers rise yet higher in the atmosphere, and the 
dimming of H 7 by TiO becomes even less. 

Scott found the outer envelopes of the Mira stars to be in convective 
equilibrium and suggested that if a convective exchange extended to a 
sufficiently deep layer of the star, such currents might bring highly 
excited atoms up to the photospheric strata. McKeUar and Odgers 
consider the hydrogen convection zone as the source of the bright-line 
emission. Following Eddington’s considerations, the rising columns of 
gas are regarded as almost completely ionized and the falling columns 
as almost completely neutral. Recombination occurs in the ascending 
column so the emission lines are displaced to the violet with respect to 
the absorption lines. They believe that the optical depth of the top 
of the convection zone is small and may be visible near maximum 
light when the continuous absorption in the overlying layers is dimimshed 
bccausod of the higher temperature. As the variable pulsated, the top of 
the convection zone would be more hidden at some times than at others, 
and the bright lines would disappear and reappear during the cycle 1 
G. J. Odgers has pointed out that the application of the pulsation 
theory to the long-period variables is complicated by the fact that the 
theory of small vibrations cannot be applied in even the first approxi¬ 
mation. Non-linear oscillations of finite amplitude prevail. Because 
of the vast extent and low density of the envelope, the gravitational 
restoring force corre ;,ionding to any outward displacement is small and 
the inertia of smalh mptionsjjcannot be neglected. Furthermore, the 



134 


ASTROPHYSICS 


[Ch.3 


convection currents in the hydrogen-ionization zone contribute signifi¬ 
cantly to the momentum of the outer layers. Under these circaimstuiicc^s 
the principle of superposition of oscillations will no longer apply. iCucth 
new vibration is strongly controlled by the initial conditions and siin^^ 
these vary from one cycle to another there will be no precise, iiniciue 
period and amplitude. The greater the departure from linearity the 
more irregular will the oscillations become. A wave whicih might have 
been smooth and orderly evolves into a shock wave. 

Alternatively, it is possible that emission lines may originate as a 
consequence of ultraviolet or shock-wave energy released in a vastJy 
extended atmosphere by mechanisms not unlike tliose invoked to 
explain the solar corona and chromosphere. 



JO 2434000.-!• 


Fig. 10.-VBLociTr and Light CJueves in thh RV Taoh Star U Monocmrotih 

curves. It is assumed that each layer has the Ww velocity 

di^lacement (about 80 million kilome+^«.^ e^^ansion. The larKest 

the effective photosphere swells to about twi™ "s about 65 million kilomofatrs 
H. A. Abt.) tbe star. (Oourtosy, 
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McLaughlin and more recently Abt have made spectroscopic studies 
of the RV Tauri stars. The bri^t hydrogen lines are strongest during 
increase of light and fade soon after maximum. Abt hnds the spectro¬ 
scopic bdbavior of the three low velocity RV Tauri stars, R Scuti, 
U Monocerotis, and AC Herculis, closely resembles that of Type II 
Cepheids. See Fig. 10. The RV Tauri stars are less regular; their 
periods should be chosen as the interval between successive minima 
rather than twice this quantity as has been done often. 

The RV Tauri class comprises a relatively small group of stars; 
most of the red variables are classified either as long-period, irregular, 
or semi-regular. Complete photometric, spectroscopic, speotrophoto- 
metric, or bolometric observations are available for very few of them. 
In some instances—e.g., the irregular variable Betelgeuse—actual 
measurements with the interferometer have revealed fluctuations in the 
diameter of the star which can be correlated with light variations. For 
most stars, however, the radius changes can only be inferred from the 
bolometric observations. There is evidence that most red giant stars 
fluctuate at least moderately in light. Perhaps steUar pulsations are 
common among giants. 

Joy has made detailed studies of 38 semi-regular variables of spectral 
classes F, 0, and K. From the strengths of the lines of ionized atoms 
he concludes that many of the stars are bright supergiants. Most of 
them show bright hydrogen lines with increasing light, while others 
show titanium oxide bands in a spectrum classified as early as 64. 
The radial velocity variations are so irregular that mean curves cannot 
be given. 

If the stars are grouped according to their radial velocities, Joy 
finds the fast and slow groups to differ also in mean absolute magnitude, 
spectral t 3 rpe, distribution in the sky, and strength of the carbon bands. 
The fast-moving objects appear to belong to population Type II, but 
the associations of the slower objects with population type are not yet 
established. 

Does the pulsation theory alone suffice to explain the variations of 
the red giants? An answer cannot be given for most stars partly 
because of insufficient observations. Even Mira, the best-known, long- 
period variable, has not been studied adequately. From a spectro- 
photometric study embracing phases 0 to 0.6, Scott concluded tlmt the 
entire variation in photographic magnitude resulted from variations in 
temperature, diameter, and in the absorption by molecular bands and 
atomic lines. A wave-length region near X4175 gave most promise of 
freedom from baud absorption. If we can suppose that it is not affected 
during the cycle by changes in band or line absorption, these spectro- 
photometric measures, plus the Pettit and Nicholson radiometric 



136 


ASTROPHYSICS 


[Ch. 3 


measures, require a temperature variation that shows excellent agree¬ 
ment with the variation deduced from the thermocouple measures by 
an entirely independent method. In the spectrum of Mira, overlapping 
TiO bands depress the observed continuum far below that corresponding 
to a black body; one obtains entirely wrong results if he draws the con¬ 
tinuum to pass from band head to band head. 

For Mira, at least, it does not appear to be necessary to invoke any 
cause of variation other than pulsation coupled with the strengthening 
and weakening of bands as temperature and pressure change. In 
other stars it is possible that near minima, actual condensation of small 
solid particles, i.e., smoke formation, does occur. The formation of 
soot clouds has been invoked to explain the variations of the ("/-giant 
carbon star, R Coronae Borealis, whose light occasionally dims abniptly 
and recovers slowly. Certain Se variables that show less conspi(*,uous 
band changes than Mira may undergo veihng near minimum, but this 
problem needs careful examination. 

The question of chemical composition and variability is also to be 
considered. The S stars show ZrO instead of TiO, although in some S 
variables the TiO bands are present during part or all of the light cycle. 
In addition, the X6132 band of YO sometimes appears in the S spectra. 
Atomic absorption lines of Sr II, Ba II, Na, and Cr are strong although 
hydrogen may be absent.* In the Se variables, the hydrogen emission 
lines appear in the normal order of intensity with stronger than 
By and B5, Toward maximum light Bd increases in intensity. When 
the star fades, the Balmer decrement decreases as though the level of 
excitation goes down. If the emission lines are prodticed in the lower 
layers of this star, they are not affected by the absorption in the over¬ 
lying layers in any marked selective manner. 

From a comparison of the spectra of R Andromedae {Se) and R 
Leonis {MSe) Merrill concluded that Y and Zr are relatively more 
abundant in the Se star, and that lines of relatively heavy element's are 
favored in the S-type spectra. These conclusions are substantiated by 
Keenan and the writer in a study of the infrared spectrum of R Androm¬ 
edae, and by Keenan’s observation of the strengthening of the lines 
of LaO in the >S-t 3 q)e stars. 

The i? and N stars are characterized by strong bands of carbon, in 
which the C,* isotope appears to be important. The conventional 
grouping into B and N classes does not form a consistent temperature 
progression according to Morgan and Keenan. They suggest, among 
other criteria, the employment of atomic lines and the sodium 1) lines. 
In the same subclass the carbon bands vary in intensity in such a way 
as to imply variations in the abundance of carbon from star to star. 

of 
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In this connection we may recall McKellar’s observation that the 
Cia/Cis ratio is not the same in all stars. 

A host of special problems connected with the physics of extended 
atmospheres await solution. The question of the bright emission lines 
remains outstanding. This problem includes the mystery of the low- 
excitation lines of metals, which are possibly excited by special chemi¬ 
luminescent mech an isms.* Finally, there are the “symbiotic” objects 
which show an M-type spectrum plus a spectrum of very high excita/- 
tion.t See Chapter 4. 


8. The Origin of the Pulsations 

Although pulsating stars may yield important clues to the general 
problems of stellar structure, particularly to the structure of giant 
stars, they bring up this outstanding puzzle: How did the pulsations 
get started and what maintains them with so nearly a constant ampli¬ 
tude? Why do they not die out, or increase in amplitude until the 
star is torn asunder? Evidently a delicate balance must prevail, for 
there are stars of nearly the same dimensions and luminosities as 
Cepheids that do not pulsate. For example, Schwarzschild found that 
in the globular cluster Messier 3, the variables were confined to a small 
area on the Russell diagram. Stars of almost the same luminosity and 
color on either side did not pulsate! 

Probably a star adjusts its amplitude of oscillation until the dissi¬ 
pation of energy, which occurs possibly by interactions between different 
modes of vibration, precisely balances the power supplied by the driving 
mechanism of the pulsation. Many years ago Eddington pointed out 
that a temperature-sensitive energy source could provide mechanical 
energy for the pulsation. If energy production rose as the star con¬ 
tracted and the internal density and temperature increased, the rapid 
rise of gas pressure and temperature would cause the star to overshoot 
its equilibrium mark. The star might then simply oscillate between 


♦Near maamum. light, emiarion lines of Fe II and Si I become strong. Also 
infrared Oa II, X8498, X9642, and X8662 are bright in Mira near noaxinaum. As the 
star fades, Fe I X4202, X4308, and Mg I X4671 suceesavely appear, ^gthra, and 
fade away, X4571 remaining unjbil after minimum light. New minimum phase m 
late-type Me spectra there also sometimes appears [Fe II]. These hnes rmve not 
been olosorved in Mira, whore the spectrum of an early-type oompamon becomes 
oonfuBe«i with that of the long-period variable at minimum. . . , 

tSome long-period variables, e.g., Mira and R Aquaru, and certem uregulM 
variables, have high-temperature companions. The companion to Mura has aota^y 
been seen, the eidstence of the others is inferred from the combiMtion of a hi^- 
SaS spectrum showing, e.g., [Ne V] and [Fe VII] wiih the Af spectoum of a 
red variable. Those companions have been blamed for the bright l^drogm linM in 
the long-period variables, but the difficulty here is to understand why, if th^ 1^ 
are excited by an external source, they appear below the strata of the dark hne and 
TiO absorption. Also many long-period variables do not have observed high- 
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a state of too rapid energy generation and one of too low energy genera¬ 
tion. If the conditions of opacity, turbulent viscosity, etc,, were just 
right, oscillations could be maintained. To calculate the effect of a 
momentary temperature change upon the energy generation, we must* 
know the particular nuclear transformations involved. With a (iy<di(ial 
process such as the carbon cycle, it is incorrect to suppose that the 
energy generation varies with the temperature in the same way as for a 
family of static stars of the same instantaneous temperature and density. 

In attacking problems of stellar pulsation it is but natural that the 
most careful attention has been paid to objects that appear most 
reaffly interpretable, i.e., the Cepheids. The general picture of Cepheid 
variation appears established, but many refinements remain to be worked 
out. An outstanding problem is the difference between the Type I 
and T:pe II Cepheids. We would expect the latter to have masses 
only slightly in excess of that of the sun. The former might well bo 
very massive stars. The longer-period variables present a far greater 
complexity because the radiation that reaches us emerges from far 
separated strata in their atmospheres. 


Although actual pulsations can be demonstrated in the case of Mira 
and the irregular variable Betelgeuse by means of the interferometer, 
and we seem justified in adopting as a working hypothesis that irregular^ 
semi-regular, and long-period variables owe their fluctuations to pulsa¬ 
tions, the road to a satisfactory theory seems long and arduous. It is 
important to emphasize that most of the variable-star phenomena 
remain unexplained. We do not know the answer to the very first 
question: Why are some stars variables, while others are not? 

It would appear that the most rapid progress can be made only by 
cajefuUy placed observational programs. Lighircurves of many 
mtere^g objects have been obtained, but until these data arc supple- 

t i-xjI velocity, and radiometric observations, they 

are of httle real help For a selected group of long-period, semi-regular 
Md irregulM variables, simultaneous photometric, spectroscopic, spec- 
trophotometne, and radiometric observations should be made. Such 
ob^^ations have been ^ied out for Mira at different epochs, but since 

tive^^nT"® j ^ informal 

S ^ 

Spectrophotomelric measures would enable us to separate the effects 
are cScS’ spe®tra in so far as the light variations 
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CHAPTER 4 


Stars with Extended Envelopes, Novae, and 

SUPERNOVAB 


!• Introduction 

In preceding chapters we showed how the principal features of the 
dark-line spectra of stars such as the sun may be explained with a 
simple model atmosphere in which excitation and ionization may be 
rather accurately described by the Saha and Boltzmann equations. On 
the other hand, certain solar phenomena do not fit into this picture; 
we refer to the chromosphere with its helium lines and particularly 
to the corona whose bizarre emission lines of [Fe X], [Fe XIV], etc., 
require an excitation temperature of the order of 700,000®K. 

The idiosyncrasies of the familiar sun should prepare us for the 
seemingly anomalous behavior of other stars. Among the unusual 
objects to be considered here are those that show emission lines in their 
spectra. The Be stars combine the features of a conventional dark-line 
spectrum with bright lines that appear to originate in vastly extended 
atmospheres. If we could examine such a star from nearby in the light 
of one of its emission lines, e.g., Ha, we would probably perceive a 
fuzzy, ill-defined object. In the light of the nearby continuum, how¬ 
ever, the star would appear as an ordinary main-sequence B star. 

Except for the T Tauri variables (see Chapter 6), emission-line 
stars are found almost entirely among objects of high temperature—e.g., 
Be, P Cygni, and W or Wolf-Rayet stars—or among the coolest stars. In 
the hot stars the bright lines correspond to the same elements in roughly 
the same stage of excitation as appear in objects of the same tempera¬ 
ture that show dark-line spectra. Hence it is tempting to attribute 
them to a vastly extended envelope. In the cool stars the bright lines 
do not correspond to the strong lines in the absorption spectrum. 
We have mentioned the bright hydrogen lines in the spectra of the 
long-period variables, which require an excitation temperature much 
in excess of the black-body temperatures of these stars. Even more 
enigmatic are the ^'symbiotic'' variables which combine bright forbidden 
lines of high excitation, [Fe VII] or even [Fo X], with an absorption 
ilf-type spectrum. 

In some instances bright lines may arise in an extended envelope 
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from primarily atomic causes such as fluorescence. That is, because of 
excess energy in some particular frequency, a disproportionate share of 
atoms may concentrate in the upper level of the transition observed 
as a bright line. In other objects, e.g.. Be stars or novae, the atmosphere 
IS so much larger than the main body of the star that the emission in 
the envelope is not counterbalanced by the absorption that occurs in 
the region between the observer and the photosphere. 

Not all stars with extended envelopes show bright lin e s In this 
category fall certain shell stars whose characteristic spectral features 
are shallow, rotationally broadened lines upon which are superposed 
oc^onal sharp lines, which evidently arise from absorption in a 
different part of the atmosphere or in a detached shell. Normally 
however, such stars show Ha in amiaainn ’ 

FoUowing Struve and MerriU, we may classify the stars with ex- 
tended envelopes in the following groups: 

A. Stars with stationary shells 

1 . Shells which show primarily absorption lines, e.g., Pleione 

2. Normal Be stars; e.g., x Aquarii, k Draconis 

B. Stars with expanding shells (P Cygni type) 

1. Novae and SS Cygni variables 

2. Wolf-Rayet stars 

3. P Cygni stars 

a) PredomiMtely absorption spectra, e.g., 17 Leporis 

b) Both emission and absorption spectra, e.g., P Cygni 

c) Peculiar binaries; e.g., p Lyrae, 29 Canis Majoris 

C. Bright-line stars with absorption spectra of late-type 

1. g;e II], bright hydrogen lines, e.g., WY Geminorum M3ep 

2. High-excitation objects with bri^t He II, [0 III], [Ne III]- 
e.g., Z Andromedae, T Coronae Borealis, RW Hydrae* 
^ Aquarii, BF Cygni, AG Pegasi, UV Aurigae, Cl Cygni,’ 


fChai^^rttATT long-period variables 

A ^ ^ ^ G stars associated 

TOth extend^ areas of nebulosity. We shall discuss first the stars with 

P Vv^aS^w S? objects with seemingly expanding envelopes: 
P Cy^i, and Wolf-Rayet stars, the novae and SS Cygni variables- the 

suD^JX^ ^ w absorption; and finaUy the catastrophic 

emphasise that the above classification is based on the 
spectra of the stars and not on their mtrinsic luminosities or dimensions. 
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2 . Stars with Stationary Shells 

The existence of tenuous rings or shells around certain stars was 
inferred long ago from the appearance of hydrogen and other bright 
lines in their spectra. In some Be stars, e.g., f Tauri, the emission 
con^onent is observed only in the earlier members of the series. H5 
and the later lines appear only in absorption. Helium emission occurs 
rarely, but the metals, particularly Fe II, often show prominent emission 
lines with a superposed sharp absorption core. 




Pig. 1.—^Profile of a Hydrogen Line in a Be Star 

The rapidly rotating B star produces the broad shallow absorption line BB\ 
The portions of the shell that are neither occulted by the star nor in front of it 
produce the two components EE' of the emission line, while the sharp, deep absorp¬ 
tion line a is produced by the atoms in front of the star (indicated by the dotted area). 

Figure 1 shows a typical line profile. Upon a broad, shallow absorp¬ 
tion line is superposed a narrower emission line, whose center in turn is 
often crossed by a sharp, narrow line. The broad profiles of the under¬ 
lying absorptions of Mg II, He I, etc., led Struve to suggest that these 
lines originate in a rapidly spinning star.* A ring or shell surrounding 
the star produces the emission line, whereas the part of the shell between 
the photosphere and the observer gives the sharp central reversal. 
Since the shell rotates more slowly than the star, the emission line is 
narrower than the underlying stellar absorption. The narrow central 
absorption component is produced by atoms of the shell moving at 
right angles to the line of sight. The sharp metallic lines originate in 
the same layers as the sharp Balmer lines. 

♦The great strength of the hydrogen lines arises primarily from the Stark effect. 


144 


ASTROPHYSICS 


[Ch.4 


Some stars lose their emission almost entirely and show an abnormal 
sharp-line spectrum superposed on a 5-type diffuse-line spectrum. 
Pleione lost all of its emission. Later the emission reappeared, accom¬ 
panied for the first time by shell lines which strengthened from 1938 to 
1941. Since the ionization did not change, the sheU must have grown 
thicker. Thereafter, the level of ionization in the shell gradually fell. 

The state of ionization and e.Kcitation in the absorption shells is 
lower than in the reversing layer s of the same stars; e.g., the shells of 
me B stars, f Tauii, 4 , Persei, and 48 Librae correspond to Class A 
They tend to form around 53-55 stars. For a short time, y Cassiopeiae 
iBOn) had a shell of Type 51. The latest is 14 Comae, A5n, whose 
shell IS of Type 52. 


Many Be stars show definite spectral changes. The total emission 
hne intensity may change, and the relative intensities of the two omiaamn 
components may fluctuate (V/R variation). The latter variations 
^though not truly peri<^c, except for ^ Persei which seems to be a 
bmary, are usually cyclical over a period of a few years. What one 
component gains the other loses. McLaughlin showed that a qualitative 
picture of these spectral changes could be obtained if one supposed 
that the rotating shell alternately expanded and contracted. 

From a study of the spectra of stars such as f Tauri, <l> Persei 48 
Librae, e Capricomi, and 17 Leporis, Struve found that shell absorption 
hnes ^t anse from ordinary atomic levels—from which the atom can 
cascade to a lower level in a permitted transition—are systematically 
weaker than hnes which arise from metastable levels. The He I lines 
^^26, and X4009 are usually broad and diffuse, while 
X3965 IS u^lly sharp and narrow. The broad helium lines originate 
in the rapidly turning photosphere, X3965 (which arises from the 2‘5 
level) inust be produced in the shell. Similarly, stars that show broad 
^rong Mg II X4481 m their photospheric spectra often show strong 
Fe II shell hues but no absorption X4481 in their shells. The important 
fact IS that the lower levels of the weakened Si II and Mg II lines are 
connected to the ground level by strong transitions, whereas the rela¬ 
tive y strong sharp lines of Fe II, Ti II, etc., arise from metastable 
levels. In these envelopes the normal levels are depleted as compared 
wi^ the metastable levels. An atom which gets to a metastable level 
wiU usually remain there until it can absorb a quantum of energy 
whereas an atom that enters a normal level will usually cascade to a 
lower one before it has had a chance to absorb a quantum 

ColMonal effects will not modify this picture greatly smce in these 
attenuated envelopes, radiative rather than collisional processes deter- 
i^e the populations of the levels associated with the observed spectral 
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The atoms in an extended envelope are subject to “dilute^^ radiation 
which is often not Planckian in distribution. We define the dihUion 
factor as follows: 

_ energy density of radiation at point in question ... 

ly = “—-- 

energy density at equilibrium with temperature T 


or, in terms of intensity, 


_ J v) &> 
47rB,(T) 


( 2 ) 


Here I,{6, <p) is the true intensity of the radiation at the point in question. 
Br(T) is the intensity of the radiation in an enclosure at some tempera¬ 
ture T. Although the frequency distribution of the radiation in the shell 
may correspond to the temperature T, the intensity would be WB,. 

Consider, for example, a detached ^eU of radius r surrounding a 
star of radius B. The geometrical dilution factor will be the fraction 
of the sky filled by the star, viz.: 


For example, in f Aurigae for which r = 1.2i?, IFo = 0.22. In general 
the true dilution of the radiation in an extended envelope wiU differ 
fr om Tfo- The intensity distribution will be modified by absorption 
and by fluorescence processes in the gas. 

To solve for the population of the excited levels, we write down the 
equations of statistical equilibrium, which state that the number of 
atoms entering a given level n per unit volume and time equals the 
number leaving it. We suppose that there are Nn atoms in the nth 
level and denote the number of transitions from level n to n' per atom 
per second by a„n<. We define 

Om = ”(o*l + ®na + • • ■ "I" ®n.n-l + On.n+l + ) (4) 

The condition for a steady state for each level n is: 

NiOu + IV'jOan -!-••’= Nnio>nX + <*.2 + ‘ ‘ == “-ATnO.. (5) 

We obtain the system of linear equations: 

x: Nrarn = 0 n = 1, 2, 3, • • • (6) 

r 

A nontrivial solution requires that the determinant of the coefficients 
vanish. 
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(7) 


That is, the relative populations are proportional to the minors of tho 
determinant C, viz.: 


N, = Co 


®22 

032 



On 

®31 


^28 

Oas 

• • • 

II 

^13 

®33 

. . . 


( 8 ) 


obtained by striking out the ith row and ith column of C. C,, is a 
constant of proportionality. 

The ej^licit expressions for the o’s will depend on the physical 
processes involved. A completely general treatment would take into 
account coUisional as well as radiative processes. In many applications 
this refinement is not necessary because the densities in the shells are 
so low that collisions have a relatively small influence on the comparative 
population of hi^ metastable and normal levels. For low-lying levels 
however, it is often necessary to take the coUisional processes into 
account. For radiative processes, 

+ B^^.WB, (9) 

(cf. See. 11 of Ch. *5*). 

It is legitimate to ne^ect the stimulated emissions, and for most 
(16TTcr*^vS* approximation to the Planck law [ccpi. 


B,(T) = 

c 

We shall also need the relations [eqns. (63) and (64) of Ch. *5]: 

QnBnn' = 


( 10 ) 


MjL A _ p 
n . -" 2 - 


this volmne by * before the chapter numbw. ’ designated in 
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simplicity we shall assume the statistical weights of all levels to be the 
same. The equations of statistical equilibrium for levels (2) and (3) 
are, respectively: 

N 2 iA 2 i + jBajJja) = N1B12I12 + N2A22 ( 12 ) 

■4’ 4- iV^aBaS'fas (13) 

Now I, = WB,(,T). 

From eqns. (10) and (11) we find 

BiJu = A,iTTe (14) 


If we eliminate JV* from eqns. (12) and (13), we find 


El 

Nr 


hvax 


4 * " 7 ^ (-^81 + -^ 82 ) 
_ ^32 _ 

. -Asa 


(15) 


Notice that for Tf = 1 (thermodynamic equilibrium) the brackete 
approach 1 and the Boltzmann formula is recovered. If the level is 
metastable, Aji —♦ 0, and the population again follows the Boltanann 
law. For a permitted level the A’s are of the same order of magnitude, 
and to a fair degree of approximation 


^ ( 16 ) 

Nr 

i.e., the population is cut down by a factor of W compared with what it 
would have been in thermal equilibrium. Thus, we may understand 
the weakening of the Mg II X4481 line where the lower level connects 
directly with the ground level via a strong transition, while the Fe II 
lines, whose lower levels are metastable, remain strong. 

Helium provides a fascinating application of some of these considera¬ 
tions. As noted, there are two metastable levels, 2^8 and 2®S. (See 
Fig. 4 of Ch. *2.) In the region of the spectrum normally studi^ we 
observe singlet transitions arising from 2‘P and 2‘5, and transitions 
from 2®/S (X3889, etc.) and 2®P (X4471, 6875, 4026, etc.).* Struve and 
Wurm foimd: (1) In the cooler stars, X3966 (2®S — 4®P) is the first 
line to appear in the shell. (2) When the number of atoms is large, the 
(2®P — n®i)) triplet lines appear in the shell, but X3965 is stronger 
t.Vin.T' X4026. (3) In some shells where the excitation is high, the 

2*P - n^D lines appear weakly in absorption. (4) When the shell 
excitation is very high, the triplet lines become strong and X4026 is 

*X3888 is usually stronger than X3965 unless obscured by Hf. The Yerkes 
plates did not cover the near-ultraviolet. 
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stronger than X3965. Although, as in P Cygni, the I) lines 

remain weaker than triplets, the diflference is smaller than in shells of 
lower excitation. 

To discuss these observations, Struve and Wurm used a (i-state 
atom, which comprised I'S, 2^5, 2'P, 2^8, 2®P, and the ioiiissod state. 

P. Wellmann has given a refined treatment of the problem in which 
he included the levels w = 3 and allows approximately for the (‘contri¬ 
butions of the higher levels. The populations of the excnUul levels 
depend not only on the dilution factor W but also on the t(nnpcrat.uros 
of the gas T„ and of the illuminating star P,. Table L gives i)he popu- 


TABLE 1 


Tenn 

W » 1 

W = 0.1 

W - 0.01 

2^S 

100 

100 

100 

2»P 

150 

22 

2 

2«S 

763 

6350 

12,800 

2‘P 

608 

710 
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lations of the 2^P, 2®/S, and 2*P levels in terms of that of metastable 
2^8 level as 100, for T. ^ 10,000°K. Notice the striking concen¬ 

tration of atoms in the metastable levels and also the preponderance 
of the number in triplet states over the number in singlet states. The 
population of the 2®>S state increases with respect to that of the 
state as the radiation becomes more dilute. This effect arises beesause 
an atom in 2^^^ level can reach 2^P by the absorption of an appropriate 
quantum. From the 2^P level it returns at once to the ground level. 
The 2*5 can be depopulated only by transitions involving the continuum, 
wherein the electron escapes from the atom and is subseciucntly re¬ 
captured in a singlet level. The normal 2^P term shows a steady 
population decrease as W decreases in accordance with our expeettations. 
Surprisingly enough, the 2*P level remains fairly well populated even 
at appreciable dilutions. Once an atom arrives in this level, it inuy 
escape only by a spontaneous transition to 2*5, but tlio probability o{ 
such a transition is relatively smaU. Hence atoms tend to in 

2 P at the expense of the higher triplet levels. 

In the hotter stars the triplets (2*P - n*i)) are redu(‘ed ev(ui hm 
than indicated in the table above, and they remain stronger than 
even the favored (2^5 - n'D) singlets. 

Leo Goldberg carried out refined calculations for the helium lines in 
a gaseous nebula, where the radiation field is much more attenuated 
than m a steUar envelope. Although he fonnally investigated an 
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1 Loliiim atom, his theory was developed in such a form as to 
allow for the infinite number of discrete levels. His theory predicted a 
great weakening of the singlet lines with respect to the triplets. In 
fact, the predicted intensities are of the order of ten times smaller than 
those observed. Possibly the explanation for this discrepancy lies in 
the fact that the singlet levels can be populated by direct transitions 
from the ground level. If the exciting star is rich in resonance radiation, 
or if sufficient resonance quanta are created in the nebula by photo¬ 
ionization and recombination (Zanstra mechanism, Ch. 5), the effective 
W for the lines will exceed the geometrical Wo. Then there will be 
more atoms in the permitted levels than we anticipated, and the cal¬ 
culated radius of the shell will be too small. 

A clue to the extent of the envelope of an emission B star may be 
found from the eclipsing variable W Cephei which consists of an M 
supergiant with a B companion. The time required for the disappear¬ 
ance and reappearance of the hydrogen emission lines suggests the 
of the emitting shell. Goedicke estimated the HjS shell 
to be as large as the supergiant Antares and the H 7 shell to be half as 
large. The B star itself has about one-fifteenth the diameter of its 
shell. 

Detailed examinations of spectrograms give additional information 
on the physical conditions in extended shells. For example, in f Tauri, 
the Si II lines are appreciably broadened, and even the Fe II lines are 
not as sharp as He IX3965 or Ni IX4067. A stratification of the radiat¬ 
ing atoms is suggested. The broad hydrogen and helium lines are 
produced in the reversing layer of the star; Si II, and sometimes Mg II, 
occurs in the inner shell; Fe II lies yet higher; and the sharp H, Ni II, 
and He I X3965 lines originate in the highest levels. The fact tlmt the 
emission line widths are not the same for all elements is also an indica- 
catioii of stratificiation. The lower level of ionization and excitation in 
the shells is easily understood. The photo-ionization rate for atoms in 
a thin shell exposed to the dilute temperature radiation of a star of 
temperature Ti will resemble that appropriate to an enclosure at a 
temperature T, cut down by the factor W. The re^ptures will depend 
on the electron temperature and density. In thick shells, however, 
much of the incident continuous radiation is absorbed and re-emitted. 
In particular, the hydrogen in the shell absorbs all energy beyond the 
Lyman limit. Hence the level of ionization is cut down below what it 
would be for a thin shell. In the region of the resonance lines of Mg II 
and Si II, however, the shells of such stars as 48 Librae are transparent. 
Hence the excitation of the lower level of X4481 is determined by direct 
radiation from the star rather than by re-emission in the envelope. 

From an analysis of the ecj[iiivalcnt widths of the emission and shel 
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absorption lines in y Cassiopeiae, P. Wellmann has shown that the Une 
intensities can be interpreted only in terms of a dilute temperature 
relation field. Because of the large radial velocity difference between 
(Merent parts of the shell, little self-reversal occurs. The absorption 
fines tend to be formed closer to the surface of the star than does the 
emission which sets in at some distance from the surface and can be re¬ 
garded as occurring in a separate ring or shfti ] 

G. R. and E. M. Burbridge have estimated the physical character 
and dmensions of the emitting regions of the outer atmospheres of 
some Be ^rs from the equivalent widths and profiles of the Rnlmftr 
emission lines. They suggest that the difference between the Balm fir 
absorption-line profiles in these stars and in normal B stars of the same 
luminosity ^ses priiharny from electron scattering plus differential 
rotational distortion produced in the outer envelope of the Be star. 

3. Stars with Expanding Shells 

In adifition to the Be stars where the shell and stellar lines give the 
same radial velocity, there exists a class of objects in which the absorp¬ 
tion fines give velocities of approach and the emission lines are widened 
about the normal position with the violet edge cut off by absorption, 
ihis second group mcludes such objects as P Cygni, the Wolf-Rayet 
rtars, and the novae. The formation of a line profile in a nova is illus¬ 
trated m Fig. 2. Atoms in the cross-hatched area a produce an ab- 



Fig. 2.-INTB-BPBI1TATION OF A LlNB PaOFIM ProDTJCHD BT AN EXPANDING ShBLL 

unon produces a broadened emission Une 

Une absorption component due to the atoms in the 

line of sight (m the cross-hatched area a) between the star and the observer 
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sorption line displaced to the violet edge of the emission line which 
arises from the parts of the shell 5, c, and d. Since the receding atoms 
at 6 are occulted, the profile tends to be truncated on the red side. 
The emission profile shows a relatively steep slope on the violet side. 

The relative prominence of the emission and absorption features in 
P Cygni-type spectra varies from star to star. In P Cygni itself, 
emission and absorption are both strong. The reversing layer of the 
star is concealed beneath the thick envelope. Several lines of evidence 
indicate marked stratification effects. Atoms with such widely different 
ionization potentials as Si I (16 ev) and He II (54.2 ev) are observed 
in the same spectrum. Among the lines of an element like silicon, 
which exists in several stages of ionization, the intensity of the emission 
component is greater the lower the level of ionization (see Table 2). 
Evidently the atoms of lower ionization potential are found in larger 
shells than those of high ionization potential. Likewise, as Table 2 
also illustrates, the velocity of the absorption component increases with 
decreasing ionization potential. A part of this effect may be due to an 
acceleration of the outward-going atoms and part to the influence of 
the emission-line profile. 

TABLE 2 


Intbnsitiejs and VuLOcrriBs or Lines Obsbevbd in P Cygni* 


Atom 

I.P. 

Mean 

Mean 

V(abs) 

I(em) 

r(abs) 

Si II 

16.3 

65 

5 

-289 

Oil 

24.3 

7 

4 

-164 

Nil 

29.5 

18 

20 

-92 

Si III 

33.3 

9 

27 

-80 

Si IV 

45.0 

- 

19 

-33 

cm 

47.7 

1 

1 

-28 


♦After C, S. Beals, 84, 169, 1940. 


The Wolf-Rayet stars and novae exhibit some of the P Cygni char¬ 
acteristics on an exaggerated scale. 

In some P Cygni stars, such as HD 190,073 or BD + 47® 3487, the 
broad hydrogen lines of normal main-sequence objects may be recog¬ 
nized beneath the expanding shell. In other instances, as 17 Leporis, 
the lines occasionally double; a lower stratum of the shell appears to 
be actually stable. Other expanding shells seem to be associated with 
supergiants, e.g., a Cygni and Orionis show P Cygni-type Ha lines. 
Beals has pointed out that a few stars combine the characteristics of 
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both Se and P Cygni stars, e.g., HD 108, HD 190,073, 17 Leporis, 
29 Cams Majoris, and 9 Sagittae. Struve identifies three layers in a 
t^ical shell star: ( 1 ) a fixed main-sequence reversing layer, ( 2 ) an inner 
^dl wMch remams stationary, and (3) an outer shell which produces 
r Cygm-type profiles. These three layers grade continuously into one 
another. In some stars such as HD 49,610, all three layers are observed, 
but m others only two are found. In 1946 the shell of Pleione appeared 
to consist of an inner portion rotating with a velocity of 140 km/sec 
contracting with a velocity of 12 km/sec. Miss 
UnderhiU found the density to be about 0.001 that of the solar atmos- 
phere but because of its large optical thickness the shell was close to 
thermal equilibrium at SOGO^K. 


4. The Problem of Shell Fonnatioa 

A shell may change from one type to another. For example, a thin 
Be shell n^y tkcken and produce strong absorption lines, e.g., y Cassio- 
peiae and Pleione. Normal B stars develop shells and become Be 
stars and ^ce versa. Alno peculiar Be stars have been observed to 
develop P Cygm shells and vice versa. The P Cygni lines of supergiants 
may disappear or show marked intensity and structural fluctuations. 

ow do shells come into being and how are they maintained? 
Why do the V/R ratios and other parameters show periodic or irregular 
variations; why do some shells expand whereas others do not, and why 
0 some stars produce shells while closely similar objects do not? 

The fact ^t all Be stars have large rotational velocities (of the 
order of 2M km/sec) su^sts that rotation assists in shell formation. 
The centnfu^ acceleration at the equator of a B star of ten solar radii 
and rotational speed of 250 km/sec amounts to 10 ® cm/sec® as compared 
with a ^avitational acceleration of 10 ®- 10 * cm/sec®. 

The influence of radiation pressure has been considered by Gerasi- 
movic, Ambarzumian, Chandrasekhar, Struve, Menzel, and others. As 
m a gaseous nebula, Lyman quanta would tend to be degraded into 

vTT n be buUt up toward its equilibrium 

value. Under these circumstances the selective Lyman « radiation 

Prf®ure may b^ome so great as to produce a differential expansion-the 
outer paite of the diell would be pushed outward while in the central 
portions the net force exerted by the Lyman a quanta would tend to 
zero. Chandrasekhar suggests that the division of the shell into effec¬ 
tively th^ layers may be accounted for in this manner. Also, since 

expansion, slight 

chanps in the latter may effect the shell profoundly. In a rapidly 
ro a mg s e e pressure due to Lyman a would become unimportant. 
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and electron scattering and continuous absorption would become 
significant. S. Miyamoto has treated this problem for the P Cygni stars. 

The blackness of the centers of the absorption lines indicates that 
the shells hide the photospheres completely. It is not clear, however, 
why the stationary and expanding shells should differ so markedly from 
star to star. Whenever the optical thickness of the whole shell (sta¬ 
tionary plus expanding portion) is small, there appears to be Uttle 
expansion. We observe the fixed shell and the underlying spectrum of 
the rotating star. When the optical thickness of the shell is large, it 
often may expand (P Cygni) or remain stationary with perhaps small 
pulsations (a Cygni). 

Although rotation may trigger the ejection of shells in B sters, it 
does not appear to be involved in the mechanics of the P Cygni stars. 
Whereas the Be stars are main-sequence objects, the brighter P Cygni 
stars, such as the prototype itself, have high luminosities. This charac¬ 
teristic may favor the ejection process. 

Shells are often associated with close spectroscopic binaries, e.g., 
j5 Lyrae, 29 Canis Majoris, and RY Scuti, where possibly the combined 
effects of the gravitational fields of the two stars plus radiation pressure 
conspire to facilitate the formation of shells. 

Sometimes, as in SX Cassiopeiae, the emission lines, although 
variable in intensity, remain visible throughout the entire cycle, whereas 
in stars like RW Tauri the lines are visible only at minimum. 

The velocity of the ring or shell varies inversely as the cube root of 
the binary period, which is shorter for the earlier spectral classes and 
the more massive stars. Struve estimates the masses of these rings 
to be about 10"* times that of the star and suggests that they are 
formed by prominence action, only to dissipate and subsequently 
reappear. He calls attention to the peculiar circumstances that the 
level of ionization in the shell of the Be star (7’ = 20,000 K) is closely 
comparable with that in the envelope of a binary the temperature of 
whose components is 10,000°:^. We would expect a much lower 
ionization level in the latter object. 

6. Fluorescence Effects in Extended Envelopes 

So far we have been primarily (soncerued with the effects of a geo¬ 
metrical dilution of the radiation. From a study of line intensities in 
P Cygni, Struve and Swings found that the usual effects of geometrical 
dilution cannot explain the observed intensity anomalies. In this and 
other stars, the emission lines show a peculiar selectivity. ^ 

The usual permitted lines may appear with anomalous intensities; 
one multiplet may be in absorption while another multiplet of the same 
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ion appears in emission. Such intensity anomalies arc hcliovcd to be 
due to fluorescence, not unlike the type noted by Bowen for the planetary 
nebulae. 

As an example in point we shall mention the peculiar 0 star 0 Sagittae, 
which was studied by Plaskett and more recently by Struve and Swinga 
and by J. B. Oke. Apparently, the star has a shell which gives rise to 
both emission and absorption lines. Ha has a P Cygui-type of profile, 
and Balmer lines in absorption may be followed up to 1124. The 
Inglis-Teller formula gives log N, = 12.90. The He II Picjkcring serioH 
is also observed in absorption. The He II X4686 lino seems to consist 
of a strong absolution line upon which is superposed a strong emission 
produced in flie shell. On the other hand, X3203 appears in absorption 
with no trace of emission. Bowen explained this behavior as follows: 
The Lyman a hydrogen line coincides in frequency with the second Bal¬ 
mer line of He II (see Big. 3). Hence He II ions can be raised to the 



Pig. 3.— Fluoebscbncb in He II and N III 
Left: The hydrogen Lyman a line excites H/5 of He II ThMA TTa tt 

feature. ^ ^ ^ remains a predominantly absorption 

3p»P tJLVJ^^retfon^f N III 

and X4641 more often th.Ti w tx. oasc^e with the emission of X4634 

A4D4i more often than by the successive absorption of X452 and X4097 or X4m 
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n = 4 level from n = 2 by the absorption of this X912 line. From the 
n = 4 level the atom can return to n = 3, with the emission, of a quantum 
of X4686. Hence the X4686 line will tend to be filled in with emission. 
Since X3203 has no such source of energy, it will appear only as a strong 
absorption line in the spectrum. 

N III also shows a selective fluorescence. All the lines of this ion 
which appear in absorption evidently originate in the atmosphere of 
the star itself, except for X4634 and X4641 which appear in emission. 

In pure absorption 0 stars, X4097 and X4103 are stronger than X4634 
and even the high-level transition X4379 (4/*F — 5^*0*) is nearly as 
strong as X4634. Apparently, 3d*D is excited predominantly by the 
resonance X374 transition. More atoms cascade to *P and emit X4634 
and X4641 t.hH.n rise from ®P to with the absorption of these same 
lines. On the other hand, the excitation of Zs’S by X452 is sufificiently 
vigorous to maint ain a large enough population for the — *P ab¬ 
sorptions to prevail over emission. The dilution factor in the shell is 
about 0.1 and the - *P — *8 cycle is favored over the reverse 
sequence. The energy distribution of the radiation to which the atom 
is exposed corresponds to the stellar temperature, which is high, while 
the energy density is appropriate to a much lower temperature. Under 
these circumstances the atom tends to absorb the high-frequency 
quantum first and emit successive quanta of lower frequency by cascade 
rather than vice versa. (See Problem 3.) Recombination may also 
play a role in some objects, although it can be exclud^ for 9 Sagittae 
because transitions higher than Zd^D appear in absorption. 

One further difficulty arises. If the N III absorption lines are 
strong in the underlying star, radiation in X374.20 and X374.44 ought 
to be somewhat depleted. The gases in the shell are in motion relative 
to the reversing layer. Because of the Doppler effect, the atoms in the 
shell may absorb energy from the nearby continuum rather than from 

the center of the line. . , o j 

Further illustrations of fluorescent effects are given by Struve and 
Swings, who have considered the excitation of the bri^t lines of He I, 
C III, N II, N III, N IV, Si III, and Fe II in hot stars. The effects 
are complicated by cyclical processes and Doppler shifts in an eipanding 
extended envelope. Even if the incident photospheric radiation were 
Planckian, subsequent radiative transformations in the shell would 
produce marked changes. 

The fluorescent mechanism will become important when the mean 
interval of time between two collisions is greater than the average 
lifetime of the atom in the levels considered. For example, if the life¬ 
time of a level is 10"" sec, but collisions excite the atom to it only once 
every 10"* sec, fluorescent effects can become important. The maximum 
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electron density in jBe or P Cygni shells, as inferred from the Inglis- 
Teller formula, is electrons/cm®. At T = 25,000®K, an 

electron density of 10^® would be required in order that the interval 
between collisional excitations to the upper level be less than 10“^ sec. 
Therefore, at the densities prevailing in the shell stars, fluorescent 
effects are to be expected. 

The transfer of radiation in the outer envelopes of an extended 
atmosphere, where the curvature of the layers must be taken into 
account, has been discussed by Kosirev and also by Chandrasekhar, 
who derived a general method for the solution of the transfer ecpiation 
when the product kp depends only on the radius r. One often assumes 
kp proportional to r'‘*(n >1). If the source of opacity is electron 
scattering, k will be constant and the density p may be expected to 
vary as for an atmosphere expanding with a constant velocity. 
With the aid of tables given by Chandrasekhar, one can evaluate the 
appropriate integrals and solve for the intensity distribution in the 
continuum. 

The mathematical problem of absorption-line formation in an 
expanding atmosphere is one of extreme complexity. In an envelope in 
large-scale motion, radiation scattered in different directions will have 
different frequencies because of the Doppler effect, the volumes of the 
transparent radiating gases are large, and the effects of temperature 
are important. Since the envelope is exposed to dilute temperature 
radiation, fluorescent processes are more important than in normal 
atmospheres. 

6. The Wolf-Rayet Stars 

Among the least understood of all the objects in the heavens are the 
rare WoU-Rayet stars, whose spectacular spectra are characterized by 
broad emission lines of atomic origin, sometimes 60-100A wide, some¬ 
times with absorption components on their violet edges. 

R. E. Wilson's proper motion studies indicate these stars have a 
mean absolute magnitude of about -3.4. Hence they are (iomparable 
with normal 0 stars of the same temperature. The strong interstellar 
lines in their spectra show that they lie at a considerable distance. 
The upper limit to the luminosities of the Wolf-Rayet stars is obtained 
from the Magellanic Clouds, but the best data are those obtained by 
Miss Roman for the group in Cygnus. 

Our most extensive information on the Wolf-Rayet stars (^omes from 
the ecUpsing binary HD 193576 {BD -|-38° 4010 or V444 Cygni), 
which Clin Wilson first noted as a spectroscopic binary and which S. 
Gaposchkin found to be an eclipsing system. A Wolf-Rayet star of 
about 12 solar masses is attended by a brighter 06 companion which 
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has a diameter 10 times and a mass 28 times that of the sun. This 
binary belongs to the well-known cluster of early-type stars in Cygnus 
which lies at a distance of the order of 1000 parsecs. From the inten¬ 
sities of the interstellar lines and the color excesses of nearby stars, the 
distance appears to be about 1200 parsecs. The visual absolute mag¬ 
nitudes would be —3.08 and —4.83 for the Wolf-Rayet and 0 com¬ 
ponents, respectively. 

Although the spectroscopic observations showed the stars to move 
in nearly circular orbits, the precise light-curve obtained by G. E. 
Kron and Mrs. Katherine Gordon Kron revealed that the primary 
minimum (when the Wolf-Rayet star was in front) was more than 
twice as wide as the secondary minimum. This means that the effective 
diameter of the Wolf-Rayet star when it blocks the light is greater than 
when it itself is eclipsed. These facts suggest that the Wolf-Rayet 
component has an extended semi-transparent envelope which dims the 
light of the 0 star at primary minimum, although its own luminosity 
is so low that when the 0 star passes before it, no light loss occurs. 
Z. Kopal and Mrs. M. Shapley, on the basis of an analysis of the light- 
(‘urve near the primary minimum, suggested that the opacity in the 
extended envelope arose almost entirely from electron scattering. At 
heights where extinction just begins to be noticeable, the electron 
density is about 10'* electrons/cm®, whereas at the lowest levels it is 
estimated to be 2 X 10'* electrons/cm®. It is of interest that the 
electron density inferred from purely spectroscopic data appears to 
be 10"-10'* clectrons/cm®.* 

More recently, the Krons have measured the light-curve at X7200 
to supplement their earlier determinations for X4500. The solution 
indicates that the Wolf-Rayet component consists of a small opaque 
core of about two solar radii with an effective temperature of 80,000®K. 
This is surrounded by a luminous, semi-transparent envelope of about 
seven solar diameters whose brightness depends on the wave length. 
Finally, the observations suggest a detached shell of about 16 solar 
radii in which the opacity is produced by electron scattering. 

Photometric measures of the asymmetrical emission lines in the 
Wolf-Rayet spectrum by Wilson and by Beals showed that the profiles 
varied with phase, possibly because of the tidal attraction of the 0 

*Tho electron density of the shell tiiat produces the observed lines can be esti¬ 
mated from the intensities of the emission lines if we know the distance and size 
of th<^ star. lTnd<^r the a.ssumption that most of the electrons are supplied by helium, 
one may employ the int.ensity of X4686 to estimate NiN^ in much the same way as 
t.h(j eUM'.t.ron (hmsity of a phinet^iry nebula can bo estimatiod from the intensity of 
n^. In this way iin oh^ctron density of electinns/cm® was found for the 

layers responsibh^ for tlie emission lines in fiD -h 38® 4010. If the densities were 
much lower tluin this value, the [0 III] linos should be observed. 
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star upon the vastly extended atmosphere, where the radiations are 
believed to originate. Wilson’s spectrophotometry of the X4680 He II 
line indicated that there was little, if any, eclipse of this radiation. 
The Kron model suggests that the emission lines might originate in 
the envelope around the inner core, in which event eclipse effects should 
be observed. If, however, the X4686 radiation is asymmetrically dis¬ 
tributed, interpretation of the results is complicated. 

The broad Wolf-Rayet emission lines recall those observed in novae 
shortly after maximum (Fig. 4). Hydrogen and helium, carbon, 
nitrogen, oxygen, and silicon in various stages of ionization are repre¬ 
sented in their spectra. The hydrogen lines are usually weak and 
blended with He II. Spectroscopically, the stars tend to fall in t\YO 
groups; one of which is characterized by lines of helium, carbon, and 
oxygen in various ionization stages, whereas the other contains pre¬ 
dominantly helium, some nitrogen, a small amount of carbon, and no 
trace of any oxygen. In addition to the letter W to denote all Wolf- 
Eayet stars, C and N are affixed to distinguish stars of the carbon and 
nitrogen sequences. Finally a number based on the line ratios, X5411 
(He II)/X5875(He I) denotes the level of ionization (temperature). 
Thus, designations such as WC6, 7, 8, or WN5, 6, 7, 9 are employed. 

The simultaneous appearance of He I (I.P. == 24ev) and N V (97ev) 
in the same spectrum suggests that radiation reaches us from many 
different layers. Marked differences occur in the widths of lines of 
ions of different ionization potential in the sense that the lines of lowest 
excitation show the largest breadth. If the widths of the lines arise 
from the Doppler effect in an expanding shell, as Beals and Menzol 
suggested, this would mean that the ions of highest ionization potential 
(which show the narrowest lines) have the smallest outward velocities 
and are supposedly fovmd in the lowest layers. Correspondingly, the 
ions of lower ionization potential are in the upper stratum. Presumably 
they suffer an acceleration as they move outward. The radiation seems 
to come from a stratified atmosphere whose transparency is rather 
high. The photospheres of these stars are concealed; indeed, we cannot 
be sure they even possess photospheres in the ordinary understanding 
of the term. 

The “temperature” of a Wolf-Rayet star depends on how it is 
defined, since few objects show greater deviations from thermal equi¬ 
librium. 

Color temperatures have been measured by Gerasimovic (1929) and 
recently by W. Petrie, who found the interstellar reddening so patchy 
as to make a determination of the true color temperature imposKihle. 
Kosirev has shown that the color temperature of a star with an extended 
envelope is lower than its effective temperature. 
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Effective temperatures could be estimated if the actual sizes of the 
Wolf-Eayet components of eclipsing binaries were known. The value 
of 13,000®K derived by Gaposchkin for V444 Cygni is probably much 
too low. 

The excitation temperatures are derived from the relative numbers 
of atoms in different energy levels with the aid of the Boltzmaim formula. 
If self-reversal is negligible, the populations of two levels of excitation 
potential Xr and x. may be estimated from the relative intensities of 
lines arising from these levels. Since 

Jl oc NrArr'hVrr' Ond I 2 a N,A„.h>„. (17) 

we have 


log 
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log 
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For each line the Einstein coefficient A may be estimated from atomic 
theory. 

The results obtained are what mi^t be expected for a stratified 
atmosphere. The more highly ionized atoms give the higher tempera¬ 
tures, the ions of low ionization potential give the lowest temperatures. 
Strictly, we cannot speak of the “temperature” of such a star; we have 
to refer to a particular layer, or stage of ionization. It is important to 
clearly understand what is meant by “excitation” temperature. We 
compare the relative' populations of two levels. From this ratio a 
temperature is found by means of the Boltzmann formula which is used 
as an interpolation device. This temperature has only a formal signifi¬ 
cance that is concerned with the distribution of atoms among the higher 
levels. It is probably correlated with the electron temperature at the 
layer where the lines are formed. In some respects we are entitled to 
regard it as a sort of local temperature appropriate to the stratum in 
question. The high-level lines of N III, for example, give the tempera¬ 
ture appropriate to the level where much of the nitrogen exists as 
N IV, and the N III lines largely arise from recombination. 

R. N. Thomas has concluded, however, that a homogeneous atmos¬ 
phere in which the electron temperature exceeds the radiation temperar- 
ture may explain the observations just as well as a stratified model. 
He suggests that the atmosphere is supported by anisotropic, macro¬ 
scopic motions eciual to those inferred from the emission-band width. 
The ionization increases outward in at least the lower part of the 
atmosphere. Wcenon also suggested a homogeneous, unstratified 
atmosphere. 
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Beals assumed that the envelope of a Wolf-Rayet star could be re¬ 
garded as a small planetary nebula, so that the Zanstra theory of nebular 
luminosity could be applied. In this theory it is postulated that all the 
emission lines arise exclusively from recombination followed by cascade 
to lower levels. 

The physical significance of temperatures derived in this way is not 
clear. The He I absorption lines give very little evidence of dilution 
of radiation. If the envelopes are much larger than the central stars, 
this observation suggests that the upper levels are excited by strong-line 
radiation from the lower layers. Furthermore, the stronger emission 
lines show evidence of self-reversal, which indicates that the upper 
levels are, to some extent at least, excited by line radiation, and not 
exclusively by recombination. Therefore, an application of the Zanstra 
method is open to serious question. 

The splitting of the spectral sequence into a carbon and nitrogen 
branch suggests differences of chemical composition. The stratification 
of the atmosphere, as well as our ignorance of the mode of excitation 
of the line spectrum, makes the estimation of the relative abundances 
of the elements difidcult. Different atoms behave in different ways 
with depth in the star. The emission-line intensities of 0 III, for 
®xample, give an estimate of the number of 0 IV ions multiplied by 
the electron density in the layer relevant to the production of 0 III 
lines. Similarly, the 0 V line intensities are proportionate to N{0 Y1)N, 
in the presumably much deeper layers responsible for the 0 V lines. 
It is easier to compare carbon and oxygen, which can exist in several 
stages of ionization, than to compare oxygen and helium, since baliiiTvi 
appears mostly as He II. In the stars of the carbon sequence we find 
that the observed features of the spectrum can be explained with a 
helium/oxygen ratio of about 50, and a carbon/oxygen ratio of about 3. 
The spectra of the stars of the nitrogen sequence are consistent with a 
nitrogen abundance of about one-twentieth that of helium, whereas 
carbon may be 0.05 to 0.1 as prevalent as nitrogen. At best these 
results can be regarded as little better than order-of-magnitude estimates. 
The Wolf-Rayet star HD 45166 shows lines of both carbon and nitrogen 
with comparable strength, as though, an atmosphere of the sa-ma com¬ 
position as r Scorpii or 10 Lacertae were excited to emit the Wolf-Rayet- 
type of spectrum. Spectra of this intermediate type are present among 
the nuclei of planetary nebulae. 

Bidelman’s hydrogen deficient star HD 160641 shows strong lines 
of carbon, nitrogen, and helium. A comparison of the composition of 
its atmosphere with that of the Wolf-Rayet stars (cf. page 84) shows the 
C/N ratio to more closely resemble that found in “normal” stars. 

Although the hypothesis of an expanding shell has been invoked to 
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explain the great widths of the lines in the Wolf-Rayet stars, it encoun¬ 
ters some important difficulties. In his study of the eclipsing binary 
V444 Cygni, Olin Wilson pointed out that if the expanding shell is 
large, the ejected layers whose velocities are measured spectroscopically 
should be left behind in the orbit as the star moves. Hence there 
should exist a phase shift between the eclipses predicted from the 
spectroscopic orbit and those actually observed. Such a phase difference 
must be small; hence the envelope cannot be large. In the latter event 
a pronounced violet shift and asymmetry of emission lines should be 
observed, but these effects are not found either! Perhaps the great 
widths of the emission lines are due to electron scattering, and the 
change of width with stage of ionization is to be accounted for by the 
variation of temperature with depth in the star. Until the causes of 
line broadening in Wolf-Rayet stars is clarified, it seems unsafe to lay 
any stress on the velocities of expansion derived by Beals and others.* 

7. Light-Cuxves of Novae 

The novae are variable stars of initial visual absolute magnitude 
about +4, which rise abruptly to absolute magnitudes —6 or -7 and 
then decline in brightness, sometimes speedily, sometimes slowly, to 
return to their initial luminosity after a period of several years. They 
are not to be confused with the supeniovae which have roughly similar¬ 
looking light-curves, but which attain luminosities about 10" that of 
the sun. The distinction between supemovae and the classical novae 
appears to lie in the nature of the processes involved as well as the 
brightnesses attained. 

Withoxit exception novae brighten more rapidly than they fade. 
The rate of decline varies from star to star. The slow nova DQ Herculis 
required 100 days to decline 3 magnitudes, whereas the fast Nova 
Puppis 1942 faded that far in one week. Mcljaughlin has identified 
several distinct stages in the light variations of a typical nova (see 
Fig. 6): (1) Pre-ovtimrst stage. Most of the few novae caught before 
outbtirst were fainter than the 14th magnitude. They are either constant 
in brightness or fluctuate through a small range. (2) The vmUcA rise 
is defined as that portion of the light-curve in which the brightne^ 
increases from minimum to 2 magnitudes below maximum. This 
increase is of the order of 9 magnitudes on the average and takes place 
in a couple of days, irrespective of the speed of later development of the 
star, except for objects such as RT Serpentis, FU Orionis, etc., which 

♦Recently, G. MOnch has made a detailed study of the spoctrosoopio and radial 
velocity BD 11)3570. 1 le favors an interpretation of some of the observed 

changes with the aid of an envelope in which the material is deoeleratad iw it moves 
outward. The kinetic energy is partly <Usaipat«i as heat and is partly used up 
against tlie gravitational potential. 
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Fig. 6.—Schbima,tio Light-Cuevb of a Nova 

The toe ^e is not uniform throughout; it has been magnified in the early 
stages. (After D. B. McLaughlin.) 


are dower. (3) Pre-waximum hdU. Often the brightening star halts in 
its rise about 2 magnitudes below the maximum, a phenomenon which 
serves to differentiate the fast and slow novae. In most fast novae the ■ 
stiUrstarid is blurred over, although in Nova Aquilae 1918 the halt was 
marked. This stage is usually short, e.g., 1.5 days for Nova (DQ) 
Herculis, although it lasted 40 days for Nova Pictoris 1925. (4) Final 
me. The increase to ma x imu m proceeds much more slowly t.hpn the 
initial rise. A fast nova requires about as long to brighten through the 
last 2 magnitudes as it needs for its initial rise, while a slow nova may 
take much longer, e.g., 7 days for DQ Herculis. (5) Maxiniwn is of 
brief duration, a matter of hours for fast novae and not more than a 
few days for slow ones, except for those of long duration such as RT 
Serpentis. It may be followed by a lesser secondary TnairimnTn as the 
st&T declines. (6) The early decline is defined as extending from maximum 
li^t to 3 or 4 magnitudes below the maximxun. All rapid novae, e.g.. 
Nova Persei 1901 and Nova Lacertae 1936, show a smooth decline’ 
whereas with slow novae fiuctuations of the order of 1 to 2 magnitudes 
are common (e.g.. Nova Herculis and Nova Pictoris). (7) The transition 
stage sets in at about 3.5 magnitudes below the light mn.Yimnm xhe 
transition may take one of three forms: (a) A series of strong oscillations 
as m Nova Persei 1901 or Nova Aquilae 1918. In each instance the 
onset involved an abrupt fading of the star below the smooth extrapolar- 
tion of the early decline (McLaughlin emphasizes this point to compare 
the behavior with the deep minimum of DQ Herculis), After a couple 
of months,^ when the star was 6 magnitudes fainter than TnnYimuTn 
the oscillations ceased, (b) A single mini mum of some weeks’ duration 
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followed by a brightening. .Nova Herculis was a spectacular example 
of this behavior, (c) A temporary steepening of the decline followed 
by a smooth fading at a slower rate than the initial decline, e.g., Nova 
Lacertae 1936. Regardless of the type of transition, the nova leaves 
this part of the light-curve about 6 magnitudes below the maximum. 
(8) Final decline. After the transition period, the nova fades unevent¬ 
fully and smoothly into its final decline. The duration of this decline 
is greater than all the preceding history of the outburst. Even the fast 
take about seven years to reach the final stage (Nova Persei 
1901 required 15 years). The slow novae DQ Herculis and Nova 
Pictoris 1925 have not yet reached minimum. T Aurigae 1891, however, 
has reached minimum. (9) PostrOuGm-st stage. The star fimaUy declines 
to its pre-outburst luminosity and may be of constant brightn^ or 
it may vary in an irregular manner through a fraction of a magnitude. 
Nova Persei, however, was observed to vary more than one magnitude. 
The initial and final magnitudes of novae appear to be the same. 

For an understanding of the nova process it is necessary to correlate 
the light changes with the spectroscopic changes. 

8. The Intrinsic Luminosities of Novae 

The novae appear to belong to the Type II population and show a 
pronounced concentration to the central bulge of the galaxy. They 
appear at about the same rate (25-30 per year) in the Andromeda 
spiral Messier 31 as in our system. Direct trigonometric parallaxes are 
valueless; secular parallaxes and parallaxes based on the intensities and 
displacements of the interstellar lines (see Oh. 6) have been employed 
to give statistical distance estimates, but far better statistical results 
can be derived from the novae concentrated to the central bulge of our 
galaxy. Similarly, the novae observed in the Andromeda Spiral Messier 
31 have been used to derive absolute magnitudes, sometimes by the 
judicious extrapolation of fragmentary li^t-curves. 

A much better procedure, when it can be used, involves the com¬ 
parison of angular rates of expajision of the nebular shells, observed 
around novae some years after the outburst, with the velocity of expan¬ 
sion in km/sec as deduced from the displacements of the emission lines 
in the nebulae. Such shells have been observed in a number of objects, 
e.g.. Nova Aquilao and Nova Herculis. The nebulosity around Nova 
Herculis was observed by Baade 5.77 years after the outburst to be 
3'.'50 X 2'.'7l. That is, the average angular rate of expansion per year 
is Sa = 0'.'303 along the major axis and St = 0'.'235 along the minor 
axis. The radial velocity of expansion is 289.4 km/sec (Struve, Swings, 
and Humason). Since a speed of one astronomical unit a year corre- 
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spends to 4.75 km/sec, the velocity of expansion v (km/scc) — S" X 
D (parsecs) X 4.75 where D is the distance of the nova. Hence 


D = 0.21121 (19) 

With an adopted mean value oi S = 0'/27 Baade found D = 226 
parsecs. The apparent magnitude at maximum was 1.4; therefore, 
M = —5.4. 

Lundmark, who employed these and other less reliable methods, 
concluded that = —7.0 for all novae, a result in good agreement 
with that of McLaughlin (1942). Cecchini and Gratton found M„,ax “ 
—7.3 dz 0.2. McLaughlin finds evidence from the most reliable diHtanoe 
determinations that a life-luminosity relation for novae exists in the 
sense that brightest novae fade most rapidly. The relation holds for 
objects between Nova Aquilae 1918 {M = —9) and IIT Serpentis 
(Af = —3.6) but not for supemovae, nor for objects siu^h as 77 Carinac. 


TABLE 3 

Relation Between Brightness and Rate of Decline of Novae 


Class 

M 

i 

Very fast 

-8.2 

10 

Fast 

-7.2 

30 

Average 

-6.5 

00 

Slow 

-5.4 

200 

RT Serpentis 

-3.6 

1000 


In Table 3, t denotes the number of days reciuired for the star to fade 
3 magnitudes. Notice that the novae cover a (ionsiderablo rati^i^^ in 
maximum luminosity. 


9. Spectroscopic Changes in Novae 

The light-curves give little hint of the spectacular spectral chiinges 
of a nova. We observe the metamorphosis of a supergiant F spe<i<,rum 
at maximum light to a forbidden-line spectrum characteristic of a 
planetary nebula. In the course of the development of the star, the 
initial continuous spectrum fades, there appear numerous broad bright 
mes with absorption comnonents on their violet edges. The multiplicity 
displacement, and intensities of these dark lines show remarkable 
c^ges time. As the star declines, the bright-line spectrum 
changes. The emission lines of permanent gases replace those of meials 
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tiiul forbidden lines replace permitted ones. In the last stages even 
these disappear, leaving only the weak continuum of a hot star. 

TTie observations suggest that the star ejects its photospheric layers 
with a high \'elo(‘.ily. As long as the shell is dense enough for its optical 
thi(^kncss to be greater than about unity, it will radiate a continuous 
spcMd.rum with the usual dark lines. The spectrum will resemble that of 
a supergiant. As the density falls, the continuous absorption declines 
anti tlic opti(‘.al thickness of the shell falls. As the radiating envelope 
becomes iii(‘rcasingly transparent, the spectrum becomes predominantly 
one of omission. Vapors in the outer pai-ts of the shell, on its nearer 
side, absorb light of both the star and the inner emitting layers, producing 
absorption lines with violet displacements. The emissivity of the shell 
gradually ebbs away until finally the object reverts to its initial state, 
a blue, relatively faint star. 

Let us now turn to a more detailed account of the spectral changes. 
The following a(‘.count is due to McLaughlin. 

CSencrally, spectroscopic, observers have distinguished four different 
set.s of absorption lines, apparently associated with as many different 
ejections from the central star and characterized by differing displace- 
nuMiis from their normal position. In DQ Herculis a pre^emmum 
set. of lines appeared just before maximum light and lasted for a day or 
two tift(M’ maximum. Most novae are caught after maximum, and 
lines are not obsc'rved. In the terminology of McLaughlin, the 
trhn^e important systems of absorption lines are the principal absorption, 
the (IHfusr (‘uhanevd abmplion, and the 'Vrion'^ absorption. 

(-orresponding to etudi of these absorption systems there is an 
omission s])e(*tiruni. In each instance the lines are broadened with their 
centers in the normal position. The absorption line of the associated 
spe<*t.rum falls upon the violet edge of the emission line; the red edge of 
the (miission line has a <liHpla(‘emcnt numerically equal to the displace¬ 
ment. of the absorption line. Novae show two additional emission 
speed ra •“ th(‘. nebular mission, whi(*h is derived from the greatly ex- 
pandeul priiunpal shell, and the post-outburst stellar spectrum, which is 
observed after th(‘ dimming shell has disappeared. 

We shall illust,rate those changes with the aid of spectrograms of 
I)(i Ilercnilis (see Kig. 5). The plate, takeii on December 17, shows a 
P ^vith diffuse absorptioii with a large violet dis- 

])la(^mnent (— 17() km/sc(0. After maximum this absorption component 
is replaced by the principal absorption whose velocity is —316 km/sec. 
^'he plat.o of December 28 shows the principal absorption, which re- 
seimbles a supergiant A or F except for the strong 0 I and C I lines. 
Lines su(di as VM81 and those of 0 I whose lower levels are connected 
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with the ground level by allowed transitions fade rapidly, whereas the 
Ca II, Ti II, and Fe II lines that arise from ground or metastable levels 
remain strong for a long time in accordance with expectations for 
dilute radiation in shells. 


Whde the prmcipal spectrum is yet strong, a set of diffuse strong 
hues of about twice the displacement appears. The diffuse enhanced 
Balmer lines are indicated by arrows on the spectrum of February 27 
when the displacement was -760 km/sec. In addition to hydrogen,' 
Ca II, Mg II, and sometimes Fe II, appear. The number of atoms 
abso^mg these Imes is probably smaller than the number responsible 
for the prmcipal spectrum. Their great strength may arise from a 
curve of growth—turbulence effect. Although the diffuse enhanced 
abso^tion may disappear rapidly in fast novae, its lifetime may be 
considerable in slower objects where X4481 disappears first; Ti II, Ca II 
and Fe II endure longer; hydrogen is the last to go. ' ’ 

The “Orion” absorption spectrum exhibited in the March 29 plate 
derives it’s name from the diffuse lines of 0 II, N II X3995, and He I 

hi the Orion stars. These lines appear when 
the diffuse enhanced absorption is yet strong and they show velocity 
^ts wkch are probably correlated with the magnitude of the star. 
Thy show a larger displacement than the preceding absorptions. 
Hydropn and He I disappear first, 0 II lasts much longer, while 
N II absorption usually becomes replaced by N III as the excitation of 
the spectrum slowly rises. Gradually these features fade and the nova 
shows no more absorption lines. 

In ydition to these lines there sometimes appear undisplaced 
absorption features which, in the case of the H sad K and the D lines 
are to be assigned to the intersteUar medium. Other lines have been 
attnbuted to atoms in a nearby cloud or shell-like nebula which became 
excited as the nova brightened. 


An emisaon component extends longward from each absorption 
component; hence an observed emission line will consist of superposed 
ra^tions from several outbursts. McLaughlin finds that the differing 
widty of these emission structures, their sometimes different profiles 
yd their times of appearance and disappearance permit their assignment 
to ^oups cor^ponding to different absorption systems. In fact, some 
of the emissions associated with the later absorptions may escape 
obseyation ^cause of their extreme diffuseness. The principal emission 
yuaHy yminates the spectrum during the entire development, even 
though the correspyding absorptions fade. Some lines, e.g. N III 
X4640, may appear in two or more emission systoma 

In studies of emission spectra it is important to distinguish between 
relative and absolute line mtensities. Measures of absolute intensity 
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variations such as Popper’s study of Nova Lacertae shows the permitted 
linfta to fade rapidly, the forbidden lines slowly. Hence, on account of 
lengthened exposure, one easily obtains the illusion that the forbidden 
1 inf»a strengthen appreciably as the nova fades. Actually, [O III] showed 
only a slight initial rise as the nova faded. 



Fia. 7.— ^Linb PnoFiuo CuANaiiis in Oa II K (\3933) 

Tracings of spoctrograinfl of DQ Horeulis arc reduced to a true intensSty scale. 
Note the incroaso of absorption wi^ time. The dotted lino indioato ^ ostiinated 
position of tho continuum. (From observations obtiuned at the Lick Observatory.) 


DQ Herculis showed a prominent pre-maximum emisfflon spectrum 
of diffuse lines of He I, C II, and N II that became replaced by bright 
lines of Fe II, Ca II, and Mg II. These faded away just after maximum 
to become supplanted by the broader, sharply defined lines of the 
principal emission, Ca II, Pe II, II, Na, and weaker lines of li II and 
Cr II. The diffuse enhanced emission is about twice as broad as the 
principal emission and is observed in H, Ca II, Fe II, Na, and 01X6165. 
Notice that on Febniary 27, when the diffuse enhanced spectrum had 
appeared, the hydrogen emission lines were appreciably broader than 
the pure principal omission of December 28. Soon after maximum, 
forbidden [0 I] \G300, Xti3G3, and \5577 appear and later [N II] X5755. 
To these were added He I X4472, X4026, and tho [0 III] lines. Still 
later, [0 I] and [N II] X5755 faded. The Orion emission refers to the 
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broadened radiations which do not share in the structure of lines of 
the principal spectrum and which are associated with the Orion ab¬ 
sorption spectrum. The “4640” line, which is due primarily to N III, 
frequently ^ows superposed components of both the “principal” and 
“Orion” emissions. The lines of this system—N II, N III, and N IV— 
show fuzzy edges even in slow novae like DQ Herculis. 



Fro. S—Tiuob of a Poktion the Spbcteum of DQ Hbeculib Near Maximum 

(December 21.6, 1934) 

comply mixture of absorption and emission features even in the nre- 


In certain slow novae, e.g., DQ Herculis and Nova Pictoris, strong 
[Fe II] lines appeared when the nova was 3-5 magnitudes below maxi- 
rnum These emissions correspond to a definite excitation stage in 
the layera responsible for the principal emission. As these layers 

in excitation, lines of N II X5()80, 
N III X4634, X4641; He II X4686; and C II X4267 appear. These radia¬ 
tions also arise m strata responsible for the “Orion” spectrum, and the 
observed emission lines are the superposed contributions of the two 
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systems. The spectmm of April 8 shows the [Fe 11] stage or “ij Carinae” 
phase of DQ Herculis. 

The final nebular emission spectmm evolves from the principal 
emission. The strongest lines are those typical of planetary nebulae: 

[0 III]; [Ne III] X38l)9, X3968; and [N II] XG584, X6548. Presumably, 
the physical conditions in the two kinds of objects are similar. At this 
stage the nova is often surrounded by a small nebula consisting of the 
gases that have been ejected from the central star. When the slit of 
the spectrograph is placed across the diameter of the nebula, each 
spectral line has a bow shape due to the Doppler shifts of the expanding 
gaseous shell. The amount of the splitting corresponds to the widths 
of the broadened linos observed hi the integrated light of the nova. 
At this stage the shell expands uniformly and the size of the nebula 
gradually increases. Nova DQ Herculis showed an excellent example 

of such a shell. • , r • 

Finally, the nebular emission disappears and all that is left is the 
continuous spei'trum of the central star. Humason found that several 
of these old novae showed emission-line spectra of the Wolf-Payet type 
with lines of He II X4G80, and C III X4G50 much narrower than those 
of f,hc principal emission, e.g., CA wide versus 70A for Nova Aquilae. 
During the last one or two magnitudes of decline, a decrease of excita¬ 
tion is indicated by the fading of He II relative to hydrogen. Other 
novae show purely continuous spectra with no absorption or emission 
features. In this respect they are similar to the nuclei of certain plane¬ 
tary nebulae. We (iannot, however, conclude that all novae eventually 
lose their emission lines. No correlation between age^ and presence 
or absence of bright lines is evident among the objects Humason 

observed. , 

In slow novae, such as DQ Herculis, the bright linos are narrow and 
numerous; in fast novae the weaker lines are washed out against the 
continuous spectmm, and the strongest of the broadened emission 
lines are recognizable. MciLaughlin concluded that the spectrm stage 
depended only on the magnitude decline from maximum and that the 
rate of decline was inversely proportional to the sciuare of the velocity 
of the principal spectrum. 

The relation of absorption line displacement to light and spectral 
changes is also significant. The principal spectrum usually shows no 
response to sporadic liglit variations, but continuously increases in 
displacement. The diffuse enhanced absorption, however, shows 
fluctuations of position in the early stages, probably due mainly to 
variable blending of components with diverse displacements, whereas 
the Orion spectrum is strongly affected by brightness changes in the 
star. 
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Studies of the color temperatures, photo-iouization, or *'Zaustra” 
temperatures (Ch. 5), and excitation temperatures show tlxat as the 
nova rises to a maximum the color and excitation temperature fall, 
while the reverse is true as the nova declines. The pre-outburst nova 
appears to be a subdwarf with a temperature of about 50,000®K. As 
it rises to maximum, the color and excitation temperature of the dis¬ 
tended photosphere falls to 6000-8000®K. As the star fades, both the 
color and excitation temperatures rise until the star is about two magni¬ 
tudes above its minimum. Thereafter there is a slight decline in ex¬ 
citation. If there are oscillations, the color temperature is higher at 
light m i nima than at maxima. The star finally reverts to something 
similar to its pre-outburst status. 


10. The Profiles of Emission Lines in Novae 

Some information on the ejection process should be obtainable 
from the profiles of the emission lines. The simplest form of line shapes 
are those that are computed on the assumption that all atoms are 
expelled with the same velocity, and that the radiation from each atom 
contributes equally to the widened emission lines. Beals derived an 
expression for the line profile in the following way: Let a sphere of 
radius r surround a star whose relative radius R is negligible. Suppose 
that n atoms pass through each cm^ of the shell in each second with a 
velocity v. Consider the atoms passing through a zone of angular 
width dd symmetric with respect to the line drawn from the star to 
the observer. ^ The radius of the zone is r sin 0, where 6 is the angle 
betw-een the line drawn from the center of the star to the observer and 
the line drawn to the zone. The area of the zone is 2W sin 6 dd. Hence 
the number of atoms passing through the zone in each second is dN « 
2imr sin B dB, and the contribution to the intensity will be dE = K dN, 
The velocity component in the line of sight will be w = -i; cos B. By 
differentiation we obtain 


• t»sin e 

from which dE = Ci du/v where Ci is a constant. If we put the formula 
m terms of wave-length units, the equation is 


dE = 


uuuusuaiiTj 


dK 


( 20 ) 


!?^!i f “L equation means that a flat-topped profile 

be observed. In practice the observed profiles frequent^ are 
^^e-shaped and often their structures are complicated. Two modi¬ 
fications are immediately suggested: (1) Self-reversal sometimes must 
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be taken into account since the shell is not always transparent to its 
own radiation. In later stages when permitted and forbidden lines 
show the same profiles, self-reversal in not important. (2) A spread of 
velocities may occur. If the frequency curve of velocity is divided into 
a series of strips of constant width, and if the velocity in each strip is 
taken as constant and equal to the mean value over the interval con¬ 
cerned, the contributions of each strip may be summed and the resultant 
profile obtained. Beals concluded that if appropriate assumptions are 
made concerning the frequency distribution of the ejected atoms almost 
any observed symmetrically broadened line profile can be represented. 
Conversely, from the line profile, the process can be inverted to get the 
veUxfity distribution of the radiating atoms. If the frequency distri¬ 
bution of velocities is narrower than the half-width of the line, so that 
t.herc are no velocities near zero, the profile will have a flat top. Althou^ 
Heals found some flat-topped proffles in Nova Aquilae, most novae 
show very complicated line profiles. 

J. A. Rottenberg has investigated the profiles of lines in steady- 
state expanding envelopes, taking into account the scattering of the 
radiation in the envelope and the effects of recombination. He finds 
that the characteristic features of many complex profiles noay result 
from the coupling of the Doppler displacements (resulting from ^e 
radial expansion) with the conditions imposed by the geometry (rektive 
sizes of the star and scattering and “recombination” shells). Spherically 
symmetrical shells expanding at constant velocities may yield asym¬ 
metrical profiles with central “reversals.” These results show that 
(umtion must be applied in the interpretation of asymmetrical profiles 
in terms of non-symmetric ejections and accelerated motions. 

Nevertheless, there is abundant evidence, both from the complica^ 
forms of the omission lines and from the character of the nebulosity 
surrounding old novae that many of these stars do eject their envdopes 
in a patchy manner. In other words, the shells are not uniform stme- 
turcH, and material may be ejected preferentiaUy in certain zones or 
areas of the surface. Different “shells” are ejected at different tunes, 
and perhaps from different parts of the surface, so that clouds of gas 
that find thomsolves side by side may be moving with different velocities. 

In DQ Ilorculis part of the material appears to have been ejected 
in two large jots tangentially to the line of si^t. These were later s^n 
by G. P. Kuiper at Yerkos, and they gave the nova the appearance of a 
double star. In Baade’s photograph in 1942, emission m H^, Ni, and 
Na extended uniformly over the whole nebula, while the emission m 
th(^ red due to [N 11] Xfifi 18, XfifiSi was restricted to two pairs of con- 
dfinsations, each symmetrical with respect to the center. 'Those along 
the minor axis wore much the stronger and showed remarkable changes 
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Pig. 9.—Model op a Nova Outburst 


(1 6) Cr^ections of an active nova during the incroiwo to miiviinuni 'I 

oSy ? part of the ejectwl material, in wi.ieh I 

IW wLKerS^ toto represent the optically thiniier phoUwphe 

highly transparent excent in tVi<i that represent the true iitinosplid 

Ihfe outlin^the region eLtite h" 

ejected atoms A, pf and C are showS Kn+I ?^®<^^Ption spoctruni. Su(^(u^HHiv< 

X, „x ir^riiss:' 
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with time. According to Swings and Struve, the velocities of expansion 
ranged from 338 km/sec for [O II], to 256 km/sec for [0 III]. Hence a 
mechanical stratification of the material may have occurred. The 
work of Baade suggests that in Nova Aquilae the material was ejected 
in zones symmetrical with the equator, but differing from one another 
in velocity. 

11. Physical Picture of a Nova Outburst 

Any attempted model of a nova’s behavior must account for the 
complicated specitral, velocity, and temperature changes mentioned in 
Sec. 9. Concerning this problem, McLaughlin remarks:’* “If we are to 
understand the physical processes in novae, we must differentiate 
features from one another not only in terms of excitation, but also in 
terms of the locality of their origin. Neither physics nor geometry 
alone will ‘explain’ a nova. Perhaps the judicious use of both, ea,ch in 
its proper place, or together, will do so. Similarity of structure is the 
proper guide to use in unravelling complexities of the nova emission 
spectrum.” 

The pre-outburst star is a subdwarf. The near equality of pre- and 
postroutburst luminosities suggests that the main body of the star is 
relatively undisturbed, and the eruptive activity all occurs in a thin 
superficial layer. A large amount of energy presumably is released a 
short distance below the surfacio of the star. The region becomes 
heated, and the overlying layers are blown away by the increased gas 
and radiation pressure. Thus a relatively small layer of material, much 
loss than the mass of the star, becomes detached and ejected with a 
high velocity. Iflstimatcs of the “stellar” radius, based on the luminosity 
and temperature, really refer only to the dimensions of the greatly 
expanded photosphere, as measured down to a point where the optical 

Fio. i)— (Cmtinued) 

C has boBUii to overtake li. The atniosphoro is of groat doptli and tho prMnaximum 
siKiotrum is correspondingly strong. At this timo tho ejoettion has abroptly^minishod, 
and the shell, still opaque and acting as an expanding atmosphere, has become 

detaehod. Ejeotion from tho star oontinucB, however. , , 

(6-8) OrosH-sootions of an mitivo nova during the early dcolme. Tho density in 
tho rapidly growing shell falls steadily. In sketch 0 tho shell has just become tmn^ 
parent. Atoms H and C, owing to inoi-oased velocity of the inner layers of tho shell, 
have overtaken A. The resultant shell is the “principal” shell, the pro-maHmum 
spectrum having disaiipoared with the engulfment of the outer layers (A) in the 
accelerated inner ones (/i) and (C). Atom 1), in the atmosphere abou^t the iimw 
ejectal cloud, is (iontributing to the “dilTuse enhanced" spectrum. In sketch 7 the 
iniK^r (lU)U(l htis hoconio (ixtcHinivc and tho (UffuBO enhanced spectrurn is 
spoTMlinRly Htron^c^r. At.oin E Ls omorKing inU) tho absorption region. 
tho gas ejeuaed in tho iMxw. oiihaneed stage is in the form of two detached shells 
ovortiiking the principal sludl, whihi tlie inner cloud luis dovolopcKi into tho Onon 
and X4()40 spectral (Afi.cr I). B. Mc.Laughlin.) 

*Puhl Univ, of Mick 06s., 8, l()«, 1943, 
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depth is about one. There is probably an initial burst followed by the 
continuous ejection of matter at a declining rate. Whipple and Mrs. 
Gaposchkin showed that, in Nova Herculis, the ejected matter was 
expeUed continuously over a long period of tjme. 

As the envelope expands, the inner porti on remains dense enough 
to stay opaque for a time, but the outer part becomes less dense and 
more transparent, so the absorption lines intensify as the number of 
atoms above the effective photosphere increases. The outburst cannot 
supply energy at a suflScient rate to prevent the expanding photosphere 
from cooling. Hence the color and excitation temperatures fall, and 
the spectral class becomes later. At maximum light the expanded 
photosphere and surrounding atmosphere simulate, in so far as radiative 


processes are concerned, a supergiant F star of a hundred solar radii. 

As the shell continues to expand and the ejection of material from 
the star fails to keep pace, the density falls to the point where the 
envelope becomes transparent, except in line frequencies. This portion 
of the shell produces ihe principal absorption. Emission is observed 
from all parts of the cloud except the denser gases near the star, which 
may still radiate a continuous spectrum. The dilution of the radiation 
becomes ponounced. Lines such as Mg II X4481 weaken rapidly, 
whereas lines which arise from metastable levels fade more slowly. 
The forbidden lines appear when the intensity of the continuum has 
declined sufficiently. 


Even after the main outburst, the star still ejects material with a 
velocity greater than that of the principal shell. These gases produce 
the diffuse enhanced spectrum which initially imitates that of P Gygni 
(with an optical thickness of about one). Gradually the maas rate of 
ejection declmes and, as the outer layers thin out, the hotter regions 
close to the star increasingly become exposed to view, and the excitation 
^adually i^s. The “Orion” emission spectrum appears when the 
effectave radius of the photosphere is about ten times that of the sun. 

Finally ejection ceases, and the star settles back to some semblance 
of normalcy. The material thrown out in the original outburst is 
MW spread over a radius of tens of thousands of astronomical unite. 
Ihe gases We become so attenuated that the nebular spectrum din- 
appears, and the spectrum of the star alone is left. 

One import difference between fast and slow novae must be 
menboned. In fa^ novae the main shell is ejected between the pre- 
majnmum halt and the maximum itself. In slow novae ejection appears 
to iMt as long as 100 days. Thus, ten days after discovery, DQ Ilemilis 
^^ed a manmum of 1?3 on December 23,1934. Thereafter it declined 
dowly wrfh irregular fluctuations of 2.5 magnitudes and reached 4Tr) 
en 0 arch, 1935. The fluctuating decrease in the intensity of 
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the continuous spectrum and the increase in the promhience of the 
emission lines implies a fluctuating declme in the mass rate of ejection 
of material. The photospheric zone drew closer to the stellar core, 
while the shell responsible for the bright lines extended to ever increasing 
distances from the nucleus. In April the star went to a deep minimum 
of 13?1 after which it slowly recovered to a magnitude of 6?7 near the 
end of August. During the minimum and subsequent brightening, the 
object showed the characteristic radiations of a planetary nebula. 
Presumably, the ejection from the star ceased at the end of March, 
and the surrounding nebula was suddenly exposed to the radiation of 
the high-temperature core. 

Grotrian postulated that the brightening of the object subsequent 
to the deep minimum arose, not from changes in the temperature and 
of the Central star, but from the establishment of radiative 
equilibrium in a gaseous mass suddenly exposed to high-temperature 
radiation. The nebula consists mostly of hydrogen, presumed largely 
initially neutral. The atoms become photo-ionized and emit the 
observed Balmcr lines when the ions and electrons recombine. As m 
the planetaries (Ch. 5), most of the quanta absorbed in the shell will 
photo-eject an electron. That is, Q, the total number of quanta absorbed 
in the nebula per second (essentially the number of quanta emitted by 
the star beyond the Lyman limit), will equ^ the number of freed 
electrons. Under equilibrium conditions, Q will equal the number of 
recombinations per second; i.e., or where x is fhe recombination 

coefiScient and n< = n. is the total number of ions in the nebula. The 
intensity of the emitted radiation is assumed proportional to the total 
number of recombinations, i.e., 

I — Axw* (21) 

where A is a constant which depends on the transition probaV>ilities, etc. 

The rate of change of the number of ions will equal the number of 
photo-ionizations minus the number of recombinations, viz.: 

^ = 0 - xn? (22) 


If Wi = 0 at« = 0, we find 

Ui * 



1 - 
1 -H 


(23) 



where 



176 


fCh.4 


ASTROPHYSICS 

is the time constant of the recombination process. After a very long 
tune (a^uj^g the star to remain constant after it has ceased ejecting 
material), / approaches the limiting value, h = AQ, and we find 


- j f l - 


(25) 


variation of the intensity. With 
V j ’ Grotrian found a good representation of the light-curve 
alter the deep mmimum and showed that the required photo-ionization 
rate Q was of the right order of magnitude. 

Grotnim’s explanation of the deep minimum appears essentially 
TOund. A quantitative explanation of the rapid initial decline of the 
star would be of great mterest in rounding out the picture, however. 

12. Mass and Energy of the Ejected Layers 

To detemtme the mass and composition of the ejected layers, it is 
neces^ry to have quantitative information on the line intensities and 
ow ^ey diMge TOth time. Sayer and Popper have made such studies 
for Nova Ophiuchi 1933 and Nova Lacertae 1936, respectively. From 
Ime intensities (expressed in ergs/cmVsec) and the distance of 
the nova, it is possible to calculate the total number of radiating atoms 
producing the observed lines. To determine the ionic density and the 
total mass of the shell, it is necessary to know the radiating volume 
() as a function of the time. Sayer estimated y(0 from the rate of 
expansion of the AeU ^d derived the ionic density on the assumption 
ja) tee combmed Boltzmann-Saha equation could be applied, and 
(b) tee spectrum IS produced by pure recombination followed by cas- 
cadmg. He found tee mass of the shell to be of the order of 10'^“® em 
i.e., about 10 of the probable mass of the star itself. ’ 

^ercMhs has been estimated 
liffht 1 , ^ absorption spectrum near maximum 

i^bt, when tee temperature was about 6000'’K and M = - 5 . 6 . Thus 

t e r^us was comput^ to be approximately 100 solar radii or 7 X 10‘* 
cm. The equivalent widths of absorption lines of Ti 11 and Fe II were 

light, December 
^ character of the spectrum 

WotT growth for the supergiant, « Persei, was employed 

to ci^mpare the relative mmbers of atoms above the solar photosphere 

conaS^*^ absorption-line intensities in the nova are 

consistent with the suggestion that there is about five times as much 
material per unit area above the level of the “photosphere” of the 
nova as above that of the sun. Since each em* of the nova shell contains 
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at least 10 grams, the total mass of the shell must be at least 6 X 10” 
grams. 

From a speptrophotometric study of five bright novae, the Gaposch- 
kins found ionic densities to vary from 10’ to 10^ ions/cm’ during the 
nebular stage, and the total mass of the ejected material to be 10” to 
10“" grams. 

'Phe total amount of energy radiated in a nova outburst may be 
computed from the light-curve of the star. Thus Nova Aquilae radiated 
1.2 X 10''’ ergs. Nova Herculis 9 X 10'“' ergs. Nova Pictoris 4.3 X 10“, 
and Nova Persei 7.2 X 10'*'' ergs. 'We might expect the energy of the 
ejcctcMl msiss of material to be related to the original outburst of radia¬ 
tion. Saycr has tested this suggestion for Nova Ophiuchi 1933. 

'Phe cje('ted shell of material has three kinds of energy: (a) kinetic 
energy, (b) potential energy, and (c) energy of ionization. The kinetic 
energy of a shell of mass 10“" grams traveling with a velocity of 2000 
km/sec is mv^/2 = 2 X 10'*'* ergs. The potential energy is 

( 28 ) 

•/r* ^ ^0 

whur(i m is the mass of the shell, and M and Vo are the initial mass and 
radius of the central star. If we assume for M and r, the corresponding 
solar values, we obtain a potential energy of 7 X 10"® X 10“ X 2 X 
10®''/7 X 10” = 2 X lO"’® ergs. If the radius is 1/10 that of the sun, 
the potential energy would be comparable with the kinetic energy. 
The energy rc(iuired to ionize 10“ grams (or 10“ atoms) is about 10®* 
ergs, siiK'o the ionization energy per atom is 2 X 10"** ergs. Notice 
that this energy is much less than that needed to eject the whole shell, 
t)r the total energy omitted, which is 10®®-10®" ergs. 

13. Origin of the Nova Phenomenon 

'Phe masses of the ojoc.ted shells show that only the superficial 
lay<'!rs of the atpmosphore are disturbed. The evidence from the light- 
curves is harmonious with the suggestion that the objects observed 
before the out.l)urst are identical with tho.se found after the star has 
(•oini)l<!tcd it.s varijition. Quiescent novae appear to be faint blue stars 
of visual absolute magnitude about -|-4. If the temperature is 50,000°K, 
th(< holometri<i correction is —4.3 magnitudes; hence ilfboi = -0.3. 
'Phe c,orr(tsponding radius is O.ir) that of the sun. Hence the normal star 
is de!linit.<^ly a subdwarf but not a white dwarf. The most nearly com¬ 
parable ol>j<‘(ds ar(i <:(vlain blue and white stars found in some globular 
cluslpcrs and l'h(! luu'U'i of planetary nebulae, but it is certain that 
ordinary noviu* cannot bo t.he parents of existing planetaries. Apparently 
only a spci'ial species of stars can show nova activity, and these objects 
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may actually repeat their outbursts as does T Coronae (Sec. 14). 
Stars such as Nova Aquilae, on the other hand, are expected to repeat 
only at intervals of many milennia. 

With these facts in mind, Biermann attempted a theoretical inter¬ 
pretation of novae. Recall that just below the photospheric layers of 
the sun there exists a layer in which the energy transport is by con¬ 
vection. In the sun the difference between the radiative and convective 
gradients is large, and the layer always remains in adiabatic equilibrium. 
Biermann supposed that novae were buUt primarily of elements heavier 
than hydrogen and helium. Then the temperature gradient for adia¬ 
batic equilibrium would be very close to that for radiative equilibrium. 
Normally the layer is in radiative equilibrium, but occasionally the 
temperature gradient changes toward the adiabatic gradient, the layer 
becomes unstable, and an outburst occurs. Biermann suggested that 
it mi^t be triggered by the Helmholz contraction of the star. After 
the outburst the star would settle back to its initial condition, and the 
cycle would be repeated. 


Although attractive as a start, the Biermann theory encounters a 
number of difficulties. The total energy radiated in the outburst is 
to be equated to the ionization energy of the ejected material. Since 
the ionization energy is of the order of 10'^ ergs/gram for a mixture of 
heavier elements, an ejected mass of at least 10®“ grams is required— 
about a hundred times as much material as appears to exist in the 
envelopes of DQ Herculis or Nova Ophiuchi 1933. Since only one-tenth 
of this ener^ may be available for the process Biermann suggested, 
the mass of the critical layers may be as much as 0.01 that of the sun. 
I\irthermore, the theory requires a low hydrogen and helium content 
in the critical layers involved in the ejection. The spectroscopic- evi¬ 
dence, however, suggests that there is much hydrogen and helium in 
these layers; their composition may even be “normal.” 

* 1 . ““■y represent T 3 q)e II population stars that are nearing 

toe end of their evolutionary developments. Possibly they aro contract- 
mg steadily and are in a state of secular instability (Chapter 2, Sec. 0) 
^ch that toe outermost layers are thrown out violently at (tertairj 
mtervals. mt is, the star readjusts itself by spasmodic eruptions 
ratow t^ by a smooth variation of internal density and temperature. 

. Ihe determ^tion of the compositions of the envelopes of novae is 
to unusually ^cult task. Few stellar spectra are produced under 
^nffitions deviatmg more wildly from equilibrium, and the range in 

Theoretical methods developed for the study of the nlanot,‘irv 
nebulae by Menzel and his colleagues at Harvard may bo applied to 
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the iiovOiC. Ihe results indicate that, on the average, the novae have 
compositions similar to that of the sun, although some differences 
appear to be real. Nova Pictoris showed strong forbidden sulfur and 
later [Pe VII] lines, whereas Nova Persei demonstrated strong neon lines. 

Although existing data on several bri^t novae have given us the 
l>road outlines of nova phenomenology, many questions remain un¬ 
answered. What is the cause of nova outbursts? This is partly a 
(luestion for theory and partly one for observation. Projected objective 
prism surveys with large Schmidt cameras may provide pre-outburst 
spectra of a number of novae. If the pre- and post-outburst pBaafta 
are the same, continuing studies of the spectra and color temperatures 
of old novae would be of interest. Do the stellar emission lines disappear 
in old novae to become replaced by a continuous spectrum or even an 
absorption spectrum before the next outburst? 

Masses of novae are entirely unknown. Various estimates based on 
applications of the mass-luminosity relation or the supposed deceleration 
of expanding shells are of doubtful validity. 

Better data on the masses of the envelopes may come from quanti¬ 
tative measures on the emission line intensities and their changes with 
time. 

The irregularities in line displacements and intensities exhibited by 
novae in their decline are probably connected with spasmodic outbursts 
from the central star. There appears to be no hope of explaining these 
phenomena quantitatively, but perhaps we may obtain eventually a 
reliable qualitative picture of what actually occurs. 

Of considerable interest is the star, RT Serpentis, which took several 
years to go through the usual spectral changes of a nova. From 1919 
to 1921 it exhibited the conventional pre-maximum features. It 
remained at maximum near magnitude 10.6 from 1918 to 1923 and then 
declined slowly to the 13th magnitude. By 1928 the continuous spec- 
tinim had disappeared and [Fe II] and hydrogen were conspicuous. 
By 1931, [0 III] and [A IV] had become prominent, and the lines of 
II, He I, He II, [Fo II] had all but disappeared. In 1942 the [Fe V] 
and (Fe VII] lines appeared, showing that the electron density in the 
shell remained high. 

Perhaps the best-known example of a slow nova is ij Carmae (Sec. 
1 f)). 1’ (lygni hiis also sometimes been classed with the novae, although 
its Ittc.k of change would seem to disqualify it from this group. Slow 
novoo aro of interest in connection with the suggestion that they may 
be the parents of planetary nebulae (Ch. 5). It seems well establMied 
that the planetary nebulae cannot originate from the envelopes ejected 
by fast novae. 
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14. Recurrent Novae and Stars with Combination Spectra 


The hypothesis that novae represent repeated outlnirsts from the 
same star seems strengthened by the behavior of objects as Its 

Ophiuchi, T Pyxidis, and T Coronae Borealis. The lattei- tixhil»il<'<l a 
typical novar-like outburst in 1866 and an exactly similar one in liJ Ki. 
The spectrum, while generally resembling that of an ordinary nova 
with bright lines of H, Fe II, Ca II, etc., in its post-maximiiin decline, 
contained also the coronal lines of [Fe X], [Fe XI], [Fc XIV], Jind [A X] !* 
The relative intensities of these lines indicated a lower level of («cittv- 
tion than in the solar corona (see Table 5 of Ch. *9). TTie (a)ronul 
lines gradually disappeared as the star declined in brightness. The 
spectrum now consists of an Af-type absorption spectrum upon which 
are superposed bri^t lines of H and He. 

Other objects in which a long-period or irregular Af-type variabh* is 
associated with a high-temperature, sometimes nova-like, sour(H\ include: 
Z Andromedae, R Aquarii, Cl and BF Cygni, AX Persei, Ii.W IIy<lme, 
and AG Pegasi. In 1923-26, H. H. Plaskett found the spectrum of 
Z Andromedae to consist of bri^t lines of H, He I, He II, Ti II, Hi II, 
and radiations subsequently identified as those of [Fe II], [Fo III], 
[0 III], and [Ne III]. Underneath these radiations Merrill suhsc<iuent ly 
noted titanium oxide bands whose relative intensities increased ns t he 
star faded. In 1939 the star suffered a nova-like outburst, displaying n 
P Cygni and then an A-type spectrum. Subseciuently t.ho star has 
reverted to a state similar to that found by Plaskett, with [Fe IIJ, 
[Fe V], and [Fe VII], but not [Fe III], present. The absence of the 
intermediate phases in excitation suggests marked stratification effetds. 

AX Persei, RW Hydrae, and Cl Cygni exhibit somewhat similar 
spectra, but there are no marked nova-like outbursts. 

a tentative model to explain some of these phenomena., we may 
envisage a cool, Af-type (perhaps variable) giant or subgiant star t hat 
is associated with a small, hot, nova-like object. This binary is sur¬ 
rounded by a nebulous envelope perhaps a thousand ast.ronomical 
units or more in radius. The M star produces the low-eacitiit ion ab¬ 
sorption lines. The hot star ionizes the surrounding nebulosity in which 
produced the recombination lines of H and He and the* forbidden 
lin^ by the same mechanism as they are produced in tho planetary 
nebulae. The nebulosity may consist of material ejected from tlu^ hot. 
star, and possibly to some extent from the Af giant as well. 

Am ^temative hypothesis is that there exists only a single star and 
the high-excitation bright lines are excited perhaps by the di.ssipation 
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of ^ock waves much as the solar coronal lines are excited in Schwarzs- 
child’s theory. 

Radial velocity measures, particularly by Merrill, show the velocities 
of the radiating gases to vary with time and from one element to another. 
Even the He I singlets show different velocities than do the He I triplets. 
Merrill suggests that the observations are to be understood in terms of 
pulsations in which the spectroscopic effects are stratified, the nebular 
lines being produced in the outer zones. 

BF Cygni shows a rich emission-line spectrum of [Fe II], [Fe III], 
H and He, and occasionally an underl 3 ring gM spectrum. Most re¬ 
markable of the spectral features, however, is the behavior of the 
[0 III] lines whose intensities fluctuate from night to night. Evidently, 
the oxygen in the nebular shell is usually in the 0 II state, but often 
becomes ionized to the 0 III state and then recombines as the source 
of high-temperature radiation is cut off. From the time required for 
the disappearance of the [O III] lines we may estimate the lower limit 
to the electron density in the nebular shell to be about 10“ electrons/cm®, 
considerably greater than the electron density in the planetary or diffuse 
gaseous nebulae. 

Measures of the intensities of the H and He II (X468f)) lines may be 
utilized to ol)tain Zanstra temperatures T, of the hot source, whereas 
the electron temperatures T, of the nebular shells are estimated from 
the relative intensities of X4363 and the [O III] 5007, 4959 lines on the 
assumption that f^e electron density is so great that the populations 
of the levels are controlled by collisions. The results secured for BF 
Cygni, Z Andromedae, and Cl Cygni (1950) are as follows: 



BP Cygni 

Z Aiidromodae 

Cl Cygni 

2 1 (hydroKon) 

23,000-34,OOO^’K 

28,000®K 

60,000®K 

T. (lie II) 

- 

90,000 

!30,000 

T, 

7500®-!!,600 

8500-!0,500 

!8,000 


The Zanstra temperatures are consistently higher for He II than 
forH. 

The “.symbiotic!” character of the spectra of these objects poses a 
difficult problem. A single bizarre star may bo responsible. On the 
other hand there are systems in which a hot star is observed for certainty 
in association with a cool star. One such system is Antaros, where an 
M Hupergiant is accompanied by a B companion of about 20,000®E. 
The latter is surrounded by a nebula of radius 5" which shows [Fe II] 
and presumably originates from the tenuous envelope of the M supers 
«giant, since such lines are not seen hi similar B stars. Puzzling, however, 
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is tihe Ebs6D.c6 of hydrogen, which one would expect to be excited by the 
hi^-temperature star. Another example is W Cephei where extended 
clouds surrounding an M supergiant appear to be excited by radiation 
from a hot blue star. The hot companion to the celebrated variable 
Mira Ceti has been actually observed! 

Before we can understand the processes operative in these stellar 
envelopes we must measure the emission-line intensity variations on an 
absolute scale, so as to distinguish between relative changes and intrinsic 
changes. These observations then must be combined with the kine- 
matical data to obtain a complete picture. 


16. The Problem of n Carinae and the [Fe II] Lines 

Among the most dramatic of slow novae is Carinae, which remained 
at Tifni.TiTnnm for twenty years and slowly faded away. More than (10 
years after the star brightened, the first spectra were obtained (1890) 
and showed an absorption F spectrum with strong emission. Eventually, 
a pure emission spectrum, mostly of narrow lines of [Fe II], replaced it. 
When such a spectrum is radiated by a slow nova we refer to it as the 
“jj Carinae” stage. DQ Herculis exhibited this phase in April, 1935 (see 
Fig. 6). 

Frequently, both permitted Fe II and forbidden [Fe II] lines are 
observed. In objects such as Z Andromedae, permitted Fe II is the 
stronger, whereas the opposite is true for WY Geminorum and Boss 1985. 
Both of these stars show composite spectra apparently due to the auper- 
poation of a strong ultraviolet continuum with a Balmer absorption 
appropriate to a temperature of about 16,000®K, and a cool star about 
30(X)°-4(K)0‘’K whose spectrum shows Ti 0, Ca I, and Fe I. The emission 
lines arising from higher levels are weak, and one is tempted to suppose 
that the lines are excited by collision. Wurm has pointed out that, 
with decreasing electron density, the populations of the metastable 
lev^ would fall off more slowly than the populations of normal levels, 
until the density became so low that every atom that was excited by 
collisions to either kind of level would escape to a lower level by radia¬ 
tion. Since the target areas for collisional excitation are about the same 
for both normal and metastable levels, both Fe II and [Fe II] would 
appeu with comparable strength. The lower the electron temperature, 
the greater the relative strength of the [Fe II] lines, since the metastable 
terms are closer to the groimd term than are the non-metastable levels, 
m energy from the hot source determines the degree of ionization of 
e envelope, but the actual excitation of lines must depend on electron 
colhsion. In the ordinary Be stars, the Fe II lines are present with 
normal relative intensities; [Fe II] is absent. 

There appears to be a general tendency for Fe II to appear in emission* 
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while Ti II tends to appear in absorption. "When the principal absorp¬ 
tion in DQ Herculis faded, the lines of Fe II disappeared before those 
of Ti II despite the fact that the iron lines arise in absorption from 
metastable levels. 

Whether our criterion be light-curves or spectral properties, transition 
types between novae and conventional stars are plentiful. It is di£5.cult 
to know where to distinguish between conventional novae and objects 
such as 17 Carinae, whose slow development and high luminosity set 
them in a class apart. Objects like Z Andromedae, C I Cygni, and 
BF Cygni may represent yet other categories. 

16. SS Cygni Variables 

The light-curves of stars like SS Cygni or TJ Geminorum sug g est 
nova-like outbursts. They remain nearly constant at Tninimfl. for 
periods of 20-160 days, rise to maxima in a couple of days, and fade 
more slowly than they rose. The entire outburst lasts only a few weeks. 
SS Cygni and U Geminorum have amplitudes of 4.2 and 5 magnitudes, 
respectively, and their variations are semi-periodic. 

Strand finds the absolute magnitude of SS Cygni to be 9.9 and 5.7 
at minimum and maximum, respectively. The average energy radiated 
per cycle appears to be about 6.0 X 10“ ergs as compared with the 
output of a normal nova of 2 X 10“ ergs! 

At minimum the spectra of these stars tend to be dwarf G with 
bright lines of H, He I, and Ca II. At maximum the spectrum is 
continuous with vague absorption lines of hydrogen and helium. As 
the star fades, broad emission lines of hydrogen and helium appear, 
but they have no absorptions on their violet edges. The stars tend to 
be “cool” at minimum and “hot” at maximum, just opposite to the 
behavior of conventional novae. Their spectra have not been explained 
as yet. 

It is of interest to note, however, that Kukarin and Parenago found 
the SB Cygni stars and the two recurrent novae T Pyxidis and RS 
Ophiuchi to obey an amplitude-period relation of the form 

A = 0.80 + 1.667 log P 

where A is the amplitude in magnitude and P is the period. The 
formula fails, however, when applied to the major outbursts of Z Andro¬ 
medae. If applied to bona fi.de novae, it gives periods of the order of 
10*-10* years. On the basis of this result Baade estimates the numbers 
of “old” novae in the central bulge of our galaxy to be comparable with 
the number of RR Lyrae stars, i.e., about 100,000, as compared with 
perhaps 500 planetaries. In the Russell diagram for the Type II 
population the old novae fall below the extreme blue end of the hori- 
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zontal zeroabsolute-magnitude branch of blue-white stars. The location 
of the SS Cygni stars and T Coronae Borealis is not known. Presumably 
they fall in the same general part of the diagram. 

17. Light-Curves and Spectra of Supemovae 

Unlike the ordinary novae, dozens of which probably Hare up in 
our own galaxy every year, the spectacular supemovae appear in a 
given galaxy on the average of once every 400 years. Systematic 
surveys of external galaxies, particularly by Zwicky, have shown that 
they appear in systems of aU types, elliptical as well as spiral nebulae. 

On the basis of their spectra Minkowski foimd that the supemovae 
could be divided into two groups, while Baade found that the maximum 
l um i n osities and light-curves also suggested two types of objects. Type 
I supemovae attain a luminosity of the order of a hundred million that 
of the sun. The brightest one, which appeared in IC 4182, attained a 
maximum luminosity of about 600,000,000 suns and faded rapidly. 
The light-curves are similar to those of ordinary novae. According to 
Baade, these objects stay near maximum for about one week, then 
decline at the rate of 0.10 magnitude a day for 20 or 30 days, and there¬ 
after they fade away at the rate of 0.02 magnitude a day. The Type II 
objects attain a maximum luminosity of about ten million suns. The 
outburst in the spiral NGC 4725, in 1940, is a typical example. This 
star attained a lu min osity of 30 million suns or one-seventh the lumi¬ 
nosity of the nebula. It faded slowly at first and then more rapidly 
until it reached the normal li^t-curve; thereafter it faded in a normal 
way. 

No identifiable emission or absorption lines appear in the spectra 
tof these stars at any time.* Minkowski reports that in Type I, no 
continuum appeared other than a faint trace suspected at maximum. 
DiiEEuse features of the order of 400A wide narrowed to a width of the 
‘Order of lOOA within a month after maximum. The spectra are re¬ 
markably uniform from object to object, the same fuzzy structures 
•appear at the same phases as the star fades. Evidence of various 
sorts indicates the effective temperature to be near 10,000°K (a sur¬ 
prisingly low value) near maximum. The continuum fades and the 
lemperature rises within 200 days after maximum light. Changes in 
the appearance of the spectrum suggest marked changes in ionization 
and excitation. 

At maximum, Type II objects show the continuous spectr um of a 
hot star. Broad emission structures, sunilar to those observed in 

♦The only exertions are two narrow red Imes of [0 I] at X6300 and X6364, which 
appear five or six months after TnaTriTTinTYi . 





Fig. 11.—^The Crab Nebula 

r covering the region X6400-\6700 shows the hlamcnts in the light 

of the [N nj lines and Ha. The plate taken in the near infrarod, X7200-X8400, shows 
tte amorphous mass. (Courtesy, Walter Baade, Mount Wilson and Palomar Observa- 
tones.) 




185 


Sec. 181 STABS WITH EXTENDED ENVELOPES 

ordinary novae, appear four or five days after maainum and suggest 
a velocity of 4000 km/sec. 

Whipple and Mrs. Payne-Gaposchkin attempted to explain these 
features with the aid of synthetic spectra. They assumed that the 
spectra of supemovae consisted principally of the superposition of 
greatly broadened emission lines of astrophysically common elements 
upon a continuous background. They supposed the lines to be broadened 
by a Doppler shift corresponding to a relative expansion of 12,000 
km/sec (measured along the line of si^t). With the aid of Einstein 
A values supplied by theory and experiment, they made theoretical 
determinations of the relative intensities of permitted lines of H, He, 
C, N, 0, Ca, and Fe in various stages of ionization. By combining the 
theoretical patterns for various temperature levels (ionization), they 
found it possible to construct synthetic spectra that duplicated many 
features of the supernova spectra as observed by Minkowski. One 
important result of their investigation is that hydrogen appears to be 
less abundant than in ordinary stars or novae, whereas iron and helium 
BAATn to be more prominent. Could it be that supernovae are stars that 
have converted all their hydrogen into helium by the carbon cycle and 
have entered upon an unstable phase wherein the entire star undergoes 
a catastrophic rearrangement? At maximum a supernova radiates as 
much energy in one day as the sun radiates in 100,000 or 1,000,000 
years. Estimates of the energy released during an outburst, from an 
integration of the observed light-curve, suggest it to be comparable 
with the total thermal energy of the star. Thus, at least for Type I 
supernovae, the outburst may represent a collapse of the star from a 
normal configuration to a state of high density. 

18. The Crab Nebula 

Perhaps the most important clues to the nature of the supemovae 
are provided by the “Crab” Nebula, a remarkable gaseous nebula 
any other object in the sky. Baade’s remarkable photographs 
(see Fig. 11) show striking differences in the appearance of the nebula 
in different spectral regions. In the X7200-X8400 range (where there 
are no strong emission lines), the nebula appears as an amorphous mass 
without any sharp structural details. The photograph covering the 
X6300-X6700 range (which includes Ha and the red [N II] lines) shows 
a striking filamentary structure with the amorphous background no 
longer prominent. 

Minkowski’s spectrograms show that the amorphous mass, which con¬ 
tributes more than 80 per cent of the light of the system, produces a 
continuous spectrum with no indication of bright lines. In contr^t the 
filaments give a bright-line spectrum in which strong red radiations of 
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[N II] are present. The usual [0 II], [0 III], Ne III, hydrogen, and 
helium lines characteristic of a planetary nebula or of a nova in the 
nebular stage are present. The [S II] lines are much stronger than in 
the planetary nebulae, and the hydrogen lines are much weaker with 
respect to helium, even when allowance is made for a higher eloctrott 
temperature in the Crab Nebula. 

Baade finds that the system of filaments is elliptical in outline with 
only a minor distortion (major axis = 178", noinor axis = 120"). The 
amorphous mass is much less regular in outline than the filamentary 
envelope and is more flattened. The filaments appear to occur mostly 
in the outer part of the nebula; the inner regions appear as the amor¬ 
phous mass. 


Photographs taken a number of years apart show the nebula to Im 
slowly expanding. From measures of the rate of expansion, Duncan 
concluded that Ihe material originated from the outburst of some star 
about 800 years ago. In July, 1054, the Chinese recorded the appearance 
of a “guest” star in the constellation of Taurus in the present position 
of the Crab Nebula. It became brighter than any other object in the 
sky and remained visible in broad daylight for 23 days. It slowly 
faded; 650 days after the outburst it was no longer visible to the un¬ 
aided eye. According to the discussion by Oort and Mayall, the maxi¬ 
mum apparent magnitude attained by this star was -5, somewhat 
brighter than Venus (—3.3). 


The decision as to whether this object was an unusually bright 
nova or a supernova requires a knowledge of its distance. Fortunately, 
additional information is available. Observations by V. M. Slipher 
and, subsequently, Mayall’s spectrograms taken with the Crosaley 
Reflector at Lick Observatory show the lines to be split because of tho 
expansion of the nebula. By combining Duncan’s measures of the 
rate of an^lar expansion, O'.'21/year, with the rate of radial expansion 
me^d from his spectra, 1300 km/sec, MayaU estimated a distance 
ot 1250 parsecs. The corresponding absolute magnitude, jif - m - 10 . 5 , 
IS then -16.5 for the absolute photographic magnitude at maximum! 

we suppose that -5 was its apparent magnitude at maximum and 
that space absorption (estimated from the colors of distant li sUrs 
m of distant galaxies in this region) amounted to 1 magnitude. 

Hence the Chmese guest star was comparable in brightness to the sunor- 
^va m /C 4182 which attained the highest known luminodtr-10 C 

T. f^tely a Type I supernova. The discrepancy 
between the ^te found by Duncan, a.d. 1172 for the outburst atid the 
observed outbreak m a.d. 1054 can be eiqilained by supposing that the 
outward-movmg material was accelerated or that there are small 
systematic errors in the earlier measures. , 
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Now the integrated photographic magnitude of the Crab Nebula 
is 9.0, while that of the central star is 15.9. The amorphous mass, 
which contributes more than 80 per cent of the total li^t, therefore 
radiates 450 times as much visible light as the star. Approaching and 
receding filaments have about the same intensity; hence the nebula is 
transparent in photographic light. The star cannot be dimmed by the 
nebula, and the amorphous mass cannot diine by reflected light. The 
emission of the nebula may be excited by a high-temperature star. 

Minkowski measured the energy distribution in the continuum. 
For wave lengths between X4000 and X5000, Teoior “ 8400°K, while 
for the X5500-X6500 interval, T.oiot = 6700“K. This decrease of color 
temperature toward the red is exactly the opposite from what would 
be produced by space reddening, and may be taken as direct observa¬ 
tional evidence that the continuous spectrum is produced by free-free 
and bound-free transitions of electrons. Minkowski examined the 
mechanisms involved and showed that the color and intensity of the 
continuous spectrum can be explained it the electron temperature is 
pftftr 50,000®K. The amount of material in the line of sight is of the 
order of 5 X 10~‘ gm/cm®, and the opacity of the material due to 
bound-free transitions in the observable part of the spectrum is negli¬ 
gible. The opacity in the far ultraviolet is high. It is probably due to 
bound-free transitions (photo-ionizations) of highly ionized, heavy 
atoms, since hydrogen (which furthermore may not be abundant) is all 
ionized. Since the rate of emission in free-free transitions goes as Z® 
and in recaptures as Z*, the heavy, highly ionized atoms can play an 
important role despite a low abundance. 

In spite of the uncertainty in the electron temperature and the 
hydrogen abundance, Minkowski found that the values of the electron 
density and the mass of the nebulosity seem to be uniquely determined. 
The electron density appears to be of the order of lOVcm®, i.e., com¬ 
parable with the densities of planetaries. Since the outer radius of the 
nebula is 0.64 parsec, the total mass will be 15 times that of the sun as 
compared with about 0.1 for typical bri^t planetary nebulae. 

Since there is evidence that the mass of the central star is of the 
order of that of the sun, the supernova before the outburst must have 
had a of about 10. The present spectrum of the central star is 
continuous without any absorption lines. The color cannot be earlier 
(-.•hfl-n that of a late B, and the spectrum does not extend into the ultra¬ 
violet. Nevertheless, the color of the star does not require it to be a 
low-temperature object. Certain Wolf-Eayet stars, which we know 
to be very hot objects, have low-color temperatures. Let us assume 
that all of the energy radiated by the nebula is derived from the star. 
The energy content of the nebula equals the sum of the kinetic energy 
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of the electrons and ions plus the ionization energy (about 5 X 
ergs). If left to itself, the nebula would radiate this amount of energy 
away in 20 years! The absolute photographic magnitude of the nebula 
is —2.2, and its color is similar to that of the sun. This means an energy 
output of at least 1.3 X 10’“ ergs/sec. Then, if T, is the effective 
temperature of the star and R is its radius, the luminosity of the star 
is L, = 4ir<rR^T*. If the star radiates as a black body, Minkowski 
finds that with ikfpj, = 4.8, and L. > 1.3 X 10““ 


T > 120,000“K R < 0.04222. p > 19,000p. 


if the nebula is in a steady state. These represent e.xtreme limits 
since the total amoimt of energy radiated in the continuum is mutdt 
greater than that observed. Further, all the radiation emitted by the 
star may not be transformed by the nebula. 

The star certainly does not radiate like a black body in the ordinary 
spectral region, and it is probably unsafe to use this assumption. There¬ 
fore, Minkowski considered the emission processes in the nebttlae. 
With the electron temperature and density derived from the colt)r and 
energy output of the nebula at X4250, he derived a lower limit to the 
total luminosity of the nebula, taking into account the radiat ion over 
the entire spectral range. From these calculations he concluded that 
the central star is probably characterized by the following parameters: 


L/L. = 30,000 T = 500,000“K 22/22. = 0.020 p = 180,000p. 

At a temperature of 5^,000% the black-body distribut ion of the 
star would have a maximum at a frequency of 3 X 10'" hoc ' whicli 
corr^ponds ev. Hence the C, 0, N, or Ne atoms would be 

m the fifth and higher stages of ionization and incapable of emitting 
radmtion m the visible frequencies. The absence of even lie II X4tJ8(} 
in the amo^hous mass indicates a level of ionization and a temperature 
much greater than m a planetary nebula. If the level of ionization is 
^eater than 125 volte, [Ne Y] and [Fe VII] would not appear. If it 
as lower than 233 volte, it would not sufl&ce to produce [Fe XI Since 
ne.th« [Ne n [Fe VIII, ner [F. X] appear, i? a atX 

tM^ture of 600,(K)0'K would be appropriate. 

^ ■~iio-troquerrcy enrrHaiorr 

orr ftequeucr is diWnt f of the eaergy distrilmtiorr 

oLT/? f different from that of other radio sources (Jreenstein 

SriSS' ^ ttat this radio errrkrlorr 

«e 4.^ errussiou like that from the quiet sun (J “ 

IS- h ‘r zT 4' 4r 

amorpho. mass may he as S^dr^^rdcr mmh 



Sec. 18] STABS WITH EXTENDED ENVELOPES 189 

cirGiiixii8tanc6s, the energy content of the nebula would be large. Fur¬ 
thermore, the degradation of only 1 or 2 per cent of the kinetic energy 
of expansion could supply the observed enussion for a TnillAninTn No 
central star is needed to supply energy under these conditions. It is 
possible that neither of the stars seen projected upon the nebula is 
associated with it. 

The filaments, on the other hand, show a level of excitation com¬ 
parable with that of an ordinary planetary nebula. They are in the 
outer parts of the nebula, shielded from the high-frequency radiation 
of the central star by the amorphous mass which degrades the quanta 
to lower frequencies by processes similar to those occurring in planetary 
nebulae (except that the role of hydrogen is here played by helium and 
heavier elements). A similar process is seen in the stratification of 
planetary nebulae wherein the high-excitafion lines are produced 
close to the nucleus and the low-excitation lines [0 II], etc., appear in 
the outermost ansae and envelopes. 

From these observations, Minkowski was able to draw important 
conclusions concerning the physical nature of supemovae. The analysis 
suggests that before the outburst, supemovae are massive stars of low 
hydrogen content. A possible example of this type of star is v Sagittarii 
which has been studied by Greenstein and Merrill. 

Minkowski suggests that the filaments are probably to be identified 
with the outer mass of the ejected envelope in which the relatively 
narrow [0 I] X()300, X6364 lines appear, whereas the amorphous mass is 
to he correlated with the portion of the envelope that gives the principal 
spectrum. The difficulty with this proposal is that the emission features 
of the main spectrum are broader than the [0 I] lines, yet the smaller 
volume of the amorphous mass would require a smaller expansion 
velocity tlian the filaments. 

C/handrasekhar advanced the hypothesis that supemovae develop 
from stars that are too massive to contract to white dwarfs. If the 
mass exceeds the critical value, 311 = 5.7 /ai®, where a is the molecular 
weight of the material, the star cannot develop a degenerate core. 
Only by shedding the excess mass could the star evolve into a conven¬ 
tional white dwarf. 

Iilvry Bchatzman and recently L. Mestel have suggested radically 
diflcrcnt mechanisms whereby white dwarfs may evolve into supemovae, 
but this subject must be regarded as speculative at present. The 
strong radio-frequency radiation of the Crab Nebula may be an import¬ 
ant clue to the tnic nature of supemovae. 

An apparent example of a Type II object is provided by Ty<^o s 
nova of 1572 which flared up in Cassiopeia, rivaled Venus, and remained 
visible for eighteen months. Then it faded away to something less 
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than a hundred-millionth of its maximum brightness. A radio source 
of moderate intensity, however, has been found exactly in the position 
of Tycho’s supernova, although nothing unusual has been found by 
optical telescopes. If any nebula surrounds the Tycho object, it must 
be many times fainter than that surrounding the 1054 object. 

The light-curve of Kepler’s nova of 1604, which has been discussed 
by Baade, shows this object to have been a Type I supernova which 
reached an apparent magnitude of —2.2. A search for the remnant 
of the supernova led to the discovery of a small patch of emission 
nebulosity, which is undoubtedly a part of the masses ejected during 
the outburst. Since it lies behind heavy obscuration, its distance and 
luminosity cannot be determined. Minkowski found the spectrum of 
this nebulofflty to be similar to that of the filaments of the Crab Nebula, 
and the e\'idence is strong that it is actually a remnant of Kepler’s 
nova. 


^ ^e low abundance of hydrogen in the Crab Nebula, as well as the 
mdirect evidence from the synthetic spectra of Type II objects, fits 
into the suggestion that supemovae represent stars that have exhausted 
hydrogen fuel and are readjusting to the white-dwarf status. 
This hypothesis brings up many questions that must go unanswered 
until another supernova appears in our own galaxy. 

Alihou^ both novae and supernovae are recognized as transient 
^tastrophic phenomena, the Wolf-Rayet and P Cygni stars appear to 
^ve qu^-permanent status. H the ejection hypothesis is correct, 

^ Cvir r IH atoms/cm=, an envelope such as that of 

Cygm would represent a dissipation of ten solar masses in a 
^on y^s; hence the WoM-^yet stage* would be a temporary 
phase in the life of certam massive stars. 

The int^retation of stars which show the P Cygni-type spectrum 

envelopes of recognized 

rrhy do afro im Ita t BF r For example, 

m h«, f! ' ™ “ BF Oygm show rapid, almost day-today 

It has been suggested that the Wolf-RAVAt ^ 

eachausted their hydrogen fuel and arp ^ ^ massive stars that have 

space. From this view the Wolf-Rayet nroe^^ ejeotmg their atmospheres into 
evolutionaiy path whereby a ^°“l'^./^resent an alternative 

mately settle down as a white dwarf. ““Sht eject its outer layers and ulti- 
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fluctuations? Probably both velocity and absolute line intensity 
measures will be needed to give a complete kinematical and physical 
interpretation of the data. 


PROBLEMS 


1. In 48 Librae, Merrill and Sanford (Mt. Wilson CorOr. 690, 1944) 
observed Balmer lines up to = 41. Compute the electron density 
in the shell. (See Ch. * 8 , pp. 312, 317.) 

2 . Prove that in the three-state atom, discussed in Sec. 2, the number 
of transitions 1 —>3—> 2 -+lis greater than the number 1 —»2 —»• 3 1 
when the radiation field is dilute (Rosseland’s theorem). 

3. Consider a four-state atom wherein level 3 is metastable, level 2 

is normal, but both have the same excitation potential. Let the dilution 
factor of 1 —> 2 radiation be W', that of 1 —> 4, 2 4, and 3 —4 be TT. 

Let ^42 = -^21 = yAii, and A 42 = A 41 . Then prove 


V 2 . — -h Trpa4 

Ws y + W'y -b T^Pa 4 ’ 




Pik — ^ 


kT 


4. A nova ejects a thin shell in which the density distribution is 
p = Po cos^ 6, where 6 is the angle between the axis of the nova and the 
vector drawn to a point in the shell. If the emission is proportional 
to p, the velocity of the shell is 300 km/sec, and if we can neglect the 
self-reversal, calculate the observed profile, assuming the angle between 
the axis of the nova and the line to the observer to be 45®. 
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CHAPTER 5 


The PijANBtart Nebulae 


1. Introduction 

The gaseous nebulae associated with the Type II population are the 
planetary nefndae —so called because they often appear as faint, greenish 
disks, not unlike the images of Uranus and Neptune, Their brightr-line 
spectra consist not only of the familiar radiations of hydrogen and 
h Aliiim, but also of the forbidden lines of oxygen, neon, nitrogen, and 
other elements. There is also a continuous spectrum which is often 
fairly strong in nebulae of high surface brightness. 

The energy radiated by the planetary nebulae is degraded from the 
far ultraviolet radiation of central stars that are usually so hot that 
but a small fraction of their energy is emitted in the visual region. 
Hence the nebulae often appear brighter than their central stars. The 
high-excitation object NOG 7027 provides an extreme example. Its 
central star remains invisible even on long exposures with special filters 
that block out the principal nebular lines. For a fixed bolometric 
magnitude, the hotter the central star, the fainter it will be photographic¬ 
ally (since the far ultraviolet radiation is cut out by the earth’s atmos¬ 
phere), and the greater the magnitude difference between star and 
nebula. Hubble found that bright central stars tend to be associated 
either with small nebulae of high surface brightness or with large 
nebulae of low surface brightness. 

The planetary nebulae are rare, remote, Type II objects. Their 
distances cannot be determined by conventional trigonometric or by 
statistical parallax methods. They move presumably in highly elUptical 
orbits, and methods based on galactic rotation appear inadmissible. 
For illustrative calculations we shall use distances published by L. 
Berman, who employed mean parallaxes based on proper motions, 
angular diameters, and radial velocities used in conjunction with the 
theory of galactic rotation. He also used apparent nebulw and central 
star magnitudes, ntn and m„ interpreted in connection with a physical 
theory of nebular lunoinosity. Berman supposed the diameters were 
not affected by galactic absorption, and that large faint objects and 
condensed bri^t ones were statistically comparable in diameter and 
absolute magnitude. 
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The spatial distribution of the planetaries appears to be that of an 
extreme Type II population similar to the RR L 3 rrae stars. One is 
found iu a globular cluster, and the central bulge of our galaxy, which 
is a Type 11 population, contains a very large number. Many must 
be hidden behiud obscuring clouds. 

Large, and apparently nearby, objects appear in all longitudes 
and in high galactic latitudes, whereas the fainter, condensed objects 
show a strong concentration to the galactic center, as we would expect 
if all types of planetaries were evenly mixed throughout the galaxy 
with a distribution similar to that of the RR Lyrae stars. The shapes 
of the nebulae do not appear to be correlated with apparent diameter if 
allowance is made for the effects of observational selection. Minkowski’s 
survey has added 212 new planetaries bringing the total to 371. Some 
of them appear to be as remote as the galactic center and in this direction 
the mean apparent diameter is about 6 seconds of arc. Many can be 
observed only in the light of Ha, since reddening is so great as to ex¬ 
tinguish lines in the blue and violet. Karl Henize has extended the 
survey to include the southern hemisphere. 

To summarize, the planetaries belong to the Type II population 
and are strongly concentrated toward the galactic center. Their sizes 
md surface brightnesses show a considerable range—from small objects 
m^tinguishable from stars (IC 4997) to giant ringlike structures like 
NGC 7293 m Aquarius (Fig. 1). A typical bright planetary has a 
radius of about ten or twenty thousand astronomical units, and a 
mass probably less than a fifth that of the sun. The densities of typical 
planetan^ probably fall between those of diffuse galactic nebulae on 
the one hand and the expanding shells around novae in the “early 
nebi^ stage. The deities range from 10"* ions/cm* or less for the 
f^ter objects to 10 -10 lons/cm* for the brighter ones. The tenuity 

to aeiTS‘“S'«?>ancte.l 
2. Structure and Spectra 

show this object to have an extremely complex structure ntW 

a centmy ago. Concerning NOG 3587, the ‘Swl*^N!^bX’’''^Si? jX! 
Herschel wrote in 1849 * “Wp mi{rh+ j j “ir John 

a b. a.. Of A-« aSTfairaS; 

*The Ou&inea of Astronomy, p. 508. 



Fia. 1 .—Tub Gebat Planbtaey Nbbcjia in Aquakius 

The (limoiwions are approxiinataly 12' X 16'. IntrinBioally, it is probably ono of 
the largest planoUries. (Pliotograpliod by Walter Kaado at the Mount Wilson 
Observatory.) 



om 3133 


He3I3203 


[NeTZr]+01113341 
Oin+[Ne3rj3426 

0III3444 


[Oirj3727- 

[Ne nr] 3868 
, , H3889' 

[NeIll],H 3967- 

4100- 

Hr 4340, 
[Oin]4363' 
HeI447r 

He 11.4686- 
86 

[ 01111^24959 
N,500~ 



> 

3 

Q 

2 

CD 

M 

o 

2 

CD 

2 

CD 

> 

3 

2 

CD 

3 

O 

CJi 

ro 

O 

O 

O 

3 

O 

o 

zr 

ro 

OJ 

O 

ro 

o> 


G) 

cn 

ro 

4^ 

-(^ 

O 

ro 

Sd 

ro 

O 

ro 

ro 

6i 





3 



F^o. 2.-SHTi®ss Speo^ of Nebtii^e of Mobebatb to IItoh 

at the L:ck Observatory with the Crowley ..fleeter aSdqS S?L 











See. 2] THE PLANETARY NEBULAE 197 

presented to us, by a highly improbable coincidence, in a plane precisely 
perpendicular to the visual ray.” 

The extreme complexities and bizarre irregularities of the planetary 
nebulae are well exhibited in the beautiful direct photographs secured 
by Minkowski at Palomar. The ring “structures” are far from simple 
and most of them cannot be regarded as thin uniform shells in even 
the first approximation. Truly amorphous forms appear to be rare. 
Fine wisps and condensations are frequent, although some objects 
such as the Owl Nebula have a perfectly smooth structure, even under 
conditions of the very best seeing. The fine structure must have a 
dimension less than 0'.'5. Many planetaries are stellar in appearance, 
e.g., IC 4634. Conventional blue and yellow direct photographs are 
not too useful, since they cover a long wave-length range and record 
images corresponding to different spectral lines. The use of plate-filter 
combinations that isolate a narrow wave-length range often enable 
photographs to be taken in nearly monochromatic radiation; but if 
we wish to separate emissions that are close together in the spectrum, 
e.g., Ha and the [N II] lines, it is necessary to employ a slitless spectro¬ 
graph. An image of the nebula in each of its monochromatic enoissions 
is thereby recorded. (See Fig. 2.) Observations of this type were first 
obtained at the Lick Observatory and showed that the [0 II] radiation 
tended to concentrate in outlying ansae and condensations and that 
the nebular image of this line was always largest. On the other'hand, 
the He II X4686 radiation appeared only in the central regions, while 
the X3426 image of [Ne V] was smallest of all. Furthermore, certain 
nebular lines vary together in intensity; i.e., their relative intensities 
seem to be about the same. Examples are X4959 and X5007 of [O III], 
X6548 and X6584 of [N II], X3869 and X3967 of [Ne III], the [0 II] 
X3727 pair, and X3426, and X3346 of [Ne V]. Forbidden lines of either 
[0 III], [0 II], or [N II] are usually the strongest, followed by the 
hydrogen and helium lines. Then follow weaker forbidden lines of 
other light elements and the metals and, occasionally, permitted lines 
of oxygen and carbon. Bowen and Wyse at Lick Obseirvatory made 
the most complete study of nebular spectra with the aid of Bowen’s 
imag6 slicer* Their first report on NOC 7027,7662, and 6572 is supple¬ 
mented by an account of the spectra of seven additional objects observed 
by Wyse. He lists the following ions: H I, He I, He II, C II, 0 III, 
0 IV, N I, N II, N III, N V(?), O I, 0 II, 0 III, F II(?), F IV, Ne III, 
Ne V, Mg !(?), Si II, Si III(?), S II, S III, Cl III, Cl IV, A III, A IV, 

•This is an opUc-al (Uwice in which the iimigo of a source larRcr than the slit of 
the spuctrom’uph is rodiiotcid to a wirios of narrow mirrors mounted in such a way 
tliat tho light is roflootod through the slit so that a series of spectra of successive 
strips of tho source are formed side by iddo. See Ap. J. 88, 113, 1938. 
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A V, K IV, K V(?), K yi, Ca V, Fe II, Fe III, Fe VI, Ni VUIf?). 
Further analyses of atomic spectra in high stages of ionization should 
provide further identifications. 

The fir^ quantitative information on the energy distribution within 
tiM monochromatic nebular images was obtained by Berman from the 
labonous procedure of making successive tracings across monochro- 
i^tac images and fitting the strips together to get isophotal contours 
of the spectral hues. He observed NOC 7009, 6543, 6572, and 6826, 
the quartz sUtless spectrograph on the Crossley Refiector at the 

• ^ isophotal contours of [O II] X3727 

m NGC 6720 meMured on more recent plates taken with the same 
i^^ent. Notice the concentration of intensity at opposite ends 
of the mmor axis. Unfortunately, the evidence of the intricate net¬ 
work of filaments is lost in the process of reduction which tends to 
smootn out the irregularities. 


Fig. 3.—Isophotal Con- 
TOTJBS OP X3727 [0 II] IN 
TBDEi Sing Nebula in 
Lyea NOC 6720 • 

Contours are drawn for 
steps of 0.10 in log /. Be¬ 
cause of the small scale of 
the original plate, the ir¬ 
regularities are smoothed 
over so that only the large- 
scale features of the inten¬ 
sity distribution are 
shown. Compare with 
Fig. 10. (From a plate 
taken at Lick Observa¬ 
tory.) 



Isophotic contours 
of NGC 6720 
X3727 [OIE] 


If the nebuk is large, the effect of overlapping images on the slitless 
spectrograms is oftea troublesome. On the other hand, with 
nebu^, a single plate may give a rather complete record of the energy 
distribution m the monochromatic images. To observe the weaker 

hnes and to separate those that faU close together, slit spectrograms 
are necessary. 

Thornton Page has obtained spectra of a number of planetary 
nebulae witii a mde slit to study the continuous energy distribution 
and the relative mtensities of the stronger lines. His method elimi¬ 
nates some of the worst disadvantages of the slitless spectrograph. 

Recently, 01m Wilson has secured slitless spectra of the brighter 

spectrograph at the 100-inch refiector of 
the Mount Wilson Observatory. In his method the spectrograph slit 
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is removed so that there is recorded upon the plate not the usual slit 
spectrogi-am, but a series of monochromatic images, each a picture of 
the nebula in the light of one of its characteristic radiations. With 
the high dispersion of the coud6 there is usually little overlapping of 
images. The large-scale and excellent quality of his plates reveal many 
structural details missed in previous investigations with smaller tele¬ 
scopes. The lack of uniformity in the ring structures is clearly shown, 
and the small diffuse-appearing nebula NGC 6572 is resolved as a ring 
surrounded by an amorphous structure. Fig. 4 shows the contours 
of an amorphous nebula. 



Fio, 4. — IsopiioTAL CoNToxna of X4959 [0 HI] in the Amorphous Nebula 

NQC 6210 

Steps of 0.3 in log 1 are represented except for the central contour, which differs 
by 0.16 from the next contour. Notice the steep sides of the nebular image. The 
slitlcss spectrogram was obtained by Olin Wilson and traced with the Hiltner- 
Williams isophotometer. 

Isophotic contours may be derived cither from direct photographs 
or sliticsw spectrograms. If the nebula has large internal motions, the 
the slitlcss images are to a small extent blurred by the radial motion 
of the emitting gases. This circumstance is not entirely disadvantageous 
because, by comparing a direct and slitless imago, the radial velocities 
of fine condensations sometimes may be found. This technique was 
used by Wilson and Minkowski to study the internal motions in NOG 
2392. 

Various devices may be used to get isophotic contours. The Hiltner- 
Williams isophotometer* has been successfully employed to get line 
contours in nebulae as complex as NGC 2392. 

The complete quantitative description of the monochromatic emis¬ 
sions involves not only the measurement of the contours but also the 

*Puhl. Mich. Ohs. 8, 46, 103, 1940. 
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determination of the surface brightness at some point in the contour 
or ite average over the image in terms of appropriate units, e.g., 
ergs/cm /sec. Usually the relative intensities of the lines are measured 
on sht spectrograms taken at some point in the nebula, while the total 
amount of ener^ from the brightest images (usually the images of the 
g^n nebi^r lines) may be established by photoelectric photometry. 
Minkowski and the writer have made detailed spectrophotometric 
studies of typical planetary nebulae, while Liller has measured a number 
of the brighter planetaries by photoelectric methods. For a number of 
representative objects it Avill be possible to give fairly precise measures 
ot ^e mtensities of the nebular radiations. Fig. 7 shows the spectrum 
and tracmg of the bright nebula, NGC 7027. 

Before further discussion of the observational material, it will be 
Rentable to review some of the physical processes occurring within 

^e nebula and to describe how estimates of temperatures and densities 
have been made. 

3. The Excitation of the Hydrogen Lines 

In our analysis of the ph:^cal state of a planetary nebula, we shall 
consider first of all the excitation of the hydrogen lines. As a first 
approxunation we take a thin shell surrounding a hot star which is 
presumed to radiate as a black body at temperature Ti. For the 
moxnent we suppose the shell to be composed of pure hydrogen. Later 
we^all see the effects of “impurities” in the form of oxygen, neon, etc. 

•II u radiation reaching the inner surface of the shell 

Will be 


= Wo^ 


,hv/kTx 


where 


- 1 


( 1 ) 


^0 = :^ 


( 2 ) 

is the geometrical dilution factor. It is the fraction of the total surface 
of the sky that IS filled by the star as seen from a point in the nebula. 

NimencaUy, Wo is of the order of 10'“. Here Ro denotes the radius 
of the star, r that of the shell. 

Since the st^ is hot (often 60,000»K or more), most of its energy 
will be radiated in the far ultraviolet. Hence the nebula is exposed 
to radiation which corresponds in frequency distribution to a high 
temperature, but in energy density to a low one. Essentially all of 
the neutral hydrogen atoms in the nebula reside in their lowest level. 
Excitations by radiation are cut down by the factor 1/W as compared 
with thermal equiUbrium. On the other hand, atoms cascade down- 
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ward from excited levels at a rate determined only by the Einstein A 
values. Therefore virtually all ionizations must take place from the 
ground level as a consequence of absorption of quanta beyond the 
Lyman limit. The recaptures, however, may take place on any of the 
excited levels, as well as on the ground level. See Fig. 5. If the free 
electron is recaptured in the ground level, an ultraviolet quantum 
similar to the original is reborn, and this quantum may ionize yet 
another hydrogen atom. If it is recaptured on the second level, a 
quantum will be emitted in the Balmer continuum, while a recapture 
on the third level will give a quantum of the Paschen continuum. If 
an atom jumps from the third to the second level, it will emit an Ha 
quantum. This process of photoelectric ejection of electrons plus 
subsequent recapture and cascade is called the primary mechanism of 
excitation. The lines of neutral and ionized helium are also produced 
by this primary mechanism. 



Ca) (b) 


Fia. 5 .—Tiim OraoiNr of thw Hydrooen Lines in the Planetary Nebulae 

(a) A hydrogen atom in the ground level is photo-ionized by a quantum in the 
Lyman continuum, (b) In the example depicted, the electron is recaptured in the 
fourth level with the omission of a quantum in the Bracjkett continuum. Then it 
cascades to the second level with the omission of H/3 and finally to the ground level 
with die emission of Lyman a. H|8 and the Brackett quantum escape from the nebula; 
Lyman a is scattered from atom to atom, (Courtesy, Goldberg and Allor, AtomSf 
Starsj and Nehidae, Cambridge: Harvard University Press, 1043.) 

We shall refer to all quanta beyond the Lyman limit as ultraviolet 
quanta. Following Zanstra we now ask what happens when this stellar 
ultraviolet radiation is completely absorbed in the nebula. If an electron 
is recaptured on the second level, the resulting quantum of the Balmer 
continuum will simply escape from the nebula. Then the atom will 
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return to the ground level with the emission of Lyman a (Lya) which 
can be absorbed and re-emitted over and over again, i.e., simply scat¬ 
tered. If recapture occurs on the third level, the atom may cascade to 
the second level (emitting Ha), or it may jump directly to the ground 
level with the emission of Ly/S. When Ly/3 is reabsorbed, there is a 
finite probability that the atom will emit Ha -|- Lya. In general, 
quanta corresponding to subordinate lines cannot be reabsorbed in the 
nebula and must escape directly. The degradation of energy is irres- 
versible; i.e., a cycle such as Lyy —*H/3 + Lya is not compensated for 
by the reverse process. Sunilarly, LyS will be broken into Lya TT7, 
Lya -f HjS -f Bra, etc. Zanstra and Menzel independently arrived at 
the important result that in a Oiick nebvla, every quantum of rdlraviolet 
energy wiU be rdiimalely broken down into a Lya quantum plus a quantum 
of the Bcdmer series or continuum. Other quanta of the Paschen or 
Brackett series will also be produced, but these are usually not observed. 

For a nebula sufficiently thick to absorb all the ultraviolet qxiauta, 
we can write that the number of ultraviolet quanta equals the number 
of quanta of the Bahner series plus the number of quanta in the Balincr 
continuum, or in Zanstra’s notation. 


Nvx — Bac -f- Ba 


(3) 


This relationship forms the basis of an important method for getting 
the temperature of the central star (cf. Sec. 12). 

The state of ionization of hydrogen in a nebula may be calculatetl 
with the aid of the theory developed by Stromgren for the ionization 
of the interstellar medium in the neighborhood of an 0 or li star (hoo 
S ec. 5 of Ch. 6). The theory may be modified to take the density 
variations in the nebi^ into account. Near the center of a thick 
nebula the hydrogen is essentially all ionized and remains so until 
numbers of neutral atoms begin to appear. The level of ionization 
drops rapidly to zero, the emission per unit volume declines abruptly, 
and tee l^ous nebulosity has a sharp edge. Long-exposure photo- 
grap^ of some planetary nebulae show irregular faint outer ring.s 
which presumably define the outer edge of the actual material. Tho 
lummous portion of tee nebula is the zone of ionized hydrogen. 
The toentary structure of the nebula permits some radiation to 
toou^ and produce a small amount of ionization (and rocom- 
bmation) nght to the edge of the nebula! 

In the bri^tCT, more compact nebulae what we probably see is tho 

Snf “’“““ft brightness the luminous 

poison ^y often encompass tee entire nebula itself. Detailed appli¬ 
cation of tee Stromgren ionization theory has been made to IC 418 
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whose edge is less steep than the Stromgren theory would require— 
possibly the effect of filamentary structure. 


4. The Balmer Decrement 


If the considerations of the preceding section are sound, it should be 
possible to calculate, for a given electron temperature and density, 
the rate at which electrons are recaptured by hydrogen ions in various 
excited levels, and the rate at which the atoms cascade to lower-energy 
levels. If line radiation from the central star or from the degradation 
of Lyman line and continuum quanta is present in a known amount, 
its effect on populatmg the higher levels can be evaluated. In other 
words, for a specified set of physical conditions and a steady state, it is 
possible to calculate the relative populations of all the excited levels. 
Since the transition probabilities are known, the relative intensities 
of the hydrogen lines—^in particular the Balmer lines—can be found 
and compared with observations. 

The detailed calculations, based on the fact that a steady state 
exists, and that all ionizations occur from the ground level, involve 
formulae of the type developed in Chapter *5.* The computations are 
straightforward but lengthy. 

Menzel and Baker first calculated the Balmer decrements for a 
nebula with a nuclear star that radiates no energy in the Lyman lines. 
Their model A corresponds to an optically thin nebula in which all the 
Lyman line radiation produced by photo-ionization and recombination 
escapes without further absorption. B represents an optically thick 
nebula from which no Lyman radiation save Lya escapes. Menzel and 
his colleagues later considered a model 0, an optically thin nebu^ 
(similar to A) but with a central star which radiates as a black body in 
the Lyman lines. The addition of the stellar line radiation markedly 
steepens the decrement. C, however, corresponds to a nebula of very 
low surface brightness. 

Comparison of theory with an extensive series of observations 
obtained with the Crossley lleflector at the Lick Observatory in 1943-45 
shows that after the observed decrements have been corrected for the 
effects of space absorption (Ch. 6) the agreement is best ^th B, the 
optically thick nebula in which every quantum of ultraviolet energy 
is ultimately degraded into a Balmer quantum and a Lyman a quantum 
which escapes from the nebula. The accompanying table tells the 
story. Successive columns give the wave lengths of the Balmer lines, 
the mean intensity from 41 nebulae (corrected for space absorption 


•All roforoncos to chapters in the author’s Astrophysics —cf 
the Sun ami Stare (New York; The Ronald Press Co., 1963) will be designated in 
tills volume by before the chapter number. 
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and referred to as 10), and the theoretical values A, IJ, uiul C3, 
referred to au electron temperature of 10,000°K. The lialinor <l(V!r<!- 
ment will be nearly the same at higher electron temperatures. 


The Balmer Decrement 


X 

Observed 

Intensity 

Theoretical Intensity 

A 

B 

0 

4861 

10.0 

10.0 

10.0 

10.0 

4340 

6.68 

5.76 

6.1 

3.-17 

4101 

3.13 

3.74 

3.1 

l.(>2 

3969 

2.03 

2.65 

2.06 

0.89 

3889 

1.42 

1.82 

1.43 

0.55 

3836 

0.98 

1.36 

1.05 

0.36 

3797 

0.75 

1.06 

0.79 

0.25 

3770 

0.54 

0.81 

0.59 

0.18 

3750 

0.43 

0.65 

0.46 

0.14 


This result is in accordance with expectations since all the ncl)iila<« 
are optically thick, as their surface brightnesses would otherwise l>o 
too low to have permitted their observation. 

A more accurate theoretical treatment of the Balmer doeremenit 
would require a solution of the equation of radiative transfer. Ilenyey 
has given a formal solution for the static nebula, and his work slicmld 
be extended to take account of processes involving the contimumi and 
the e^yansion of the nebulae. Boundary conditions become compli¬ 
cated for an e^an^g symmetrical sheU and, in an actual nebula, are 
likely to be so mtneate as to make any exact calculation impossible. 

6. The Electron Density 


+V. continuous emission at the head of the Balmer series arises from 
the direct capture of electrons in the second level. If wo know the 
volume of the emitting gases and have some idea of the electron tom- 

intensity of this 

Balmer recombination spectrum. 

J^m eqn. (106) of Chapter *5 we have that the emissioti in 


dv = 2.70 X 10' 


•oa * » t* » < 

-fm- 




if S 4 


av 




* 4 \ 

temperature, is the frequency of the Balmer 
in practice it is convement to measure the intensity in a linito 
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interval (e.g., 20A of the continuum). If we use eqn. (105) of Chapter 
*5, adopt g = 0.876, and note that Lv — 2.254 X 10“ AX, at the Balmer 
limit, we find for a 20A interval at tlie beginning of the continuum 

A*- = 10.66 X 10“” (5) 

The total emission of a homogeneous shell of thickness d and outer 
radius A will be 


I/O = - 3Ad’+ d’) Aj/ (6) 

Since the surface through which this energy must flow is 4irA®, the 
average surface brightness in ergs/cm^/sec per 20A in the recombination 
continuum at the Balmer limit is 

= ^ = 3.55 X 

where 

^-^'-1 + 51 ') 

If we assume the proportions of helium and other elements to be negli¬ 
gible in comparison, Nt — N„ and from equation (7) we find 

JV. = 1.68 X lO'-^Sy^D-'^Yr* (9) 

An estimate of J) may be made if we know the angular diameter 
of the nebula, the thickness of the shell, and the distance. Estimates 
of d and A may be taken from the descriptions published long ago by 
H. D. Curtis. For illustrative calculations we shall adopt the distances 
estimated by Berman. 

The electron temperature is uncertain. It appears to range from 
about 8000'’K to perhaps more than 20,000“K in the various objecte 
studied. Assignment of precise values for each nebula must await 
the accumulation of more accurate observational data on the line and 
continuous spectra. For the purposes of the illustrative calculation 
we shall take T, = 10,000®K; hence the actual values of JY, will be 
(r,/10,000)®'‘ times the tabulated values. 

The intensity of the 20A interval of the Balmer continuum may be 
compared with emission lines in the spectrum by methods of photo¬ 
graphic photometry. It is necessary to allow for, and subtract off, the 
contribution of the underlying continuum which includes not only the 
Paschen and Brackett continua, but also a continuum due to other 
processes as well. Although the relative intensities of the emission 


(7) 

( 8 ) 
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lines are known, this information is of Uttle value until the mean surface 
brightness in c.g.s. units of at least one of the lines is known. 

If a nebula emits or reflects a continuous spectrum of about the 
same color as the sun, its surface brightness, expressed in magnitudes 
per square minutes of arc, may be easily converted into ergs/cmVsec 
(see Sec. 1 of Ch. *5). The planetaries, however, radiate emission-line 
spectra, and photographic magnitudes determined in the usual way are 
not e^y to interpret unless very detailed information is available on 
the plate sensitivity and filter plus telescope transmission. 

The best work on the photometry of the planetaries has been done 
photodectncaUy, and we shaU employ here some of the results obtained 
by W. LiUer. He used narrow band-pass interference filters, two 
transmitting m regions near X6500 and X4200, where most planetaries 
have no strong lines, and one including the green nebular lines which 
Me the strongest visible radiations in most planetaries. With these 
three-TOlor observations he was able to separate the line contribution 
trom that of the nebular continuum plus central star. For comparison 
stars he used G2 dwarfs whose magnitudes and colors were carefully 
compared with primary standards of accurately known magnitudes. 
LiUers measures give essentially the surface brightness of the green 
nebular Imes, and since these have been measured with respect to other 
lines, mcludmg H/J, the surface brightness in the Balmer continuum 
can be expressed at once in terms of ergs/cm*/sec. 

Very recently, the intensities of the green [0 III] and H/8 lines in a 
number of planetaries have been measured photoelectrically by Macllae 
and Stock at Case Institute and by LiUer and the writer. The surface 
bnghtnesses measured m this way are in exceUent agreement with 
those ^und by the filter method. The intensity ratios (O IIIJ/H/3 
found by the two teams are in exceUent agreement with one another 

TABLE 1 

_Electron Densities of Some Planetary Nebulae 


Nebula 


(parsecs) 


D X 10-1^ 
(cm) 
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autl confirm the photographic measures made some years ago by the 
writer. 

Table 1 gives the details of the calculation of the electron densities. 
The second column gives the mean angular radius in seconds of arc. 
The third column gives the estimated thickness of the shell for those 
objects which can be even roughly approximated as shell objects. The 
distance r in parsecs is from the work of Berman. D is then calculated 
from the data of columns 2, 3, and 4. The sixth column gives the 
logarithm of the ratio of the intensity of the 20A stretch of the con¬ 
tinuum at the Bahner limit, Sn, to the intensity of HjS, 8^. The surface 
brightness in HjS is taken from the data of Liller, who measured the 
surface brightnesses of the green nebular lines and adopted /S(H^)/ 
S(.Nt + Ni) from the results of photographic photometry. The elec¬ 
tron density N, is given in the last column for T, = 10,000°K. If 
Sf and T, have been estimated too small, the electron density will be 
increased. 

For typical bri^t planetaries the electron densities fall between 
1000 and 6000 electrons/cm®. 

Medium-bright planetaries, such as NOC 40 or NGC 2022, appear 
to have densities of the order of 10®-10® electrons/cm®, while in the 
stellar planetary IC 4997, N, apparently approaches 10‘. The electron 
densities in the shells of novae and Wolf-Eayet stars seem to be much 
higher. 

It is also possible to estimate Nt from the surface brightness of Hp. 
The number of hydrogen atoms in any level n may be expressed in 
terms of JV* and N, by the means of the dissociation formula for hy¬ 
drogen [cf. cqn. (26) of Ch. *4)], viz., 


Nn = hJfiN, (2,rmfcr0®"® ” ® 




( 10 ) 


where [sec cqn. (102) of Oh. *5] 

^ hBZ* _ 1.57 X 10® (11) 

~ n’‘T. 


and 5, is a factor that expresses the deviation from thermodyn^c 
equilibrium for the temperature T,. In strict thermal eq^bnum, 
6, = 1. The amount of energy emitted per cm per sec m downward 
transitions from level n to level n' is 






where J7, is given by eqn. (10) 
(83) of Chapter *5, and »>«,' 


, is computed from eqns. (76) and 
is given by eqn. (92) of Chapter *6. 
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expressions and make use of eqn. (104) of Chapter 


E . =NU -g 

Now n = 4, n' = 2 , = 0.822 for H/3. Putting in numerical 

we nna 


(13) 

values, 


8ni> = 7.37 X 10-®" Si 


&4 De^' 


(14) 


hi elated and 64 found from theory or observation, N. can 

formulae may be derived for other 
ydrogen Imes. Measures of the surface brightness in Ha in diffuse 
provide estimates of the densities of these objects. 
Hyctogen is the mo^ abundant element in the nebulae. Hence 
+hl r y tlie density of hydrogen ions/cm*. If we know 

nortion compute the mass of the luminous 

resul^t mass^ turn out to be less than a tenth the 

hftvp fl /> ^ ““'“y objects the outer, neutral envelope must 

have a comparable n^s, so that an estimate of about a fifth of the 

tudt ® ”^»gni- 

str^^rS^^l?h^i “ hydrogen and the filamentary 

J Ihnitations on the foregoing theory 

Because of its long hfetime, atoms tend to accumulate in the 2 s level 

population 

7, «»“ 

elilelv ^ distribution be interpreted as arising 

of ZSr 10 Th an electron temperature 

Lcounffi Tp ^h !, f ^ wdl not 

th«+wl \aT- distribution. Greenstein showed 

that we co^d brmg the two results into harmony if we assume that the 
opri^ thiclmess in die Balmer continuum is apprecTbTe Whext 
diat ^ from the second level become prominent, the energv 
totribution IS no longer given by eqn. (106) of Chapter *6 but tenS 
approach tl^ black-body distribution appropriate to the electron 

BoW^ ). Greemtam Suds the population to Mow, verr nearly 

Beltane's form,^ and fV(2e) la „£ the order of lO-fir, IN. - nZbS 

of neutral atoms m jrround levpl") On-fai'rXra ^■u “omoer 

in grouna leveij. Outside the region of ionization, 
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No is about 10*, and, since a, ~ 10 '^/atonx at tbe Balmer limit, a 
distance of 10“ cm or a third of a parsec is required to produce an 
optical thickness of about one. Since the bright part of the nebula has 
a radius of about 0.5 pc, we need a region of neutral hydrogen of the 
i»nTY<p. size and density as the observed luminous part to produce appreci¬ 
able self-reversal. Some years ago, O. C. Wilson found the sharp 
X3889 He I line superposed upon the spectra of several stars shi^g 
through part of the nebula. Thus he obtained direct observational 
evidence for an appreciable population in highly excited metastable 

levels. , , 

Greenstein estimated the mass of the diffuse Orion Nebxila to be 

about ten times that of the sun. 

In planetary nebulae, the effect of the metastability of the 2 h 
level is less pronounced. Suppose that a nebula such as NGC 3242 is 
surrounded by a shell of neutral material of the same density and thick¬ 
ness as the luminous portion. Now NOC 3242 has a radius of about 
5 X 10” cm and N* = 3 X 10* ions/cm®, which we assume equ^ to 
the density of neutral atoms in outer portion. With a, = 10 we 
find an optical depth of 0.07 if the electron temperature is 10,000 K. 

We have treated the planetary nebulae as though they were shells 
of constant density. The filamentary character of objects such as 
NGC 6720, or NGC 7293, show that this approximation is not always 
tenable. Electron densities computed on the assumption of a unifonn 
density apply neither to the filaments, nor to the over-all avera^ of 
such nebula. Ut us compare a homogeneous sheU with one of Ihe 
same over-all dimensions and mass but which has all of the matenal 
concentrated in filaments that occupy a fifth of th^e volume. The 
density in the filaments will be five times as great as the ^ 

homogeneous nebula and, since the recombination goes 
the emission will be 25 times as great. Since, however, only a Mth of 
the total volume is occupied by the radiating material, the toM lumi¬ 
nosity of the filamentary shell is five times larger than that of t e 
homogeneous shell. The electron density derived on the assumption 
that the shell was uniform would be V 5 times larger than the true 
density averaged over the shell. Until the actual volumes occupied by 
the filaments are known, our estimates of electron densities must 
remain as orders of magnitude. The scale of the fine structure vanes 
from nebula to nebula and some, such as the Owl Nebula, appear 
smooth even under conditions of best seeing and highest resolution. 

6. Collisional Excitation of the Forbidden Lines 

The unusual appearance of the spectra of gaseous nebulae arises 
from the prominence of the forbidden lines, particularly those of oxygen. 
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nitrogen, and neon in various stages of ionization. I. S. Bowen, who 
identified the well-known green nebular lines \5007, X4959 with [O III] 
suggested that electrons collide with ions in their ground term and 
excite them to nearby metastable levels a few volts above the ground 
level. The atom can return to the ground term either by giving up 
its energy to a passing electron in a superelastic collision, or by the 
emission of a forbidden line. In the nebulae, conditions are such that 
the production of forbidden lines is favored over the production of 
permitted lines. 



Fio. 6. TsANsmoN Schbmd roa thi Fobbiddbn Lines ob 0 III 

electrons. The 

oreiaaen Jines are emitted as the ions return to lower levels by radiative transitions. 


The colMonal excitation of metastable levels proceeds at the same 
rate m m themody^nuc equilibrium at the same temperature T, and 
of "S or 20 temperature is only in the neighborhood 

niimbera A ^ above the ground level as compared to tho 

numbere excited to met^able levels 2 to 5 volts above the ground 

eve. Radmtive excitations of pennitted resonance lines are likewiso 
usuafiy neg^ble in number because of the dilution oTSe mdiSr^ 

nebulae. ^ “ temperatures and densities of the 


(see 


of the Bowen fluorescent inoohanism 
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It appears that, although most of the visible li^t radiated by typical 
planetary nebulae is emitted in the green nebular lines, the concentration 
of hydrogen exceeds that of 0 III by a factor of a thousand or more! 

M. J. Seaton has recently recomputed the target areas for the 
collisional excitation of the forbidden lines of 0 I, 0 II, 0 III, N II, 
Nc III, Ne V, S II, and other ions of astrophyrsical interest.* 

7. The Problem of the Electron Temperature 

In all problems of interpretation of the planetary nebulae a knowledge 
of the electroir temperature is desirable. There are four methods which 
might be employed to get estimates of this quantity. 

(1) Energy distribution in the Balmer continuum 

(2) Relative intensities of the “auroral” and “nebular” lines of 
ions such as 0 III 

(3) Profiles of emission lines 

(4) Magnitude of the Balmer discontinuity 

If the energy distribution in the underlying continuum were known 
so that the true intensity of the Balmer recombination spectrum could 
be derived as a function of frequency, one could employ eqn. (4) to 
derive '1\. On the assumption that the intensity of this continuum is 
indepondoiit of wave length in the spectral region in question, T. L. 
Pago obtained electron temperatures in the neighborhood of 10,000®K 
for a number of planetaries. 

The relative numbers of atoms in the ^So and *Da levels of doubly 
ionisictd oxygen may be estimated from the intensities of X4363 (So 
V)a) and XfiOOT, X4959 ('Da - ®Pa.O since the A values for these tran¬ 
sitions are known.f The relative population of 'So and 'Da depen<^ on 
the density, the electron temperature, and the target areas for collisional 
excitation. M. J. Seaton’s recent calculation of the necessary target 
areas for 0^*, and other ions makes it possible to estimate T,. 
I'hese clec.tron temperatures fall between about 8000°K and 20,000®K. 
With the earlier estimates of the target areas (which appear to have 
boon too large) and the older photometric data, electron temperatures 
in the neighborhood of 10,000®K were found for most planetaries. 

On the basis of the considerations of Section 6 of Chapter *3 we 
might expect that accurate measures of the profiles of the hydrogen 
lines would give an upper limit to the electron temperature. Turbulence 
aiul i)arti(!ularly the variation of the velocity of ejpansion in ^e 
would seem to i>e the greatest obstacle to the application of this method. 

•/'/mV. Tram. Rmjol Hoc.., Tx)n(Um. A, 246, 469, 1953. Proc. Roy. Soc. 218A, 400, 
^ Soo. 20 of Chapter *5 of Aslrophyaica—The Atmospheres of the Sun and Stars. 
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In addition to the usual recombination continua in the planetary 
nebulae, there is a strong continuous emission whose source has never 
been identified. It has been suggested that the simultanoouH omission 
of two photons by a hydrogen atom in the metastablo 2s level may 
account for this emission and the detailed dependence of the intensity 
on frequency has been calculated by Spitzer and Greenstcin.* 'I'hiH 
bluish continuum would tmderlie the recombination hydrogen and 
helium continua and would produce a weakening in the disconf.innity 
at the Paschen and Balmer limits. The magnitude of this I5alm(‘r 
discontinuity depends in a known way on the temperature. In I(! *118 
Minkowski finds a Balmer discontinuity that cannot he reconciled with 
a temperature as low as 10,000°K—perhaps T, is 20,000“ or 25,000“K 
in the region producing the strong continuum, f 

Method (1) suffers from the fact that the frequency depcndeiuio of 
the mderlying continuum is not known, method (3) has not yet been 
applied, and method (4) has only been used to establish the order of 
ma^tude of T,. The most promising method appears to he (2), 
but It utilizes results based on an extremely difiBcult quantum mcthnnical 
theory. Improved observational data are urgently needed. 

The relation between the electron temperature and that of tho 
central star, which is assumed to radiate like a black body of tempenv- 
ture T, hM been considered theoretically. Tjct us first discuss the 
example of a pure hydrogen nebula in which only radiative procossos 
occur. Pirst there is the condition of radiative equilibrium which 
states that the number of photo-ionizations from tho ground hn-el 
equals the number of recaptures on all levels. Second, there is t lio 
condition of ra(hahye equilibrium which specifics that the total amount 
ot energy absorbed m a volume element must equal that emitted. 'I'hc 

Slv°fonL^K equations for an optically thin nebula is 

SSLSi methods. At the lower temperatures f.ho 

^^refecal electron temperature approximates that of the central star 

l^her dectron temperatures, the dissipation of energy takes ,1 w 
largdy by free-free emissions. At T, = 20,000“K T « iTofiSV 
for r. = 80,000“K, T. = 57,000% while 7^ JWoWMn? T 

change the qSative picture ve7mul® 7'"“) 

remains below that oFthelSU ir ’ temperature 

“°*y®tpe™itaclear^^rt^d^ioTt^be^^2S »« Ou! <«)ntiiimiin do 

TIi tJnft _?_ . * 
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!|Fig. 8.— Slit and Slitless Images of [Nb III] and [Nm V| in N ( H 1 zm 


+ 1 , that the [Ne III] line is split by internal motions in (,h(> nchuln wlu.ri'iw 

tnat ot X3889 (H + He I). Both shtloss spectra were taken wi(J)out the iinniri* niininr 

^threi^s^'^&S^t wT*f ?? ‘t-'ruu. ."ml::': 

ofChicagoXilM,5f95 ®°“^- Univ..n.it,v 
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Actually, even in a pure hydrogen nebula such high electron temperar 
tures would never be reached. Electron collisions would tend to excite 
hydrogen atoms to discrete levels from which they would return with 
the emission of radiation. Thus line emission would arise at the expense 
of the kinetic energy of the electrons, the gas would be cooled, and the 
temperature would become stabilized somewhere, possibly between 
20,000“K and 40,000‘‘K. 

Real planetary nebulae contain not only hydrogen n.nd LftlinTw but 
also “impurities” in the form of oxygen, nitrogen, neon, etc., that 
prcxluce strong forbidden lines. 

The energy radiated in these forbidden lines is acquired at the 
expense of the kinetic energy of the electrons. Free electrons are 
constantly losing energy by exciting atoms to metastable levels. Almost 
no energy is regained by superelastic collisions. Consequently,. this 
process acts as a thermostat upon the nebula. The amount of the 
cooling depends on the ratio of the sum of the intensities of ah the 
forbidden lines to the intensity of the Balmer recombination lines. 
For example, in IC 418 where the ratio of the sum of the intensities of 
the forbidden linos to H|8 is about 3.5, the electron temperature may 
l)e as high as 20,000°K with a central star whose temperature (as 
estimated from its spectral class) is near 30,000°K. On the other 
hand, in nebulae where the aforementioned ratio is much higher, 
T, is lower even though the central star is hotter. The electron tem¬ 
peratures obtained from the observed (2Vi + JVa)/(4363) intensity 
ratios with the aid of Seaton’s cross-sections show that no close correla¬ 
tion exists between T, and the central star temperature Ti. 

8. Fluorescence Effects in Oxygen and ITitrogen 

High excitation planetaries, such as NGC 3242 and 2440, show a 
number of strong lines in the near ultraviolet. One of these, X3202, 
arises from Ho II, the strong \3346, X3426 pair are attributed to [Ne V], 
but the remainder arc permitted 0 III lines. Other 0 III lines, equally 
strong in the laboratory, are not observed in the nebulae. 

Howou noticed that all the observed lines originated from the sin^e 
upper level 2‘pZd!'l\, cither directly or indirectly by cascade. This 
level is connected to the 2p® level of the ground term by a transition 
at X303.799 which almost coincides with the resonance Lya line of 
He II X303.78(). Fig. 9 depicts the cycle of events. An 0 III atom, 
raised to tlic 2pZd^Pt level by the absorption of a quantum of X303.8 
(Ho II), may return either directly to the ground level of the atom or 
easeado back through the terms of the 2p3p and 2p3s configurations, 
emitting iho observed linos in transit. Transitions to 3p®P give X3444 
and X3429 (blended with [No V]) those to 3p®/S give X3133. Subsequent 
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Pro. 9 .—Thd Bowen Fluorescent Mechanism 

The diagram shows the tenns of N III, 0 HI, and He II that are involved in the 
production of the strong permitted lines of nitrogen and oxygon observed in high- 
natation planetary nebulae. (Courtesy, AsirophyaicalJourncd, University of Chicago 
Press, 81. 4,1936.) 


transitions from 3p*S, to 38®P give X3341, X3312, and X3299. Finally, 
jumps from 3s®P to 2p®P (ground term) give the unobservable X374.-t3B 
line, which, curiously enough, excites a somewhat similar cycle in 
N III, where the X4634r-X4641 and X4097-X4103 lines are produced by 
cascade from 3d®P to 3p®P and from 3p®P to Ss‘8, respectively. These 

lines are strong in the nebulae that show the strong permitted O III 
lines. 


Thus the He II X303.8 radiation supplies a rich roHcrvoir of enoriry 
to the 0 HI ions upon which the 2p® »P, - 2p3d®P, transition alone 
can ^w A quantitative discussion of the problem indicates that in 
HI lines are strong the intensity of the radiation in 
^ ® ™ IS between a hundred and a thousand times greater 

^ that radiated by the central star in this spectral region. As the 

with 

S significantly larger than 

^ X4686 image. NGC 7009 provides an excellent example. The 
owen fluorescent hnes, quite conspicuous in the main body of the 
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nebula, are missing in the low-excitation ansae where He II (X4686) is 
absent. The green nebular [O III] lines do appear in the ansae, however, 
showing that some O III is present which could absorb the X303.8 
radiation if it existed there. A consistency check on the Bowen fluo¬ 
rescent mechanism is provided by the relative intensities of the ultra¬ 
violet O III Imes, which aU arise by cascade from a siagle upper level. 
The observed and theoretical intensities agree within the limits of error 
of the observations. 

The Bowen fluorescent mechanism illustrates the dangers of literal 
interpretation of spectral line intensities in terms of abundances. Similar 
special excitation processes appear to operate in the extended atmos¬ 
pheres of Wolf-Rayet stars, P Cygni stars, combination variables, and 
novae. 

9. Internal Motions in Planetary Nebulae 

Direct photographs or slitless spectrograms give significant clues to 
the spatial distribution of the radiating atoms, i.e., the stratification. 
We need, in addition, information about the kinematics of the nebular 
material. Are the planetaries expanding, contracting, or rotating; are 
the gases in equilibrium, in a steady state, or are they in turbulent 
motion? 

Many years ago at the Lick Observatory, Campbell and Moore 
studied the internal radial motions of [0 III] in the bri^ter planetaries. 
With high dispersion, the green nebular lines in many objects appeared 
broadened, distorted, or doubled. The large, high-excitation nebulae 
often showed evidence of considerable internal motion and turbulence. 
The irregular nebula NGC 7027 appears to be a highly turbulent struc¬ 
ture, whereas the ring nebula NOC 7662 displays a more orderly type 
of internal motion. 

The splitting of the lines cannot arise from rotation, as lines of 
different elements or stages of ionization of the same element give 
different internal velocities. The complexity of internal nebular kine- 
mati(58 is well illustrated in Wilson’s observations of NOC 2392. See 
Fig. 8. Perrine and later Zanstra attributed the doubling to an expansion 
or a contraction of the nebular shells. One component arises from the 
near side, the other from the far side, as in a nova. Motion perpendicular 
trf) lino of sight gives no doubling. Zanstra showed that the observed 
doubling and irregularities could be explained if different amounts of 
material were initially ejected in different directions. 

A thorough study of the internal motions in the planetary nebulae 
has been made by oiin Wilson with the coud6 spectrograph and 100-inch 
reflector. The mean component of separation, A7, for H, [0 III], and 
[Ne 111] arc always in good agreement, aird their, average A7 may be 
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taken as the most rehable measure of the velocity of expansion. In 
many nebulae, the AV’s for different ions show a considerable spread; 
when this occurs, the high-excitation ions show smaller than average 
separations, whereas the reverse is true for low-excitation ions. Hydro¬ 
gen is the exception; it always agrees closely in AV with [0 III] or 
[Ne III]. In five of the eight nebulae in which [Ne V] is observed, the 
lines are not resolvable into components, and AV probably does not 
exceed 10 km/sec, although for other lines the AV ranges from 37 to 
107 km/sec. The low-excitation [O II] lines often show large A7’s. 

The correlation between the component separations and the dimen¬ 
sions of the corresponding nebular images appears to be of the utmost 
significance. [Ne V], which always shows a smaller splitting, algn 
always gives a smaller monochromatic image. Numerically, no close 
correlation between differences in AF and image size exists. In NOC 
2392, a large difference in AF corresponds to a small difference in 
image diameter, whereas the opposite is true for NGC 7662. 

In low-excitation nebulae such as IC 418 the role of [Ne V] is played 
by [Ne III], and lines of ions such as 0 I or S II show a splitting. What 
interpretation is to be placed on the observed splitting of the nebular 
lines? 

Strong theoretical reasons favor the expansion hypothesis. If the 
opti^ thickness of the shell is large, every quantum of the Lyman 
continuum will be degraded into a Lyman « quantum. Ambarzumian 
pointed out that since the absorption coefficient of Lya is about 10* 
that in the continuum, the mechanical force exerted by radiation would 
vastly exceed the force of gravity of the central star and the nebula 
would be tom asunder. Its velocity of expansion would be about 200 
km/sec instead of about 20 km/sec, as is observed. Therefore the 
actud Lya radiation pressure must be much smaller than that which 
would result from ordinary scattering in a stationary nebula. 

Zanstra suggested that differential motions within the nebula, such 
as would be produced by an over-all expansion, might greatly reduce 
this radiation pressure, provided the expansion velocity appreciably 
exceeded the thermal speeds of the atoms. In a rigorous solution of 
the problem, Chandrasekhar showed that the radiation pressure would 
be cut down by a factor of 10* as soon as the differences in velocities at 
the^er and outer boundary exceeded the undisplaced line width due 
to thermal motion and small scale turbulence by a factor of about 3.5. 

Throughout the body of the nebidar shell, selective radiation pressure 
approaches zero. At the edges it remains appreciable. Chandrasekhar 
suggests that an initially static nebula would start to expand until the 
regions over which the net radiation pressure is negligible would be 
extensive. In such a state the nebula would be quasi-stationary, and 
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dissipation would occur only at the inner and outer edges. The effec¬ 
tiveness of radiation pressure depends critically on the rate of differential 
expansion. Once the nebula had adjusted itself to a steady state, it 
might persist in a pseudo-equilibrium condition for thousands of years. 
The Lyman continuum might produce a small dissipating force. 

These discussions need to be modified in two ways. Because of 
the Doppler motion of the atoms there occurs a scattering with redis¬ 
tribution of frequency over the line. Furthermore, the line profile is not 
rectangular, but follows a Gaussian error curve corresponding to a 
Maxwellian distribution of velocities. Zanstra showed that the radiation 
pressure in a stationary nebula is much smaller than Ambarzumian had 
calculated. The nebula will expand, but the conditions on the ratio of 
ftypanainn to thermal and turbulent velocity appear less drastic than 
formerly supposed. S. Miyamoto has estimated the contribution to the 
radiation pressure from the Lyman continuum. 

An adequate theory of the dynamics of planetaries must account 
for the differing component separations of lines of ions of different 
degrees of ionization. Wilson suggests two alternative hypotheses to 
explain this effect. In one the material is assumed to be accelerated 
outward. The velocity given by any ion is a measure of the local 
velocity in the zone where that ion appears. Thus the low [Ne V] 
velocity means that in the innermost shell the rate of expansion is low. 
For some reason, such as the level of excitation, the hydrogen and 
Bftlinm velocity cannot be observed there. As the radiation from the 
central star is gradually absorbed in the outer shells, its momentum is 
transferred to the material which thereby acquires an outward velocity 
of expansion. Quantitatively, the hypothesis appears to check; the 
momenta carried by the absorbed quanta equals that acquired by the 
material, to within the uncertainties in the basic data. The second 
hypothesis is that the radiation pressure due to Lyman a in a shell 
causes the expulsion of matter in both the inward and outward direc¬ 
tions in the fashion suggested by Chandrasekhar (see page 152). The 
material in high-excitation inner shells such as that of [Ne V] has a 
low-expansion velocity because it is retarded by radiation pressure 
while the ionized oxygen atoms in the outer part of the nebula are 
accelerated outward by the radiation pressure. 

In many nebulae the line components are quite sharp, showing that 
large-scale turbulence does not exist and that the regions of line forma¬ 
tion contain no large velocity gradients. In every instance, however, 
the hydrogen lines are more diffuse than those of other elements. 
Possibly an estimate of the upper Umit of the electron temperature 
may be obtainable from the profiles of these lines. 

The study of internal radial velocities is greatly helped with the aid 
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of a multiple slit on the spectrograph instead of a single slit. The 
multi-slit consists of a series of parallel, closely mled, lines. IuHl,eu(l of 
a single slit image of a narrow strip across the nebula, there are obkiinod 
images of a number of such strips. With a single exposure, velocities 
can be measured in many different parts of the image. Photometric 
measures of the intensities of the split-lines combined with isophotal 
contours may be used to get clues to the three-dimensional structure of 
a nebula. Such studies are in progress for NGC 7CG2. 

10. Stratification and Ionization 


For an adequate interpretation of the planetary nebulae it is necessary 
to take into account both the velocities and localizations of the various 
radiating atoms. Different ions tend to concentrate in different parhs 
of the nebula. The monochromatic images of He II and [Me V] lire 
usually small; those of He I, [Ne III], [SII], and [0 II] tend to bo large. 
The explanation was given by Bowen who pointed out that the quanta 
of highest energy tend to be absorbed in the inner part of the nebula, 
whereas those of less energy may persist to the outer parts. Quanta 
capable of ionizing helium would be absorbed first; hence the He II 
images would be smallest. Lower energy quanta, capable of singly 
ion^g oxygen, might reach the outer portions of the shell. Honco 
emission of [0 II] or [S II] would be foimd in the regions farthest from 
the center. 


Althou^ the general forms of most nebulae are thus qualitiitivoly 
explained, it must be emphasized that the observed features probably 
depend on the optical thickness of the nebular gases, and upon the 
details of the initial ejection process. Different images often have 
different s^pes. The X3727 [0 II] radiation in NGC 7009 shows a 
conemtration at the ends of the spindle, whereas the Ho IIX4080 radia,- 
tion is strongest near the middle portions. 


Kgure 10 shows the intensity distribution across the major axis of 
NGC 6720, the Ring Nebula in Lyra. Notice the concentration of 
He II X4686 to the center of the nebula and the shell character of the 
[0 II] X3727 ^ge The H I and [Ne III] images are similar but 
singer than that of [0 II]. The ionization potentials of oxygon and 
hy Jogen are nearly equal and we might expect H I and 0 II to appear 
m the sam^egm^. Their coefficients of continuous absorption dilTor, 
however. ^ Ite 0 I absorption coefficient remains large well beyond the 
^es hunt (Rg. 17 of Ch. *5) while that of hydrogen falls off as v “ 
^ starts to become neutral in the outer zones, radiation 

beyond the Lyman l^t is rapidly depleted and the hydrogen-ionization 
region has a sh^ boundary m the manner indicated by titroingron 
In objects hke NGC 6720, the hydrogen sheU may not be compSJy 
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opaque in the ultraviolet, and much of the radiation capable of ionizing 
oxygen may escape. The [O II] Unes are collisionaUy excited while 
Balmer lines arc produced by recombination. The intensity of the 
hydrogen lines depends on NiN, = N\, whereas that of X3727 depends 
on JV.i\r(0 II) for low densities. If N, falls off faster than NiO II) in 
the outer strata, X3727 should fall off more slowly than does hydrogen, 



Fio 10— Intensity Distmbution Across tub Monooiibomatic Imaobs ov 

NOC 6720 

The eumw show tho measured distribution of intensity across tho major asds of 
the imiMce, unoorroebid for muidinii; errors. The soldo of ordinates differs for each 
i rv'n.Eft since corrections for plate sensitivity and atmosphere oxtiMtion have not 
been applied. Compare with Fig. 3. (Prom a plate taken at the Lick Observatory.) 

as is observed. Quantitative discussion is difficult because of the fila¬ 
mentary structure of tho ring, and the unknown geometry of the nebula 
itself. 

Wisps and filaments are prominent in many nebulae that are photo¬ 
graphed on a large scale. Since all planetaries are of such a size, the 
internal motions are of such a speed, and the kinematioal viscosities 
are so low that the Reynolds number [see eqn. (40) of Ch. *3] is very 
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large, turbulence should exist in all of them. Minkowski culls att.cntion 
to seemmgly smooth objects such as the Owl Nebula in which turhulonce 
does not appear to be present or is on such a small scailc as to bo in¬ 
visible. What seemingly suppresses the turbulence in such objects? 
Magnetic fields tend to suppress turbulence and might explain some of 
the planetary nebulae forms, but it is difficult to see how such fields 
can have originated. 

A nebula of filamentary structure may show a spectrum markedly 
different from that of a homogeneous nebula of the same mean density 
and illuminated by a central star of the same temperature. Within 
the filaments, ionization may be less because of the higher density, 
whereas in regions of low density the emissions of the more highly 
ionized ions will be favored. Furthermore, the radiation fields may 
differ from one filament to another, an effect which is further compli¬ 
cated by the differential expansion of the nebula. 


Finally, if we employ the ionization formula appropriate for a gas 
subject to dilute temperature radiation, we can ffiid no combination 
of a black-body source, electron density N„ or dilution factor W which 
will e^lam the observed distribution of atoms among different stages 
of ionization in an object such as NGC 7027 where appear the forbidden 
lines of atoms and ions as diverse as neutral nitrogen and [No VJ. 
(loimation potential of Ne IV is 97 ev.) Clearly the radiation iiold 
within the nebula must differ appreciably from that of a black body. 
There are the strong resonance Lya lines of H I and He II, and of other 
elemente as well, which are produced by the primary mechanism. Also 
the radiation of the central star may very well depart from that of n 
black body in the ultraviolet. (See Sec. 11.) 

Are the shell stoictures actually hollow as the spectrograms HUggost, 
or do they contain matter which is not in a condition to radiate? In 
o&er words, do hydrogen and helium exist in considerable quantities 
wi^ the [Ne V] ^eU but at so high an electron temperature that their 
radmtion is neg^ble? Probably the electron temperature is higher 
mthm the [Ne V] shell but it is difficult to see how it can be so high m 
io completely suppress the Balmer lines or He II X4C8(} by slowinff 

doTO the re^mbmation rate. It seems more likely that the shells aro 
actually relatively hollow.* 

Olin Wilson has suggested that the material is ejected from the 
^tral star mth velocities ~5 km/sec. He supposes that during this 
stage the excitation and electron temperature are so high the nebula 


of the nebula. (TheioilStT&tJLtotoN 

the nucleus in Fig. 3, Ap. J. H 4 , 429, 1951.) should go t,<> n<,ur 
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6 niitB very little visible radiation and is transparent to the ultraviolet 
radiation from the central star. Ultimately the gas cools to the point 
where No V Ijccomes common, the electron temperature is lowered, 
and hydrogen and helium recombination sets in. As the nebular 
material flows through the Ne V zone it cools, neutral H and He are 
formed and tend to block the outgoing radiation and permit the forma¬ 
tion of 0 III. The electron temperature is stiU further lowered and the 
edge of the luminous zone is reached when the blocking of the ultra¬ 
violet radiation is complete or the nebular material ends. The inner 
visible boundary expands slowly; the various bright shells maintain a 
fixed distance horn the nucleus as the gas flows through them. The 
outer boundary expands rapidly if,it marks the physical edge of the 
nebxilar gases. If the mass of the shell is so high that the radiation is 
all extinguished (cf. discussion by Stromgren for the interstellar medium, 
Sec. 5 of Ch.C) the boundary is fixed. The ejection of material from the 
star ceases after a time, the inner boundary of the material reaches 
the Nc V zone and there results a large nebula of low surface bri^tness, 
e.g., perhaps NOC 7293. 

Olin Wilson now prefers, however, the alternative suggestion that 
the originally ejected shell expands in size as it increases in radius as a 
consequence of the radiation pressure in Lyman a. 

11. The Chemical Composition, of the Planetary Nebulae 

The interpretation of nebular line intensities in terms of the abun¬ 
dances of the oonstitutient elements must take into account the par¬ 
ticular excitation mechanism for each line. The hydrogen, helium, and 
on X42()7 lines are excited by recombination and subsequent cascade. 
The forbidden lines of oxygen, neon, nitrogen, argon, and other elements 
are produced by the collisional excitation of the metastable levels from 
which the atoms return to the ground level with the emission of radiation. 
With the best available values of the electron temperatures, of the 
target ansas for collisional excitation, and of theoretical line strength 
one may estimate the abundances of many ions from their forbidden 
lines. The proportions of carbon and helium must be estimated from 
their recombination lines by a method akin to that employed for hydro¬ 
gen. In NGC 7009, the O III abundance, as well, may be calculated 
from the recombination 0 II lines and compared with results from the 
[0 III] lines. 

'rhe distribution of the atoms of a given element among the various 
stages of ionization is one of the most diflicult parts of the analysis. 
Only one or two ionization stages are observed in most elements, and 
the contribution of the unobserved ions to the total number must be 
estimated. An empirical procedure appears best. For example, one 
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may assume that the abundance ratio of atoms in successive stages of 
ionization, e.g., 0 II/O III, Ne III/Ne IV, etc., depends only on the 
ionization potentials involved and not on the type of ion. 

From their study of NGC 6672, 7662, and 7027, Bowen and Wyse 
found the chemical composition of the planetaries to be aimilnr to that 
of the sun. More accurately, we can state their result as follows: A 
mass of gas, similar in composition to the sun, attenuated to the density 
of a planetary nebula, would emit the same spectrum as a planetary. 
Subsequently, Wyse studied the spectra of additional planetaries and 
of the Orion Nebula and published eye estimates of intensities on a 
caUbrated scale. More elaborate treatments of Wyse’s observational 
data substantiate these conclusions^ revised numerical values are given 
on page 229 for comparison with the steUar data in Chapter *8. Im¬ 
proved abundance estimates will require not only good collisional cross- 
section paranaeters but also a knowledge of the distribution of atoms 
in varioim ioimation stages. This means we must have more information 
on stratification and the distribution of the radiating ions. 

12. The Nuclei of the Planetary Nebulae 

The central stars of the planetary nebulae show a variety of spectral 
characteristics. Some show continuous spectra with no apparent trace 
of emission or absorption lines, e.g., the nuclei of NOC 4361 or NQC 6720. 
The spectra of others are predominantly of the absorption type with 
few emission lines, e.g., the nuclei of NGC 2392 or IC 2149. Some 
show combined absorption and emission features, e.g., the nuclei of 
IC 418 or NGC 6543. A few central stars are of the Wolf-Rayet tvne 
e.g., BD -f 30° 3639. ^ ’ 

Esti^tes of the luminosities and dimensions of these stars depend 
temperatiires and distances. Both quantities are uncertain 
and the best we can do is to give orders of magnitude. 

In 1926, Zanstra proposed a method for the determination of the 
t^peratures of these stars from a photometric comparison of the con- 
tmuous spectrum of the central star with that of the nebula The 
Msential idea is this: All the radiation of the planetary nebula arises 
from the degradation of energy received from a high-temperature star. 
In an optically thick nebula, composed primarily of hydrogen, each 
quantum beyond the Lyman limit ultimately is broken down into a 
^antum of Lya and a quantum of the Balmer series or continuum. 
Hence a measurement of the total number of quanta radiated in the 
Balnaer hues and the energy radiated in a small region of the visible 
contmuum of the central star will permit a comparison of the total 
stellar energy radiated beyond the Lyman limit with that emitted in 
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The lonK omiHsion lines arise in the nobulaiL N'GC 2392 
with well-developed absorption lines, while the central star of MGC 246 ^ows 
0 VI in emission and absorption lines of C IV. The nucleus of/C 418 has emission 
linos of both carbon and nitrogen, and absorption lines of the He II Piclwnng sen^ 
In the IC 4593 and NOC 6826 nuclei faint Balmer absorptions can be obse^ed 
underlying the strong nebular emission. The NGC 6543 nucleus has numerous sharp 
emission lines in its spectrum. 
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a known frcciuciic.y interval in the neighborhood of say X4000, For an 
object, radiating aw a black body this ratio will depend only on the tem¬ 
perature. If the star does not radiate as a black body, or if our assump¬ 
tions about the al)sorption of starlight are not fulfilled, the temperatures 
derived will be in error. 

Let Lp denote the total amount of energy radiated in the nebular 
images and //, the intensity of the continuous background of the star. 
Tf tl\e latter radiates as a black body of temperature T and radius K, 
the total energy radiated in dp in all directions will be 


H, dv — 47ri2VjB, dv (15) 

where lip is the Planckian function. The factor is 4^22* instead of 
Tr/i**, sin<*.c one must compare the total amount of nebular and stellar 
radiation omitted toward all directions in space, li y = hvIkT, the 
c()rre.sponding number of quanta radiated in dv will be 


47r^2e^J3p dv 
hv 



(16) 


where 


D = 


SirW rpz 


(17) 


and the total number of quanta emitted beyond the Lyman limit will be 




Uocfalling the diBCUssion in Section 3, we see that N„i will be the total 
nunjber of ciuanta in the Lyman continuum plus the number of Balmer 
(uiantA. If the nebula is thick ah the Lyman continuum quanta will 
be absorbed and eqn. (3) will hold. Zanstra also neglected the Balmer 
continuum. Lot us define 


ThiH (luantity is determined by the observations. Then the number 
of <iuanta in a particular Balmer line image will be: 


h> h 


From ciins. 


(15), (17), (19), and (20) it follows that 



(21) 
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The total number of Balmer quanta 2 N„ equals the number of “ultra¬ 
violet” quanta. Thus ^4 




( 22 ) 


is Zanstra’s fundamental equation for the determination of the tempera¬ 
ture of the central star. It must be solved by trial and error. He gives 
tables of the integral on the left and the coefficient of A, as a function 
of temperature, so that the latter may be found by a process of successive 
approximations. 

Zanstra also proposed a method based on the assumption that the 
ener^ of the photoelectrically liberated electrons was used up in inelastic 
collisions mth the 0 III ions. The energy absorbed per second from 
the ultraviolet radiation output of the star is 


= r H. dv = AjTD f dy (23) 

•''1 •'»! e * — 1 ' 

The energy required for the ionization of the electrons is = hvx iV„„ 
while the energy of the free electrons themselves is 


Ef = E„i — (24) 

Zanstra supposed that this energy was dissipated in the collisional 
excitation of the green nebular [0 HI] lines. Thus he obtained yet 
another method for estimati n g the temperature of the central star. 

In a third method of temperature determination, Zanstra employs 
the magnitude difference between star and nebula. He assumes that 
all the ultraviolet stellar energy above that necessary to detach the 
electrons goes into the excitation of the green nebular lines. Further¬ 
more he supposes that the photographic magnitude of the star cor¬ 
responds to its brightness at a fixed effective wave length which is 
independent of temperature. Actually there are other strong forbidden 
lines besides the green nebular pair, and sometimes most of the nebular 
light may not even appear in the green lines, as, for example, in NQC 40 
where X3727 is the strongest emission. Further, the effective wave 
len^ of a Wolf-Eayet nucleus may differ from that of a star which 
radiates a contmuous spectrum. 

In practical applications, Zanstra employed not only the hydrogen 
hnes but also lines of neutral and ionized hehum. In the latter instance 
we do not know the fraction of recombinations that give rise to the 
ob^ed lines. In a thick nebula we can be reasonably sure that for 
hydrogen each ultraviolet quantum will be degraded into a Balmer 
quantum, but for the Paschen (\4686) and Brackett (Pickering) series 
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of He II no such, simplification is available. The He I and He II “tem¬ 
peratures” tend to be higher than the H I temperatures. 

The Zanstra method gives a lower limit to the ultra,violet color 
temperature of the central star, since it assumes all ultraviolet quanta 
are degraded to Balmer quanta. This condition can scarcely be fulfilled 
in many nebulae of low surface brightness or pronounced filamentary 
structure where much of the radiation may escape between the fila¬ 
ments * Moreover, it seems likely that the nuclei of planetary nebulae 
do not always radiate like black bodies in the far ultraviolet. Strong 
emission lines may appear there. 

On the practical side, the method has the advantage that one may 
compare the star and the nebula at the same wave length, thereby 
avoiding one of the more troublesome phases of spectrophotometry. 
Yet, one must compare the narrow, frequently faint, spectrum of the 
central star with the nebular image upon which it is superposed. 

K. Wurm has proposed a method which is based on the ratio of the 
nebular emission in the Balmer continuuna to the nuclear spectrum at 
the same wave length. It is essentially similar to Zanstra’s first method, 
although the observational data are independent. Applications of this 
method have been made by T. L. Page who finds that it gives a temperar 
ture than 120,000‘’K for the central star of the Ring Nebula, 

NOC 6720. Since leakage of the ultraviolet radiation may be important 
in this object, the temperature may be appreciably higher. 

Stoy suggested a method for the determination of nuclear tempera¬ 
tures based on comparison of the intensities of the Balmer and forbidden 
lines. He postulated that in each instant as much energy is fed into 
the ionized gas by electrons photoelectrically detached from hydrogen 
as is removed by the collisional excitation of the nebular lines. Tem¬ 
peratures estimated by the Stoy method tend to come out higher than 

those found by the Zanstra method. 

Some planetary nuclei show absorption lines from which spectral 
classes may be estimated. Spectra of the highest dispersions are wqu^ed 
in order to eliminate the effects of the nebular spectrum, lable 2 
gives the results obtained by O. C. Wilson and the wnter for four 
planetaries observed at the Mount Wilson and Palomar Observ^ories. 
The spectral class is estimated from the hydrogen and ionized helium 
line-intensity ratios by the method proposed by R. M. Petrie. If the 
excitation-temperature-spectral-class relationship is assumed to be tne 
same as for normal. Type I O-stars, we obtain the values listed in the 
third column of Table 2. Notice that the excitation temperatures 

•Thus Wurm has sugEOsted that the contnvl star tompomtuwM are probably 
muoJir^n^o HI theory gives; i.e.. they may correspond to the values 

given by He II. 
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exceed the Zanstra temperatures for the nuclei of the bright, optically 
thick planetaries IC 418 and IC 4593, whereas the reverse is true for 
IC 2149. Seemingly, the agreement is good for NOC 2392 but for this 
object something else is wrong. The three IC objects are low-excitation 
nebulae, whereas NGC 2392 exhibits a high level of excitation with 
strong He 11X4686 and [Ne V]. The Zanstra temperature of this object 
obtained from ionized helium would be in the neighborhood of 100,000 
®K! Deviations of the stellar ultraviolet from a black-body energy 
distribution and an error in the spectral-class-temperature relation 
may account for some of these discrepancies. If the helium/hydrogen 
ratio is larger in these stars than in Type I objects, the assigned excita¬ 
tion temperatures in coliunn 3 are too large. The electron density, 
estunated with the aid of the hydrogen lines and the Inglis-Tellor 
formula, is given in the last column. 

Calculations of the radii of these stars based on their apparent 
magnitudes, excitation temperatures, and distances as estimated by 
Berman with the aid of eqns. (10), (11), and (14) of Chapter *6 show 
that most of these stars are comparable in size with the sun. The 
corresponding surface gravities implied by the intensities of the hydrogen 
lines and log N, strongly suggest masses not much larger than tlxat of 
the sun. 


TABLE 2 

Central Stabs op 4 Planbtabt Nbbulab 


Nucleus 

Spectrum 

Temperature 
(Spectral class) 

Temporaturo 

(Zanstra) 

log AT, 

IC 418 

IC 2149 

me m 2 

IC 4693 

07 

07.5 

06 

07 

33,200 

32.500 

34.500 

33,400 

25,000 

40,000 

35,000 

25,000 

13.5 

13.3 
13.5 

13.4 


The nuclei of planetaries of higher excitation are often so hot as to 
^ow oidy contmuo^ spectra. If we trust the temperatures estimated 
by the Zanstra or Stoy methods, such stars must be smaller than the 
perhaps comparable with old novae and the faint. Type II blue 
stars discovered by Humason and Zwicky. As a class, the planetary 
nudei appear to show appreciable spread in surface temperature and 
rac^s, and perhaps m luminosity and density as well. 

lines ^ nf diffuse character of the absorption 

^ abundance determinations extremely 

We c«mot »dud« to pombUity tot in 
to H./H n.t .0 ma, cUter from tot ta I object.. The n,.cJou« 
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of NGC 246 seems definitely to be a helium star. In this respect the 
planetary nuclei may resemble the bluest stars in the horizontal zero- 
absolute-magnitude branch of the Type II RusseU diagram (the Huma- 
Bon-Zwoky stars). Miinch finds that these objects ■with color indices 
of —0.3 to —0.4 often show a helium-rich, hydrogen-poor spectrum. 

Further evidence that the planetary nuclei fall near the blue end 
of the horizontal branch of the T3rpe II Russell diagram is provided by 
the planetary nebula in the globular cluster Messier 16. This object is 
one magnitude brighter than the RR Lyrae stars. The available, 
BCiUity, evidence suggests that planetary nuclei are relatively rare, 
bright, T'ypc II objects. Although Sandage and Schwarzschild have 
interpreted the fainter end of the globular-cluster color-magnitude 
array in terms of evolutionary processes, the upper part of the diagram 
has not been so interpreted. The blue-white horizontal sequence un¬ 
doubtedly represents stars that are more advanced in evolution than 
are the bright giants. We would conclude that the regular course of 
evolution is perhaps through the RR Lyrae stars to the novae. Perhaps 
a few objects are sidetracked en route to become planetaries. The 
nuclei with high helium contents are possibly those in which the carbon- 
nitrogen cycle has worked its way to the surface and the last bit of 
hydrogen is being used by the rapidly aging star. 

An analysis of the spectrophotometric measures of NGC 7027 ob¬ 
tained by Minkowski and the writer with the aid of Seaton’s target 
areas (footnote, page 211) and the methods of Ap. J. 102, 239, 1945, 
give th(( following estimates of log N to replace those given in Table 17 
of Chapter *8, viz.: 11, 13.04; He, 12.04; N, 9.56; 0, 10.00; F, 7.4; Ne, 
0.48; S, 9.21; C31,8.39; A, 8.22; K, 6.5; and Ca, 6.6. There is an indication 
of a pronouiK'wl filamentary structure with W, ~ 7.7 X lOVcm®, and 
T, = 14,5(K)® K in these filaments.* 


PROBLEMS 

1. Consider a filament of completely ionized hydrogen N. = lOVpm’, 
'J', = 10,000°K. If the exciting radiation is out off, how long will it 
take for half the ions to recombine? Assume the mass density to remam 
constant. 

2. What is the optical thickness of a static homogeneous planetary 
nebula in the radiation of the center of the X5007 line of [OJill], ff 
N{0 III) = 1 ion/cm“, diameter of nebula = 2.0 X 10 cm, T. - It — 
10,000‘’K. The Kinstciu A for the transition is 0.021. 

•This iMirdKovph im1(1<h 1 in proof, March 4,1954. 
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3. Assume that the central star of a planetary nebula radiates as a 
black body at 80,000®K. If the radius of the shell is 10,000 astronomical 
units and there are 10 neutral and 1000 ionized hydrogen atoms per 
cm®, calculate the momentum communicated by the radiation to oac'.h 
volume element and derive the acceleration of the nebular material. 

4. Show why the central star temperature derived from the Ho II 
radiation wiU be greater than that found from the H I radiation if the 
shell has an optical thickness of about one at the Lyman limit. Assume 
hydrogen is five times as abundant as helium by numbers of atoms. 

6 . Show that if the electrons lose all their energy in the excitation 
of the green nebular lines, and all the ultraviolet energy is absorbed in 
the nebula, the temperature of the central star will be given by 


/ dy-y^j dy = 

•'vi e — 1 Jvx e — 1 



A. 


where A, is defined as in eqn. (17), except that Lp here refers to tli(% 
[0 III] lines. 
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CHAPTER 6 


The Interstellar Medium 

1. The Grains and Gas Between the Stars 

In addition to the stars, our galaxy contains vastly extended clouds 
of iinorganized dust and gas. In regions like Monoceros the stars are 
evenly spread upon the sky, but elsewhere the rich star fields are invaded 
by wisps of occulting material. The great rift in the Milky Way, the 
inky filaments that hide mudi of the bright Sagittarius cloud, and the 
dark areas in Taurus and Cepheus are examples of those obscuring 
masses. 

In some regions—e.g., Orion, the Trifid Nebula, Messier 8, and I(- 
5146—^both dark obscuring clouds and bright nebulosity appear. There 
appears to be no fundamental difference between these two dissimilar 
objects. If a mass of obscuring material is illuminated by a star, a 
diffuse nebula may result. Many years ago Hubble found that if the 
illuminating stars are cooler than 22,000®K, the nebulosity tends to 
shine purely by reflected light; otherwise it may shine by fluoroscioncto 
as well. Actually most emission regions in the Milky Way appear to 1 k*i 
produced by clusters of 0 and B stars. The stars behind a reflection 
nebula are as completely hidden as those concealed by a dark cloud. 

Extinction of starlight occurs not only in recognized dark areas 
but also in the “clear” regions of the Milky Way as Trumpler pointed 
out twenty years ago. The bright Milky Way from Perseus to the 
Sagittarius star clouds is all a region in which general absorption occurn 
when tested by the colors of distant early B stars. The obscuring 
material appears to be scattered hither and yon over the whole plane 
of the Milky Way in so irregular a fashion as to make a mean coefficient 
of extinction meaningless. Stebbins, Whitford, and Huffor found the 
colors of the B stars to vary irregularly even in Hmn.ll areas. 

The effects of this general absorption appear in the measured dis¬ 
tribution of external galaxies. Although these galaxies are probably 
rando^y scattered in outer space, they seem to concentrate near the 
galactic poles and are almost completely absent from an irregular band 
about 30» wide around the whole galactic circle, the zone, of avoidatw. 
of the spiral nebulae. 

In addition to the absorbing medium, interstellar space also contains 
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gas which leaves its imprint upon the spectra of distant stars or con¬ 
tributes a faint glow in certain regions of the Milky Way where electrons 
and protons recombine and faintly emit the Balmer lines. 

1 listorically, the investigation of the interstellar medium was inspired 
by studies of galactic structure. We want to know the distances of 
faint stars whose spectral classes can be found. These stars are di mm ed 
by interstellar matter, and we need to know the amount of the extinction. 
Unfortunately, we usually cannot measure the extinction directly. All 
we can find is the reddening produced by the medium, so we need the 
ratio of extinction to reddening. 

'rhis ratio may be found from the extrapolation of the wave-length 
law of extinction, but the character of the extrapolation will differ 
for metallic and dielectric grains. Hence we need to know the com¬ 
position of the interstellar grains. Some information about the grains 
<!omes from a study of the diffuse light scattered by the particles betw^n 
the stars and some clues come from a study of discrete clouds of material, 
h'urtiher help may come from a theory of the building of the grains, 
but the latter requires a knowledge of the composition of the gas, the 
temperature of the grains, etc. Hence purely astrophysical studies of 
the properties of the interstellar medium yield data of great value for 
the interpretation of the galaxy. 

Some of the principal observational data for the study of the grams 
and the gas are the following: 

I. Grains 

A. Average effect of all obscuring clouds 

1. Observations of the interstellar extinction as a function 
of wave length 

2. Scattering by diffuse interstellar material 

3. Polarization of the light of distant stars observed through 
the medium 

li. Effects of separate clouds 

1. Extinction and coloring of starlight by discrete dark 
clouds (o.g., dark lane in Aquila) 

2. Scattering of starlight by a diffuse-reflection nebula (e.g., 
Pleiades) 

3. Polarization of light by diffuse nebulae (e.g., NOG 
7023)—not to be confused with the polarization of the 
light of remote store observed through the medium 


11. Interstellar gas 

A. Absorption linos _ . . j- « 

1. Identifications which give the constituents of the medium 
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2. Measures of displacements which give the motions of the 
gases 

3. Intensities giving the amount of material and its dis¬ 
tribution in the line of sight 

B. Emission lines 

1. Extent and brightness of bright-line nebulosities and 
emission areas in the Milky Way, and the character of 
their spectra 

2. The 21-cm radio-frequency emission giving important 
clues to the distribution and temperature of the neutral 
hydrogen gas 


In the immediate neighborhood of the sun (which falls in a spiral 
arm) the total mass of the interstellar medium is of the order of that 
of the stars themselves. This is not true for the interarm regions or 
central bulge of our galaxy. 

. Baade’s study of the Andromeda galaxy, Messier 31, shows conclu¬ 
sively that the spiral arms are arms of interstellar material—gas and 
solid particles. The gaseous nebulae and bright supergiant and blue 
stars that populate the arms are consequences of the presence of the 
particles rad gas. The interstellar medium is absent between the 
arms and in the cental bulge where the Type II population dominates. 
The Andromeda Spiral seems to be structurally aimilftr to our galaxy. 
In the Triangulum Spiral, Messier 33, on the other hand, the gas and 
solid particles seem to be spread throughout most of the volume con¬ 
taining the stars. See Fig. 1. 

Oort and his associates at Leiden find from the 21-cm radio-fre¬ 
quency radiation that the gas is confined to the spiral arms in our own 
galaxy. -(See Sec. 9.) 

Recently, W. W. Morgan, S. Sharpless, and D. Osterbrock have 
located the spiral arms of our. own galaxy in the neighborhood of the 
sun. In order to accompHsh this they studied the hydrogen emission 
nebulosities (many of which were of very low surface brightness) that 
are caused to shine by hot 0 and B stars associated with them. The 
distences of the B stars can be found from their spectroscopic parallaxes 
with the enteria developed by Morgan. The distances of the O stars 
^y be foimd from the intensities- of the Ca II K line, the relation 
betw^ X-hne intensity and distance bemg determined from the data 
for the B sto. The resultant plot of the galactic longitudes and 
di^nces of these nebulosities serve to define two spiral arms in (,ho 
nei^borhood of the sun. Unfortunately the southern sky could not ho 
reached, and evidence for a third arm closer to the center of the galaxv 
than the sun is fragmentary. The sun appears to be displaced about a 
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thousand light-years toward the galactic center from the center of one 
spiral arm which includes the S Monocerotis, Orion, | Persei and North 
America nebulosities, the great rift in the Milky Way, and the southern 
Coal Sack. A second spiral arm, parallel to the first, includes IC 410, 
NOC 281, NGC 7635, and NGC 7380, and is about 6000 li^t-y^ 
distant at its nearest point. Both arms are marked by supergiant 
and 0 and B stars that are not associated with any nebulosity. 

2. The Extinction of Light by Small Particles 

The absorbing medium between the stars extinguidies li^t selec¬ 
tively; i.e., it blue light more effectively than red light. In the 
visual region, the extinction varies roughly as 1/X, rather than as X 
as would be true for dielectric particles much smaller than the wave 
length of light. The particles responsible for extinction must be smaller 
^^Vnl.T^ gross rocks, which would simply block the li^t, and yet much 
larger tbnn molecules. They must obstruct, scatter, and diffract lij^t. 

Mift developed the theory of the optical effects of small spherical 
particles. Though the interstellar particles are probably rough, irregulM 
and perhaps even crystalline in structure, rather than spherical in 
shape, the Mie theory may yet help us leam something of their size 
and character.* Schal6n, Greenstein, van de Hulst, and others have 
studied this problem. Extensive calculations of the scattering and 
absorption properties of small particles have been carried out by Frank 
Gucker at Indiana University. 

The problem to be solved is this: A plane light wave falls upon a 
spherical object of given size and refractive index. What amount of 
energy is taken away from the incident wave and how is this 
scattered in different directions or absorbed within the sphere itself? 
The problem is a straightforward one; the rigorous treatment involves 
a solution of Maxwell’s equations for electromagnetic waves interactmg 
with spherical obstacles. The solution comes out in terms of the param¬ 
eters: 


X = 


2xa 

X 


( 1 ) 


•Experimental tests of the scattering in colloidal si^ensioM by 
partidM agree with the predictions of the theory, m so far as the 
pendenco of scattered and transmitted intensities is myolv^. In a qualitative way, 
the Mie theory may be expected to predict the genea^l 

stellar particles. The appUcation of the optical S 

specimen of a given substance to predict the properties of 

stellar particles may not be entirely valid. The absor^mty of a metal depen^ on 
the surface polish and the existence of thin films on {he surface, as well as on the 
purity of sample. 
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(where a is the radius of the sphere) and the complex index of refraction, 

ft ^ n + iK (2) 


The Mie theory gives the dependence of the intensity and polari¬ 
zation of the scattered wave upon the angle 6 between the direction 
considered and the direction of the incident beam. In general, the 
calculations are quite complicated. When x is small {x < O.r)), we 
may employ the generalized Rayleigh formula for small solid par(.i(d<'s. 
If p is the density of the particles, the scattering (^ooffi(*.i<Mit i)er gj-ann 
of the interstellar materials will be 
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- 1 * 
n" + 2 


(3) 


where the vertical bars indicate that the absolute value must be taken. 
In a dielectric k is negligible with respect to n. In a metal, k will 1)0 
large and there will be a large internal absorption whi(^h must be taken 
into account to get the total extinction coefficient. If x < 0.3, the 
mass absorption coefficient will be 


h 



1 

2+w" 


(4) 


where Im denotes that the imaginary part of the quantity in bracketrS 
is to be taken. 

The optical properties of the spheres will depend on the sizes and 
the composition. The chemical composition determines n. In an ideal 
dielectric substance n is real, and the extinction (U)cffi(‘.ient is simply 
the scattering coefficient. When a light wave falls upon a mot.al, the 
electric field in the wave causes the free electrons to os(*.illatie. As tlu^v 
do so, they dissipate energy in ohmic heating. IIcucjc tlui energy df 
the light wave becomes absorbed and converted into healr. An ideal 
dielectric has no free electrons and therefore no ohmicj hcatbig, Su(*h 
a substance must scatter, transmit, or reflect light without. al)sorp(,i<>in 

For a perfect reflector, w =* whereas for a perfect absorlx'r, 
fL = —iCO, In either event, the electric field of the light wave nov<T 
penetrates the sphere; the energy is all reflected or is all absorlx^l nu 
the surface. 

We define the efficiency factor Q as the ratio of the flux lost to 
beam by scattering and absorption to the flux that is geometrical Iv 
obstructed. That is * 
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Here fcx is the extinction coefficient, N is the number of particles per 
gram having a radius a. We may write 

Q = Qs Qa (6) 

where Q.s i« the scattered component, and Qa is proportional to the 
flux which is absorbed in the particle and transferred into heat. 

For a given value of n, one may compute Q(aj). The curve starts 
with Q = 0 at X = 0, rises to a maximum where Q is about 4 or 5 and 
finally approaches 2 for x = »Fig. 3, due to van de Hulst, gives 
Q for values of n ranging from 1.25 through 4/3 (ice crystals) to 2, which 
corresponds to heavy glasses, silica, and certain common rocks. 

The corresponding curves for metals rise above the dielectric curves 
for X < 1. Thus for x = 0.1, Q = 0.27 for iron at X4430, and 0.00034 
for a porfe(‘-t reflector. The scattering of any small particle (a < < X) 
goes as a*'. The true absorption in a dielectric particle is negligible. 
On the other hand, the absorption due to ohmic heating in a simila r 
metal grain is proportional to its volume and therefore to a . See 
Chapter page 124. Hence small metal particles are more effective 
at blo<*king radiation than are dielectric particles of the same size. 

In the range of sizes where particles are most efficient in blocking 
radiation, the Q's of the dielectric particles exceed those of the metals 
and arc much higher than either dielectrics or metals at x < 1. The 
dopondeucc of extinction on wave length follows from Q, Let 



A log Q _ AQ^ 

~ fZ log a: Ax Q 

■ (7) 

but 

dk Ax 

X “ X 

(8) 

whoiutc 

II 



(IQ _ 

Q X ^ 

Q = CX“" ® 


•Diffmrtion i,h« HcUtorirvK officioncy to 

oven for larRo objoolw. With incroswinR particlo size tho diffraotion pattem^i^ 
= 10 «m tho fin^t rioK falln 18» from the. central ray; at a = O;®! ^ 

ulnnntk to r wliilo for larKCT pjirticlos, tho doflooUon of tho scatbered light from the 

UuH vohmw by * bofom tho chapU^r number. 
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When the particles are small compared -with the wave lengths, the 
metallic absorption falls off less rapidly with X (1 < t < 2) than does 
dielectric extinction (7 > 4). This means that beyond X10,000 the 
increase in transparency will be smaller for metals than for dielectrics. 
Fortunately, it is possible to make observations as far in the infrared as 



Fig. 3.—Esticibnct Factor for Dibi;bctbic Paeticlbr 

Extinction curves showing the efiSciency factor Q as a function of tho nixc partim- 
eter, x = 2fraJ\, for various values of the refractive index n. (Courtosy, II. (>. van 
de Hulst, Utrecht Resear<Aea 11 , 21, part 2, 1949.) 

X20,000 with the lead sulfide cell and thus to distinguish between these 
two alternatives. 

Furthermore, metallic particles (not pure polished metals) have 
low reflectivities whereas many dielectrics such as ice will fend to have 
high reflectivities. 

3. The Character of the Interstellar Grains 

FarUer workers in the field of galactic structure supposi^d filiat 
absorbing material was confined to discrete dark clouds and that spaec 
elsewhere was clear. By 1930 it became evident that this picture had f.o 
be abandoned as it led to contradictions. The existence of a generul 
absorbing medium was recognized and efforts were made to determine the 
mean coeflficient of absorption as an aid to studies of the gro.ss features of 
the galactic system. Considerable atterition was paid to the law of 
reddening, and, subsequently, efforts were made to ascjcrtain (ho size 
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distribution and nature of the grains responsible for the extinction of 

^ Presumably, diffuse reflection nebulae, such as those near the Pleiades, 
are composed of small particles of the same character as those of the 
interstellar medium. Hence we may learn important facts, not only 
from the wave-length extinction law in the general interstellar medium, 
but also from studies of the diffusion, reflection, and polarization of 
light in reflection nebulae. 

Although the grains responsible for the interstellar reddening must 
fall in the range 10 “® to 10 "® cm radius, we must ask if there can be 
appreciable amounts of material in the form of larger particles that 
would contribute to the mass of the interstellar medium and simply 
block the light of distant stars. Chunks with diameters exceeding an 
inch can play no important role. A dark cloud which owed an appre¬ 
ciable fraction of its opacity to such frapnents would be so massive as 
to have a pronounced effect on the motions of included stars. 

The fact that the total mass of the interstellar material in the neigh¬ 
borhood of the sun is less than 3 X 10"®* gm/cm® implies that if the 
blocking of distant starlight were due entirely to grams, their sizes 
would be less than 4 X 10"® cm radius. Such particles might exjst m 
clouds. Were grains of some fixed radius between 0.01 cm and 0.001 
cm numerous, bright stars seen through such clouds would show diffrac¬ 
tion rings. Such haloes have never been observed, and we may conclime 
either that grains of these dimensions are not present in appreciable 

numbers or that a range of sizes exists. 

In a reflection nebula, such as one in the Pleiades, we observe not 
only the reflected light of the star, but also light that is thrown 
direction after repeated scattering by particles in the nebula, ihe 


Eayleigh law 


liui ^ constant X 


X"*r 


inoidenfc 


( 10 ) 


could be expected to hold only for a thin nebula composed of particles 
much smaller than the wave length of light. An exact interpretation 
of the colors, however, requires a theory of scattering of starlight in a 
nebula such as that developed by Ilenyey and Groenstein. 

Rayleigh scattering requires that the illumination observed at right 
angles to the incident ray be completely polarized. In rea-lity the 
polarization could never be complete because the particles receive lig 
scattered from one another as well as from the central star. W. . 
Moyer fomid polarization effects of less than 10 per cent in AGC 2201 , 
and studies of the nebulosity around p Ophiuchi by Struve, Elvey, ^d 
Roach, and of the 7 Cygni Nebula by Ilenyoy indicate not more than 
12 per cent polarization. In most objects itlcould not be detected. 
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In NGC 6729, W. T. Whitney and E. B. Weston found a maximum 
polarization of 15 per cent. See Fig. 2. Thus the polarization effects 
also speak against a high percentage of scattering by particles according 
to Rayleigh^s law. We must not confuse these polarization effects with 
those recently discovered by Hall and Hiltner for transmitted starlight! 

In connection with the absorption of light in space we are interested 
in two questions: What is the wave-length law of absorption, and what 
is the ratio of the coloring eiBfect of the medium to the total amount of 
absorption as measured at some particular wave length, e.g., X4400? 

The standard procedure for the determination of the wave-length 
law of absorption is to compare the energy distribution of a reddened 
star with that of an unobscured star of the same spectral c^lass. The 
earlier work was done mostly by photographic photometry. For 
example, W'. Baade and R. Minkowski measured the energy distribution 
in several reddened stars in Orion and Perseus, while W. W. Morgan 
and G. W. Wares compared the reddened star 13 Cephei with the normal 
star <r Cygni, stars which have a similar spectral type and absolute 
magnitude and distances. These researches indicated that the oxtiiu'.tion 
in most instances is nearly a linear function of 1/X.* 

The most precise determination of the wave-length law of interstellar 
absorption is that by Stebbins and Whitford who measured the magni¬ 
tudes of stars in six colors from X3350 to Xl 0,300 by photoolectrics 
photometry. They compared reddened and unreddened B stars by 
forming the diJBEerences between the observed magnitudes at six cffe(tt,ivo 
wave lengths. Although the 1/X law may serve as a rough approxi¬ 
mation, they remark: ‘‘the deviation of the selective absorption from 
the 1/X law is not subtle; it is conspicuous in the galvanometer readings 
of every strongly reddened B-star.'^t 

WTiitford has extended the study to X21,000 in the infrared with the 
aid of a lead sulfide cell, while Stebbins has made meaHurements at 
X3200 with a silver filter. We give here the extinction in magnitaidos 
found from a comparison of c Persei with the reddened star, f Persei, 
reduced to an extinction difference (V - I) between X4220 and XU),300 


Filter 

Silver 

U 

V 

B 

G 

R 

I 

21,000 

Wave length 
(Angstroms) 

3200 

3530 

4220 

4880 

5700 

7100 

10,300 

A magnitude 

+1.30 

1.18 

1.00 

0.81 

0.04 

0.35 

0.00 

-0.14 


*For emmple, see the discussion by J. Hall, Ap. J, 86, 145 l<)37 
tAp.102, 318,1946. ' ' 
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of Olio magnitude.* Whitford combines these data with observations of 
other stars in the infrared and with his and Stebbins’ previous measure¬ 
ments of reddened B stars to obtain the final curve shown in Fig. 4. 
Notice that although the curve approximately follows the dashed 1/X 
line, deviations seem to occur both in the ultraviolet and in the infrared. 
The leveling off of the absorption in the far uifrared indicates an ap¬ 
proach to the y* law. In the far infrared, the particle sizes are much 
smaller than the wave length of light. This strongly suggests that 
dielectric particles rather than metallic particles are responsible for 
the extinction of starlight. The shape of the curve also throws some 
light on the size distribution of the particles. (See Sec. 7.) 



Fid. 4.— Tma WAVM-LBNoxn Law of Inthhstbiaar Absorption 

The curve shows the mean interstiollivr absorption in magnitud® from four paira 
of stars reduced to F - 1 - ln«00. Pilled circles arc six-color obseryataons; snmU 
01)011 circles are individual lead sulfide observations with large open 
the mean; and the cross is the silver-filter oteervation on one pair only. The tnai^lffi 
show the baseline of the E, colors. Notice that the dotted hno 
previously existing data (represented by the black dots) loa^ to an improba y 8 
value of the ratio whereas the extrapolation of the b^hne of the Eioooia 

gives a value much closer to the correct one. (Courtesy, A. E. Whitford, Astrophystcdl 
Journal, University of Chicago Press, 107, 105, 1948.) 


*Ap. J., 107, 104,1948. 
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Although the reddeniug law appears to be pretty much the same from 
one part of the galaxy to another, an important exception must be 
mentioned. Baade and Minkowski found that certain stars in the 
Orion Nebula did not follow the usual law. d Orionis and other stiu's 
were affected by a strong selective absorption that increases rapidly 
from X9000 to X6000 and shows a less rapid variation in the interval 
X6000 to X4000 than do normally reddened stars. Baade and Minkowski 
found the average particle size to be larger than for other clouds and 
suggested that in Orion radiation pressure drove the small particles 
away from the stars. From the theoretical dependence of the absorp¬ 
tivity upon the particle-size distribution, van de Hulst concluded that 
the particles in front of di Orionis are larger than those in ordinary 
clouds by a factor of about 1.3 and have a somewhat stronger internal 
absorption than the ordinary interstellar grains. Apparently the hot 
stars expel many of the small particles by radiation pressure. If we 
exclude the Orion region and the highly excited central parts of certixin 
other nebulae, the reddening law seems to be uniform throughout the 
Milky Way to the first approximation. Further spectrophotometric 
checks are, however, desirable. 

The effect of the interstellar light absorption on the color index of a 
star is measured by the color excess E. This quantity is the differenrio 
between the observed color index c, which may be affected by spac.© 
absorption, and the intrinsic color index, C, viz.: 


E = c'-C ( 11 ) 

The true color index C can usually be estimated from the spectral clasH. 
The color excess E will depend on the wave-length range employed. 
If photographic and photovisual magnitudes are employed, the color 
excess F is a measure of the differential absorption between X4250 and 
X5500—the effective wave lengths of the photographic and photovisual 
systems. The most extensive set of accurate color measurements aro 
those by Stebbins and Buffer who employed a base line X4170 to X4710 
for stars of effective temperature 20,000®K; the corresponding cjolor 
mdices are designated sis Ei, 

A quantity of fundamental interest is the ratio of total absorption 
Ap, at some specified wave length, e.g., X4400, to the color excess; viz.: 
Apg/£ or App/JSi. If we can establish this ratio accurately and prove 
that It rmains constant in different regions of the galaxy, wo will have a 
powerful tool for the study of galactic structure. For any star of known 
^etral class we may measure the color excess E. If A„/E is known 

fnnereTK ® extinction Ap, and hence the undimmed 

apparent brightness of the star. 

Several methods have been proposed for measuring this ratio. Ono 
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of them consists of comparing star counts in regions where the stars 
are reddened with counts in nearby supposedly unobscured regions 
where the actual stellar density is supposed to be the same. Another 
method utilizes the colors of stars of known lunoinosity behind a well- 
defined dark nebula. For a dark cloud in Auriga, Schaldn found 
Apg = 1.9, and E = 0.21 (X3950 — X4400), whence A^JEi = 9.0. 
Analysis of star count data secured by C. E. Smith led R. J. Trumpler 
and the writer to a value A^JEi = 6.3, which appears to be too small. 
In other analyses, ratios ranging from 6.7 to 13 have been found. 

Stebbins and Whitford compared photoelectrically the brightness and 
color of one of the dark lanes in the Andromeda Spiral Mesrier 31 
with the corresponding measure for a symmetrically placed region on 
the other side of the center. They find AJE = 4.0 =fc 0.2. Unfortu¬ 
nately, the interpretation of these observations rests upon unproven 

assumptions. . 

From the photoelectric color work, Greenstein and Henyey denved 
A-cJEx = 8.1 ± 0.4. Van Rhijn found a value of 8.2 from a discussion 
of all the available material. 

Whitford’s data appear to settle the question. In Fig. 4 the wave 
lengths of the Ei color system are indicated by triangles. Note that a 
straight line through these points cuts the 1/X-axis near the extrapolated 
intersection of the observed curve. By coincidence, the ratios between 
total absorption and color excess, AJEi = 9, derived by Stebbins, 
Whitford, and Huffer in 1939-40 on the basis of the then-assumed 1/X 
law, falls close to the true value. Sinc,e E/Ei = 1.81, this result agrees 
reasonably well with that obtained for Messier 31 and with Greenstein 
and Henyey’s results. W. W. Morgan, D. Harris, and H. Johnson 
found the visual absorption to be related to the color excess by Avii = 

^ ^H. C. van de Hulst showed that a good representation of the observed 
extinction law could be obtained with a distribution function of particle 
sizes given by the theory of grain formation and destruction (see Sec. 7). 
Particles of the order of 0.4 to 0.5m are most effective in blocking the 
light and the average density of the grains in the neighborhood of the 
sun is 1.4 X 10"®“ gm/cm®. That is, the mass contributed per unit 
volume by the grains is about 1/300 that contributed by the inter¬ 
stellar gas. j, . X i 11 

What information can be found about the albedocs of the interstellar 

grains? If the albedoes are high dielectrics are indicated; if they are 
low, the particles may be metallic. The fundamental investigation on 
reflection nebulae was that by Hubble who established the relation 
between the luminosity of the nebula and the magnitude of the included 
star. 
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Consider a star of apparent magnitude mi, and luminosity Li placfcd 
in a uniform medium of reflecting particles. Ijet ua avippose that for a 
given telescope, exposure time, and photographic emulsion, <.hc angxilar 
diameter of the recorded image is Oi. The intensity lo of the light 
reflected from the nebula at this point will be proportional to 
where R is the distance of the sun from the nebula in parsecs. 'J’he 
apparent luminosity li of the star varies as Ly/R^’, hence, /(, ~ /i/a'f. 
Now /o is a constant which corresponds to the threshold of the instru¬ 
mental arrangement. If we express the apparent luminosity l\ in 
magnitudes, there results a relationship of the form mi + r) log Oi =» A’, 
where K depends on the reflectivity and the spatial orientation of the 
nebula, and the limiting detectable surface brightness. The obs(?rvcd 
relationship was 

m. + (4.90 ± 0.13) log Oi = 11.02 d= 0.10 (12) 

Hubble calculated the theoretical value of the constant on the righir-hand 
side of the equation on the assumption that the inverse H<iuare law is 
valid and that all the starli^t intercepted by the nebula is re-eniit.t<Hl, 
The surface brightness is determined by spreading the luminosity of 
the central star over a spherical shell of radius o. In magnitucUis jmr 
square second of arc, this surface brightness will be 

m + 2.6 log 4ir(60a)“ = m + 2.5 log a® + 11.04 (13) 

Scares found the limiting surface brightness of an exposure of one mimif e 
on a Seed 30 plate with an //6 reflector to be 18.8 magnittidcs ixJr 
square second of arc. The limiting surface brightness of a OO-minuto 
closure (neglecting the reciprocity failure of the photographu; emulsion) 
will be 18.8 + 2.5 X log 60 = 23.25. Equating this miml)er to the 
preceding expression we find 

m-h 5 log o = 11.01 (M) 

If one assumes a random distribution of directions from the star tt> 
the nebula, the mean observed a, projected on a phme ix^nwndicuhir 
to the line of sight, would be less than the true a. Hubble eoneludwl 
that eqn. (14) should be corrected to 

m. + 5 log a = 10.03 (!">) 

whereasZanstra later showed the constiint to lie 1 l.Oi). 'rh<( »igr(‘cm(‘ut 
between observation and simple theory is good. (lon(X‘rning tb(( r(>sulls 
of his observations, Hubble* remai-ks: “'rhe general conelusion from 
this observation is that witliin the errors of observation, tlu* data t-an 
be represented by the hypothesis that the diffuse nebuhui derive tlwir 
*Ap. J. 66, 400, 1922. 
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hiininoHity from involved or neighboring stars and they emit at each 
point, exactly the amount of radiation they receive from the stars.” 

The remarkable fact was that the emission nebulae appeared to 
follow tihe same law as nebulae with continuous spectra! This result is 
part.icularly surprising when we recall that bright lines originate by 
fluorescent processes and electron excitation, and their intensities 
depend on the far ultraviolet spectrum of the central star. Perhaps 
line radiation contributes relatively little to the total surface brightnesses 
of these ohjects. Hubble made a similar study of the planetary nebulae 
and found them to be systematically brighter than their central stars. 

It is remarkable that Hubble’s relation holds even for pure reflection 
nebulae. A shell thick enough to interrupt all starlight falling upon it 
would be sufficiently opaque for the scattered light to be somewhat 
dimmed. Possibly the extreme patchiness of the diffuse nebulae permits 
us to see relatively opaque slabs, which are themselves not obscured by 
material lying in front of them. Even so, some light loss must occur 
in these slabs. 

Htruve and Miss Story made a statistical study of the nebulae 
discussed by Hubble. They found that the nebulae with continuous 
spectra tend to be more opaque than emission nebulae. The optical 
thic.knossos frequently amounted to only a few tenths. 

The theory of the reflection and scattering of starlight in a cloud of 
discrete particles was first given by Seeliger and extended by Henyey, 
(Irconstcin, and others. (See Problem 4.) The scattering is governed 
by the albedo y and the phase function <p{a), which determines the 
angular distribution of the scattered light. Here a is the angle between 
the initial and the scattered ray. For isotropic scattering <p(a) is 1; 
for Rayleigh scattering ^(a) varies as (1 + cos* a). A determination 
of <p(a), if possible, would help determine the size of the particle, since 
^(a) is a function of the ratio of the particle radius to the wave length 
of light. Backward-throwing phase functions correspond to particles 
with radii of 0.01 to 1 cm; forward-throwing phase functions to much 

smaller particles. c a 

Henyey and Greenstein developed a theory of the colors of reflection 

nebulae on the basis of a detailed transfer theory. The spectral energy 
distribution of the scattered radiation depends on the absorption 
(•.ocfficicnt and the scattering efficiency of the grains. Since these 
properties depend on the intrinsic character of the maten^, the goal 
is to determine them from a study of the nebular colors. The theory 
should enable us to disentangle the color effects of physic^ mterest 
from those which depend only on the fact that we observe not one, but 

”^*^Sterbght passes through part of the nebula before it is scattered by 
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the grains, and the scattered light must pass through some of the nebula 
before it reaches the observer. The bluhig by scattering may be counter¬ 
acted by the reddening by transmission. Thus they find that if the 
star is in front of the nebula, the color of the nebula appr()a('he.s thcit 
of the star as the opacity is increased. If the nebula is in front of the 
star, it will always be bluer, and if the star is immersed in the nebula, 
the partial obscuration of the star by the nebulous material will procUuso 
an additional bluing of the nebula relative to the star. If the albedo 
depends on wave length, and if the light is scattered several times in 
the course of its passage through the nebula, slight albedo variations 
will be greatly exaggerated. 

Since the optical properties, including extinction coefficient, albedo, 
and phase function may be calculated by theory for different kinds t)f 
grains (metals or dielectrics), the Henyey-Greenstein theory may ho 
employed to predict the colors and brightnesses of diffuse nebulae for 
comparison with observation. 

Unfortunately, the complications of the problem, arising from tho 
unknown position of the star with respect to the nebula and the orienta¬ 
tion of the nebula in space, limit the amount of information obtainable 
from studies of reflection nebulae. The investigations do suggest, that 
the albedo y of an interstellar grain is high; Henyey found y =» 0.6 for 
several nebulae. An application of Seeliger’s theory to pure reflection 
nebulae suggests that y is about 0.7 for the thick cloud near p Ophiuchi, 

In addition to the bright reflection nebulae we must also consider 
the illumination of the obscuring clouds scattered throughout the 
galactic plane. It was realized some years ago that a large conspicuouH 
dark cloud, such as the Coal Sack or Horse Head Nebulae, should 
have a hi^ scattering power because of its great optical thicknesH. 
Since it is dimly illuminated, it should be brighter than the background 
between the stars in the nearby Milky Way, provided space is relatively 
transparent. However, in 1937 Struve and Elvey found tho surface 
bri^tnesses of some of Barnard’s dark areas to be fainter than the 
background of the sky between the stars in the star clouds. If tho 
region of the star clouds were transparent, dimly reflecting dark nebulae 
diould be brighter than they observed. Therefore, either the grainn 
composing the nebula had low albedoes, or there existed 8(!atterin)g 
material in the star clouds of the Milky Way. From photoelectric, 
measures of the surface brightness of the night sky, hllvey and Iloac.h 
showed that this second hypothesis was correct. The diffuw gala<!tic 
light amoxmted to 57 tenth magnitude stars per square degree. Ilenyoy 
and Greenstein measured photographically the brightness of the galacf.io 
radiation over a wide range of galactic latitude in Cygnus and in Taunw. 
On the assumption that the scattering layers were stratified in parallel 
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planes, and by trying different hypotheses about the size and kind of 
parti (^le, they showed that the phase function must be strongly forward 
throwing and that 7 must exceed 0.3, a result in accord with those 
found from diffuse reflection nebulae. 

CMues to the character of dense clouds of grains may eventually come 
from studies of the T Tauri variables. These stars have been studied in 
greatest detail by Joy, Herbig, and Greenstein. They appear as G, 
/v, and M dwarfs which are immersed in dark nebulae and show bright 
lines of hydrogen and the metals. Giant stars in dark clouds do not 
show these bright-line characteristics. Presumably the material of the 
interstellar medium is being accreted by the stars; grains composed 
primarily of abundant elements may approach close enough to these 
stars for evaporation and subsequent line excitation of the liberated 
gases to occur. 

A number of T Tauri stars and related objects are associated with 
small diffuse nebulae (see Fig. 5), e.g., T Tauri itself, RY Tauri, R 
Mono<*.erotis, and R Coronae Austrinis. It is probable that in some of 
t.hesc obje(‘.ts we do not observe the spectrum of the star itself but 
simply the spectrum of an excited inner region of the nebula. Rapid, 
as well as long-term, changes are sometimes observed in the spectra of 
'r Tauri stars. 


4. The Interstellar Gas (Kinematics and Distribution) 

Most of the interstellar material in our part of the galaxy occurs 
not in the form of small particles that block and color the light of distant 
st,ars, but rather in the gaseous state. In 1904 Hartmann noticed that 
sharp and narrow Oa II lines in the spectroscopic binary 5 Onoms did 
not share in the periodic velocity shifts of the diffuse H and He Imes 
whitdi originated in the stellar atmosphere. Instead, they remained 
fixed in position. Subsequently, from measures of these s^called 
si^itionary lines in early type stars, V. M. Slipher suggested that the 
caUdum lines originated in an extensive gas cloud widely spread among 
the stars. In 1919 Miss l ieger found sharp stationary D lines of sodium 

^_Kkj. S.—Timwifl Stars of the T Tauri Type (Continued) 


g; tSS ?: fS; Noa «f 

Uw> ciuiHaiou lim«. lly is nearly absent on Sept. 0 and strong m 
TImw rw)i<l eiuMigos tmvy bo similar to the “Haros” obs^ed m . 

(f) Stmln of T Tiiuri (Oot. 13,11)61). Notice tlie absorption lines ohariwtenstio 

'‘w fc'Sit II(Nov. 25, «1). Dp»o.poo^ .U*l» 
(Spectrograms socurod at University of Michigan Observatory.) 
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in the spectra of certain 0 stars observed at the Lick Observatory. 
Since then, extensive studies at Victoria and Mount Wilson have re¬ 
vealed lines of other atoms and even molecules, as well as certain uni¬ 
dentified diffuse features. 

Almost without exception, interstellar lines represent transitions from 
the lowest level of the atom or molecule in question. The Ti II lines 
observed by Adams and Dunham provide an example in point. Only 
absorption lines from the lowest (J = f) level of the ground a*F term 
appear, while liaes arising from the J = and f levels are missing, 
even though the J = f level lies but 0.012 ev above the ground levell 
Evidently, colhsional excitation to the upper levels of the *F term 
must be infrequent, perhaps minutes or even hours apart, since the 
lifetime of the *Fsjt level is 28 seconds. 

All that appear of the rich band spectra of the molecules are lines 
arising from the lowest rotational state of the lowest vibrational level. 
The radiation density is too low to excite appreciable numbers of 
molecules to higher levels. Inelastic collisions with electrons are so 
infrequent that the molecules always have ample time to return to 
the ground level before they can absorb a quantum of energy. Swings 
and Rosenfeld identified with CH the sharp X4803.3 line observed by 
Dunham. Later, McKellar suggested this identification could be con¬ 
firmed if other lines arising from the lowest level, viz., X3886.3, X3878.7, 
and X3890.2, could be observed. Soon thereafter, Adams found these 
three CH lines with the expected intensities in the spectrum of f 
Ophiuchi. Since then, X4232.57 and X3745.33 have been identified with 
CH"^, while X3874.63 is known to arise from CN. It seems likely that 
other hydrides, such as NH and OH and possibly also Cj, may exist in 
interstellar space. Expected lines of NH and OH fall in the observable 
ultraviolet at X3357.8 and X3078.4, respectively. 

We can expect to observe only the ions of abundant elements whose 
lines fall in the observable range X3000-X10,000. A high ionization 
potential for the ion concerned, or at least for the next higher ionization 
stage, is necessary for the appearance of an interstellar line. Otherwise 
the atom in question will become highly ionized, and it will have no 
chance to recapture a free electron to form an ion which can absorb 
lines in the observable region. For example, al uminum exists mostly 
in the ionized condition, and its resonance lines cannot be observed. 
The effect of abundance plays an important role here. Detection of an 
ion is favored if it has only one or two lines with large /-values which 
arise from the ground level. Iron is an abundant element, but it has 
several lines from the ground level, each with a small /-value, atid the 
observed lines are weak. On the other hand. Sc II, Sr II, and Ba II, 
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whose lines fall in the observable range, appear to be too rare, cosmically 
speaking. 

Among the unidentified interstellar absorptions are the diffuse 
features at X5780.4, X5796.9, X6283.9, and X6613.9, discovered by 
Merrill in 1934, and the broad, diffuse, symmetrical absorption extending 
from X4410 to X4450, which was discovered to be interstellar by Merrill 
and further studied by Beals and Blanchet, by Greenstein and Aller, 
and by Duke. See Fig. 6. The intensity of the diffuse X4430 line is 



Ekj. (I— Tub Pkokilm op tub Dippusb Interstellar Feature at X4430 in 

HD 183143 

Notices tlu? broad symmetrical character of the profile. (Courtesy, The McDonald 
Ol,)servatory.) 


most strongly correlated with X6284, is moderately well correlated with 
interstellar reddening, and may be connected with interstellar polan- 
zation. Ru(th diffuse lines occur, for example, in the solid states of 
molecules that have incomplete inner shells of electrons. These sub- 
staiK*.cs are frequently paramagnetic, e.g., the iron alums. The X4430 
lino is abnormally weak in the Orion nebulosity. 

Among the first questions to be answered about the interstellar gas 
are these: Is the material spread uniformly or is it concentra,ted m 
discrete clouds? How are the line intensities to be correlated with the 
distances of the stars upon whose spectra they appear? 

Direct observations of the diffuse nebulae suggest that grams and 


gas often tend to concentrate together. vr v i 

Perhaps the best example in point is the vast diffuse Onon Nebula, 
which is about 500 parsecs distant from us. The inner bn^t region is 
about 4' in radius, or 0.6 parsecs. Greenstein has estimated the total 
mJWH of the hydrogen gas to be about ten tim^ that of sun The 
gas density is high (about 10" ious/cm-*) at least m the bnght pa^, and 
the heavy obscuration nearby shows that grams are con^ntrated m 
this region. The bright hot stars of the Trapezium excite a typical 
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nebular spectrum in the luminous nebulosity. The whole Orion aggre¬ 
gate forms an association of hot stars and bright and dark nebulosity. 
The ratio A^JEi = 14 is abnormally high in the Orion region. In the 
nearby Taurus region, where the obscuration is also heavy, there are 
no hot stars to excite abundant gases such as hydrogen or oxygen, 
which may be present in large quantities. 

Under these circumstances we might expect a strong correlation 
between reddening and interstellar £^-line intensity. Actually, the 
correlation is weak, indicating that the density of Ca II ions is not 
strictly proportional to the particle density. Since the proportion of 
calcium atoms in the singly ionized state is strongly affected by the 
ionization equilibrium, the ratio of the number of Ca II ions/cm® 
to the total number of gaseous atoms/cm® is not constant from point to 
point. 

Since 1928, when Struve demonstrated the intensity of the inter¬ 
stellar lines to be correlated with distance, many investigators have 
studied the problem and have shown that the intensityMiistance 
relationship is complicated by the effects of galactic rotation, thermal 
motions of the atoms, occurrence of the gas in spiral arms, and the 
relative velocities of the discrete clouds in which the atoms are concen¬ 
trated. 

Consider the relationship between the equivalent width of an inter¬ 
stellar line and the number of atoms acting to absorb it. If the atoms 
are in thermal motion at a temperature T and the medium is at rest, 
a curve of growth computed for Doppler broadening and natural 
damping ought to represent the observations. Thus the D lines of 
sodium ought to show ah intensity ratio of 2:1 when very weak, should 
be about equal in intensity when both are strong enough to fall on the 
flat part of the curve of growth, and show a ratio of 1.41/1 when so 
strong as to fall on the damping portion. Lines on the square root 
portion of the curve of growth have not been observed. 

If the medium shares in galactic rotation, different parts will have 
different relative velocities. In those directions where the relative 
motions are zero (null points), our simplified picture should be valid; 
but where the relative motions are large, the effective absorption 
frequencies of atoms at different distances along the line of sight will 
be displaced, and the qualitative effect will be similar to an increase in 
v; hence the lines will be stronger than in stars at the null points, even 
thou^ the number of atoms along the line of sight remains the same. 

With these considerations in mind, 0. C. Wilson and P. W. Merrill 
analyzed the intensities of the interstellar D linos in 200 stars well 
distributed over the Milky Way. As might have been anticipated, the 
observed intensities did not fit the theoretical curve of growth for tlie 
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static medium. More specifically, the D lines in distant stars near the 
nulls of galactic rotation have much the same strength as in distant 
stars at other galactic longitudes. In other words, at all longitudes 
the D lines seem to incTease in strength at about the same rate with 
increasing distance. Thus some widening effect other than galactic 
rotation must be present. The importance of this widening effect is 
evidenced by the fact that the D lines tend to be saturated at distances 
of only a few hundred parsecs; i.e., the ratio of D 2 /O 1 fa^s below 1.2 
for stars only 500 to 1000 parsecs away. If increasing distance simply 
increased the number of absorbing atoms, the intensity of the D lines 
would be changed only slightly, in view of this already high saturation. 
Actually, the intensity tends to increase in direct proportion to me 
distance. Wilson and Merrill suggested that the D lines were absorbed 
in separate clouds, moving with random velocities at speeds of some 

15 km/sec. , i v i i j 

Direct evidence for the existence of such discrete clouds had already 

been found by Beals, who noticed that interstellar lines in Orion show 
complicated structures. Subsequently, Adams has studied the complex 
structure of the H and K lines in 300 stars. In some regions as many 
as five components were observed. Their narrowness gives strong 
evidence for the discrete character of the clouds and the absence of any 
appreciable internal turbulence. Radial velocity measures ^rve to 
distinguish clouds lying in the same direction from us but at different 
distances. Thus in Lac^rta there is a primary cloud with a velocity 
of -2 km/scc, and a second and thinner cloud with -24 km/scc; the 
cloud in Perseus had a residual velocity of +5 km/scc; while toe stars 
near the belt of Orion reveal two clouds, one with +7 km/scc and the 


other with—15 km/scc. 

By a comparison of the radial velocities of the other constituents of 
the interstellar medium with 11 and K, Adams was able to show which 
component belonged to which cloud, 'riuis Oa 1 and le I appear 
only in stars with strong interstcUar II and A, while too diatomic 
molecules ON, OH, and 01 r may occur when II and A arc relatively 
weak Neutral and ioniised Oil show marked differences in intensity 
in different stars; e.g., 011" is not found in Orion. With distances for 
the background stars supplied by W. W. Morgan, Whipple carried out 
a detailed analysis of Adams’ data. He finds C to 8 gas clouds per 
kiloparsec along the line of sight near too galactic plane. Irom a 
comparison of the K line in different stars, Whipple found that lines of 
the same (iloiid would HomctimcH appear in two or more atars. in 
this way he identified 34 clouds and found a tendency for the clou s 
with weaker lines, presumably the less massive ones, to move witn 
greater velocity. The smaller clouds had a root moan siiuare velocity 
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of 36 km/sec and the larger ones a velocity of 10 km/sec. Under this 
hypothesis the larger clouds might have been formed from the 
ones by amalgamation. 

A more likely explanation (Blaauw and van de Hulst) is that the 
stronger and least displaced lines are simply blends of several 
components. There is no need to imagine amalgamated clouds. In 
addition, measurement of the radial velocities of the individual clouds 
indicates that on the average these share in the general galactic rotation. 
In fact, the radial velocities found for the D lines in distant stars far 
from the nulls of galactic rotation can be used to give an approximate 
indication of the distance of the star. The presence of galactic rotation 
in the interstellar clouds provides an additional widening produced by 
individual motions of the clouds. 

With the Palomar coud6 spectrograph MUnch has investigated the 
interstellar K line in faint, remote B stars. He has been able to separate 
components arising in the two spiral arms located by Morgan and his 
associates. Multiple lines are produced because of absorption in distinct 
gas concentrations in the two spiral arms. Miinch found one star that 
showed as many as nine components. 

What can be said about the spatial relation between the gas clouds 
and the grains that produce the extinction? Spitzer’s comparison of 
D line intensities and color excesses in remote stars indicates that a 
doud of gas is also a cloud of solid particles. Analysis of the curve of 
growth shows that in reddened stars where Ei exceeds 0.10, the D lines 
are produced in a number of relatively opaque clouds, each with an 
optical depth of about 5 in the center of the Da lino. The density of 
neutral sodium atoms in a typical cloud appears to be about 5 X 10"* 
atoms/cm’. The color excess Ex produced by one such cloud is between 
0.02 and 0.03 magnitudes, and the cloud radius is between 5 and 10 
parsecs. In stars with Ex less than 0.01 the lines seem to bo produced 
in less opaque clouds, and the optical depth through a single cloud at 
the center of the line is less than 1.0. The clouds in front of di Orionis, 
which shows the abnormal extinction law, have a high color excess but 
weak D lines. We have already seen that the smaller grains are appar¬ 
ently missing here and sodium atoms likewise seem to bo relatively 
scarce. 

The density of grains in the space between the clouds has been 
estimated as about one-fifth of the average density. For a fuller dis¬ 
cussion the reader is referred to the arguments by Oort.* 

The quantities of metals in interstellar space are small. The observed 
molecules show that carbon, nitrogen, and hydrogen are present, and if 
the composition of the interstellar medium is similar to that of stars 

*B.A.N. 8, 246, 1938. 



3ec. 6] THE INTERSTELLAR MEDIUM 261 

and of gaseous nebulae we would expect these elements to be abundant. 
The atoms of these light elements would be detectable (if at all) only 
by their emission spectra, since the resonance lines all fall in the inac¬ 
cessible ultraviolet. 

With a specially designed nebular spectrograph, Struve and his 
colleagues looked for the Balmer recombination lines of hydrogen and 
the forbidden lines of oxygen. They found large regions of the Milky 
Way, some of which show a slightly milky background on the direct 
photographs of Ross and Barnard, where H, [0 II] X3727, possibly 
[N II] X6548, X6584, and sometimes [0 III] X4959, X5007 appear in 
emission. No such regions are found in high galactic latitudes. The 
hydrogen emission regions in Cygnus, Cepheus, and Monoceros seem 
roughly circular, and sharply bounded on the outside. Although these 
faint emission areas seem associated with groups of the hot 0 sters, 
they differ from the ordinary gaseous nebulae in that they show little 
concentration to individual early type stars. When [O III] is observed 
in emission, it occurs in the central parts of the hydrogen regions without 
any sharp boundaries. The intensity ratio, X3727/X6663, i.e., [O II] 
to (H -t- [N II]?) is large in the Monoceros and Canis Major regions 
and amall in the summer Milky Way, Cepheus to Sagittarius, showing 
that different physical conditions exist in different parts of the galaxy. 

Stromgren and Hiltner have recently carried out observations with 
a photomultiplier and an interference filter that isolates the light of 
H|3. They find that these emission regions, which are not visible in 
integrated light, show clouds comparable in density with the clouds of 
gas that arc revealed by the absorption lines of sodium oi caldum. 
The diffuse nebulae, observed in integrated light or in red filter photo¬ 
graphs, are denser clouds comparable with the one in front of x Orionis 
and which produces strong interstellar lines. Brighter diffuse nobultm, 
like Orion, are ten thousand times more intense than Iho fainter omis¬ 
sion regions. 

With the Oreeustein-ITonyey wide-angle camera and appropriate 
plate and filter combinations, Bharplcss and Osterbrock wore able to 
photograph a number of faint hydrogen emission regions in which the 
electron density was of the order of 2 or 3 particles/cm®. 

6. Density and Composition of tiie Interstellar Gas 

If we can svipposo that they are both produced in the same region 
of space, the simultane<niH presence of X422() of C’-a I and the TI and K 
lines of Ca 11 sugg<^s<»s a means of estimating the partition of atoms 
among the various stages of ionisiatlon. Krom the metisurcd eciuivalent 
widths of various interstellar lines, or from tlicory, ono may construct 
a curve of growth from which ho can road the ratio of ionized to neutral 
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calcium. Then, if the intensity distribution I{y) of the radiation im¬ 
pinging upon the interstellar atoms can be obtained from the spectral 
types and temperatures of the surrounding stars, the electron density 
N. can be found from the appropriate ionization equation. With AT, 
and I{v) known, the distribution of other elements among their ionization 
stages may be found. 

Dunham measured the equivalent widths of lines of Na I, Ca I, 
Ca II, and Ti II in the cB\ star, % Orionis, whose distance is 725 parsecs. 
He used the four sodium lines, X3302, X3303, X5890, and X589(), whose 
/-values are known, to establish the form of the empirical curve of 
growth, from a plot of the observed quantity, F = 10° W/\ against 
log /X. To determine n, the number of atoms in the line of sight, he 
made use of the condition that for weak lines the relation 

i? = 10“ ^ = — lQi\fK (IC) 

must hold. Thus, when W/\ is 10”°, log n/X = 6.055. The four sodium 
lines define much of the curve; the slope through the X3300 doublet is 
steeper than through the D lines and must approach 45® for oven 
weaker lines. The 45® portion is joined to the empirical (turve by a 
judicious extrapolation. With the aid of this curve, one may read off 
values of n/X from the observed W/\ values of the lines of Oa I, Ca II, 
K I, and K II. (See Fig. 7.) 



log Nf^ 


Fig. 7.—The Curve of Growth for Interstellar Lines Obrbrvmd in T^^3 
Spectrum of x® Orionis 

^ cletcrmiiK^d hy four 

abundances of the other elements arc dot^inninod by lit.t.inir the 
A is known for each lino. (Court.<wv, T. li. 
unham, Proceedings of American Philosophical Society 81, 287, 1930.) 
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Since the /-values of these lines are known, one may find the number 
of ions n between the earth and Orionis. 

Str<)mgren has derived a theoretical curve of growth for the inter¬ 
stellar lines. The problem differs from the stellar one discussed in 
Chapter ^8 in that pure extinction occurs. Hence the observed intensity 
/x at a wave length X within the interstellar absorption line is: 

= (17) 

where /J is the intensity in the nearby continuum of the background 
star. Here t\ == AToix where ot^ is the atomic absorption coeflficient at 
the wave length in question. The equivalent width in wave-length 
units is: 

w = f ~ dx= f (1 - e"‘") dX 

J II J 

= AX« J (1 - du 

where t he Doppler-width constant AXo is defined by eqn. (39) of Chapter 
*8 and 1 / is defined by eqn. (29) of Chapter *8. Here to = nao, where 
an is the al)sorption coefficient at the center of a line of zero damping 
[cf. e<in. (33) of Ch. *8]. For the interstellar lines in question, the 
ratio a, defined by eqn. (31) of Chapter *8, is about 0.001 or smaller. 
Htronigrcn shows that the observed intensities are such that one may 
take a = 0 without making any appreciable error in the calculation of 
a theoreticid curve of growth. Then 

4 — “X — g-"’ 

to 

where 

V (hniotes the velocity of the giw cloud in the line of sight, and u has 
fhe same physical meaning as in eqn. (29) or (40) of Chapter *8, i.e., 
it. is the distance X — Xo measured from the center of the line in units 

of AX,|. _ 

HituMi «)./«(> is a known function of the variable of integration w, 

th<! ratio IF/ AXo = Wc/\v (an be computed as a function of fo- It 
will l)(. proportional to to for small values of ti, but as the optical thickness 
at. the center of t.he line increases, the eciuivalont width grows slowly 
with II. Sinc(( UIK) = 2/i„(/;,) one can c.alculate theoretical values of 
the doublet, ratio lF(/;.i)/lF(Di) a« a function of Also n/W can be 
tabulated as a function of to. lleiKic from W and the measured doublet 
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ratio one may obtain not only but also the most probable kinetic 
velocity of the atoms, v. When n is large, the doublet method fails 
since a small error in the observed ratio may produce a very great error 
in log n. Fortunately, the X3302-X3303 lines can be measured in a 
number of stars. The ratios of the /-values for the D lines and the 
X3302-X3303 pair equals 21.8. Hence the ratio W{Di)/W{Z30Z) can 
be calculated as a function of log to (last column. Table 1). 

TABLE 1 


Thboebtical Curve op Growth for Interstellar Lines* 


log/o 

iPi or H) 

, W c 
log —- 
X V 

17(2).) W(K) 

N 
log — 

W 

W(.Di) 

W(Di) WiH) 

w(\mz) 

-0.2 

9.96 

1.66 

13.06 


0.0 

0.11 

1.53 

13.11 


+0.2 

0.24 

1.39 

13.18 


+0.4 

0.34 

1.29 

13.28 


+0.6 

0.42 

1.21 

13.40 

81 

+0.8 

0.48 

1.16 

13.54 

69 

+1.0 

0.62 

1,13 

13.70 

42 

+1.2 

0.66 

1.11 

13.86 

29 

+1.4 

0.59 

1.10 

14.03 

20 

+1.6 

0.62 

1.08 

14.20 

14 

+1.8 

0.64 

1.07 

14.38 

10.2 

+2.0 

0.66 

1.07 

14.66 

7.4 


*B. StrOmgren, Ap. J. 108, 248,1948. 


Stromgren quotes the following examples to illustrate the use of this 
table.t “lux* Orionis Dunham observed W(Pi) = 0.39A, W(X3303) - 
0.040A. The ratio = 9.8, when used in Table 1, gives Io« 

n/W for Di equal to 14.40; hence log n = 13.99. The number of absorb¬ 
ing sodium atoms is thus found from the strengths of Di and X3303 to 
be w = 9.8 X 10^*. Also \v/e is found to be 0.09A. Next, consider aii 
example in which measures have given equivalent widths of tho intor- 
stellar Di and Dj lines in a star equal to 0.16A and 0.24A, respectively. 
The doublet ratio is 1.50, and the table gives log n/W for i), equal to 
13.12 so that log n = 12.32.” 

If the observed ions all occur in the same cloud, the next step is to 
investigate the ionization equilibrium and derive the partition of atomn 
among the various ionization stages. When the proportion of observed 
to total ions is known, the total number of atoms of the given element 
may be found. 

t4p. J. 108,249,1948. 
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The interstellar atoms are all in their ground levels and exposed to 
the composite radiation of many stars. Although the energy distribution 
of this radiation may correspond to temperatures of several thousand 
degrees, the energy density is low because of the great distances of the 
stars and the presence of absorbing material. We write the intensity 
of the radiation incident upon the atoms as 


I, = 


where B,{Ts) is the Planckian function for some convenient tempera¬ 
ture Ti, usually about 10,000“K, the dilution factor W, includes the 
deviation of the energy distribution of the composite source from that 
of a black body, the geometrical attenuation of the radiation, and the 
effects of interstellar absorption. The rate of ionization goes roughly 
as W times the corresponding rate for thennal equilibrium. 

The rate of recombination depends on the electron temperature. We 
must emphasize that while ionization may occur only from the ground 
level, recombinations may occur on all levels. The contributions of 
stationary states of high quantum number turn out to be quite signifi¬ 
cant. The appropriate ionization formula may be written in the form 


log 


+ 3 , og2£i 


+ I log 1^-1-15.38-I-log D (18) 

where D includes the effects of the dilution of the radiation, and the 
fact that recombinations may occur on all levels, while ionizations take 
place only from the lowest. In the most elementary approach we put 


(19) 

o» 

where o,/2 ®n reprosonts the fraction of recombinations taking place 
on the grouinl level. 

Ilecomhination rates for the different levels may be computed as a 
function of the temperature if the corresponding absorption coefficients 
are known (cf. Ch. *5). Dunham calculated the composite radiation 
field of the stars, by grouping them according to temperature classes 
and calculating the contributions of each group to liy). He carried out 
solutions both with and without the effect of the interstellar absorption 
upoiv /(»-) being taken into account. The results show that a single 0 
star, such a.s f Puppis, will outweigh all the other stars within a hundred 
parsecs of it. Sirius, which is visually the brightest star in our sky, 
rwnifftH but a small contribution to the total. 
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Dunliam finds the energy density without absorption to be 5.24 X 
10"^® ergs/cm®. If we take Ti = 15,000°K, the energy density for 
equilibrium is then 387 ergs/cm®, IF = 1.35 X 10"'®. As an illustration 
let us choose T, = 10,000®K, which Spitzer finds appropriate for the 
regions where the interstellar hydrogen is ionized. For Ca I, 2 = 

2.6, 2gx/go = 4, x = 6.09 ev, and, upon substitution in eqn. (18), wo 
find log NiNJNo = 4.81. 

Stromgren has evaluated D with the effects of the variations of IVp 
and the atomic absorption coefficients taken rigorously into acuiount. 
We give part of his table herewith: 


TABLE 2* 
log NiNJNo 


T. 

Nal 

KI 

Cal 

Ca II<i> 

Ca II(« 

10,000 

1.73 



+0.44 

+0.72 

1,000 

0.92 



-0.21 


100 

0.22 

0.77 

2.68 

-0.82 

-0.64 


(1) Values for region where hydrogen is neutral; radiation boyond X9ii is ab¬ 
sorbed. 

(2) Values for region where hydrogen is ionized, so that no substantial radial,ion 
beyond X911 is absorbed. 

*Ap, J. 108, 258, 1948. 


With Dunham's observed value of log Ar(Ca II)/Ar(Ca I) « 3.55 
for the atoms in the direction of x"* Orionis, and T, = 10,(K)0®K, wo 
get iV, = 5 electrons/cm®.t To get the total amount of cahuum prosont 
we must allow for the second ionization whose potential is 11.9 ov. 
The degree of ionization will depend on whether hydrogen is ionized 
or neutral in the region concerned. One can discuss the ionizatioii 
equilibrium of each element and deduce the composition of the inter¬ 
stellar gas, as Dunham, Struve, and Stromgren have done. 

From the interstellar lines observed in seven different stars, Strom¬ 
gren finds iV(Ca II)/iV(Na I) = 0.6. The corresponding ratio of (salciuin 
to sodium is 0.04, which is much smaller than the value 1.5 found from 
studies of stellar atmospheres. The discrepancy has boon roctognized 
for some time; it may arise from errors in the assumed absorption 
coefficients and in the assumed intensity of the ionizing radiation from 
XIOOO to X2000. Generally we assume stars radiate like blac.k bodioH 
in this region but it is more likely that the composite energy (uirve is 
cut by numerous absorption lines, which, however, may not be as strong 
as in the sun. 


the use of the Ca I/Ca II ratio to establish the ionization oquilihrimn 
IS difl5.cult because the Ca II lines tend to be saturated. 
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To make further progress, we must discuss the state of interstellar 
hydrogen. We ask this question: What will be the physical state of a 
tenuous, roughly uniform cloud composed primarily of hydrogen and 
containing one or more hot stars? Near these stars the hydrogen is 
ionized. With increasing distance the fraction of neutral hydrogen 
rises slowly. Bengt Stromgren showed that suddenly, at a critical 
distance s„, the proportion of neutral hydrogen increases abruptly, and 
there is almost no ionization at greater distances. The critical distance 
8() depends on the absolute magnitude and temperature of the fivciting 
star and the density of hydrogen. Stromgren employs an ionization 
formula essentially of the type of eqn. (18), and sets N, equal to the 
number of hydrogen ions JV<. The geometrical dilution factor is 

= § ( 20 ) 


while dt is taken as the element of optical depth at the L 3 nnan limit, viz.: 


dt = N,a. 3.08 X 10‘* <fe (21) 

since the parsec (3.08 X 10*® cm) is chosen as the unit of length. No is 
the luimbcr of neutral li atoms/cm®. Stromgren writes the ionization 
equation in the form 


where, 



N = 



AT = AT,, + Ni 
Ni = N, = xAT 
AT,, = (I - x)N 


C, = 10""-'‘’"ijp 

^ 5040 

e = — 


( 22 ) 


(23) 


The numerical value of Ci follows from the choice of a parsec as the 
unit of «, the solar nvdius for R, and cm“’ for AT. Put ATo = (1 — x)N 
in e<in. (21), solve for (1 — x) and substitute in eqn. (22) to obtain 

c ‘ dl = X® ¥ s®3.08 X 10*®a. ds (24) 


lOmploying tlie n<nv varial)lcs, 

r3.08 X I0*®aj\r®1.3 
2/ = c , z = L Js 


wlien^ ()<'/< h ‘-Oi'M- (2-1) (22) become 


- 

(iz 


— X 


1 — X 


a 


2 


s/.t 


y 


(25) 


(26) 



258 

with 


ASTEOPHYSIOS 


[Ch.6 


a = 


9 


iVCi(3.08 X 


“|l 


(27) 


Now = 1 for a = 0 since < = 0 at s = 0. From the conditions of the 
problem, a is small, and when i is small, x is nearly unity and y = 1 — a. 
Hence (1 — x) will remain small until y becomes small. Then x will 
decrease rapidly which means that hydrogen will become neutral. 
The value of « corresponding to a = 1 is called So- From eqn. (26) 

3Ci Y* 

-3.08 X 10“aJ\r“J 




(28) 


Stromgren found the exact dependence of the degree of ionization x 
upon 8 by nunaerical integration. At first the number of neutral atoms 
increases because of the s-factor and does not become important 
until the number of neutral atoms is appreciable. Then the degree of 
ionization falls rapidly to zero. The ratio of ions to total hydrogen 
(ions plus atoms) as a function of distance from the star is shown in 
Table 3. From eqns. (23) and (28) we find for hydrogen 


log So = —6.17 + I log ^ — I log — I 


+ |logT-l-|logie-|logiV (29) 


TABLE 3* 


Ionization of Htdkogbn 


«/«0 

Nt/(N, + Ni) 

0.00 

1.00 

0.58 

1.00 

0.74 

0.99 

0.84 

0.98 

0.93 

0.96 

0.97 

0.94 

1.00 

0.86 

1.03 

0.33 


*Ap. J. 89, 531, 1939. 

If we insert I = 13.53 ev, a. = 6.3 X 10“” cm"® (the absorption 
coefficient at the Lyman limit) and make use of eqn. (13) of Chapter 
*6 in the form 


log R = 


5700 


- 0.20M. - 0.05 


T 


(30) 
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we find 

log So = -0.47 + i log - 3.750 + | log T 

- 0.13M, - I log A7 (31) 

For main sequence stars Stromgi-en tabulates So as a function of N 
and the temperature of the illuminating star. If there are n such stars 
producing ionization, the volume will be increased n times; hence the 
radius will be Sow'''*. 


TAULE 4* 

Rami op Ionization Rboions 


Tomporaturo 

Spoctruin 


8o (A^ = 1/cni®) 

JO.OOO-K 

0() 

-3.9 

58 pcfl 

32,000 

OO 

-3.G 

38 

25,000 

BO 

-3.1 

20 

20,000 

B2 

-1.8 

8.3 

18,(500 

7^3 

-1.2 

5.7 

15,500 

BB 

-0.8 

3.0 

10,700 

AO 

+0.9 

0.46 


*Conipttro: Ap* J* 89, 533, 1030. 


Table 4 gives the temperature, corresponding spectral type, adopted 
visual absolute magnitude, and computed So for N = 1 atom/cm® and 
an assumed T, = 10,000“K. The dependence of the volume of the 
ionized region on the temperature of the illuminating star is so profound 
that the total volume ionized by all stars hotter than BZ is much larger 
than that ionized by all cooler stars, despite the overwhelming pre¬ 
ponderance of the latter.f 

In the ionized hydrogen IIII region the continuous Lyman radiation 
is gradually degraded into Bulmcr and Lyman line radiation in the 
same way as in planetary nebulae. I hroughout most of this region 
the Lyman line radiation is present mostly in the form of Lyman a, 
since the other quanta become converted by repeated fluorescent 
processes into Lyman a, Balmer lines, Pascheii lines, etc. Ihe H II 
region as well as the neutral hydrogen or 11 I region is transparent to 
the Balmer lines. 


tTho tliooreticttl sizes of tho ionized HII ronions surrounding the hottest 0 stars 
are dependent upon tho energy distribution boyond tho Lyman li^t in tho 0 stars. 
Strictly, ono should calculate tho flux einorgont from tho atmosphere for a senos of 
different excitation temporaturos. Miss Underhill has done thm for an 06 ^r. 

by Liller for the analogous problem m planetary nobulao suggest that 

the changes will not bo groat. 
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Once created, Balmer quanta simply escape from the II H roRion. 
Thus the hydrogen radiation passing through the surrounding H I 
region consists of Lyman a quanta, which are simply scat.U^rtid unl.il 
absorbed by grains, and Balmer and Pascheu quanta that oscfapc! 
without further interference. The second level may be excited relatively 
often because of the absorption of Lyman a quanta, but tho n == H 
and higher levels relevant to the production of the Balmer lines are not 
excited. Hence the observed Balmer emission must originate in the? 
H II regions, which, as noted above, have sharp boundaries. 

Stromgren identified the hydrogen ionization or H II regions with 
the extended areas.of hydrogen emission observed at McDonahl and 
Yerkes.* Detailed comparison, however, requires that the patchiness 
of the interstellar medium be taken into account. From observations 
of the surface brightness in the light of Ha, Struve estimated tho 
number of atoms in the third level of hydrogen, N^, to be about .l/cm*, 
in the line of sight, for the luminous patches in Cygnus and near X 
Orionis. If the radiating volume had a thickness of 300 parsecs, 
would be 5 X 10“’Vcm®. With the aid of such data and tho theory of 
Balmer emission in gaseous nebulae worked out by Menzel anti Baker, 
Stromgren derived an ionic density of 2-6/cm“ in good agreement with 
the electron density N, found by Dunham. In the region near hot 
stars, hydrogen supplies most of the electrons. 


In the hydrogen emission H II regions Nt = N, and there will lx* 
radiation available to ionize elements such as 0 I, 0 II, O III, He I, 
C II, N I, and Ne I, whose ionization potentials are greater l,han that 
of hydrogen. At distances greater than So all the radiation beyond 
X912 will have been absorbed, and 0, N, Ne, and He will be neutral. 
Radiation longward of X912 will be transmitted and Cl (I.P. « 
11.22 ev), Ca II (11.82 ev), as well as Ca I, Ti I, Na I, and K I, (am bo 
ionized in this neutral H I region. If, as Stromgren suggeslw, (atrhon 
supplies most of the free electrons in the HI region, the electron densily 
will be between 10"* and 10“®, as Struve and Gerasimovic pointed out 
long ago. Here sodium would be singly and calcium doubly ionized 
since the rate of electron recapture would be extremely low, while 
titamum would appear mostly as Ti 11. The ionizing radiation for 
these metals conaes from the whole galaxy, not from just tho 0 Htars. 

Adams’s studies of the molecular lines indicate that’Cll' X1232 and 
CH X4300 originate not only in normal obscuring (douds rosponsible 
for selective absorption, but also in circumstellar clouds n<‘ar late 


M(»sior 31, liaado luw photographed (», 
the h^t of Ha) bnght pattshes with sharp boundaries. Those arts evidentlv Striiiiii«Li 
^t^l but are similar to the nebulosity near H Monoccn.tia 
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Kkj. Tin*: Intkiihtkllak Links wrni linnr Dikpioksion 
(From t.<»p U) bol.toni) 

r Opliiuolii K (right) mni and II 

V (lygni (Ic^ft) I< (right) mr>7 and // 

V Hagiti-arii (h'ft) I\ (right) II 

<)t K (right) II 

V Sagil tarii X1232 

In r (\ygni tla^ two oompomnitH urn not fully sciparaUw! and in « (Jygni the liiuw aro 
sui)CTi)OH(*(l on tho I< and II sUdlar liiuw. (OourUwy, WalU^r S. Adainn, Mount Wilson 
(Contribution No. 073 and AHlrophifsiml Joimicdil, 107, 1043.) 





Fig. 9.— ^The Carixae Xebula as It Appears ix the Radiatiox of the Red Hydrogen (Ha) Line. 

Photographed by Karl G. Henize, Hay 27, 1951, at the Lamont-Hussey Observatoi^' of the L^niversity of 
^lichigan, Bloemfontein, Orange Free State, South Africa, with the Alount Wilson 10-inch camera. North is at 
the top. 
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B-type stars. D. R. Bates and L. Spitzer suggested they originate 
from the dissociation of CH4 in frozen grains that approach hot stars. 

Observations by Struve and his colleagues show that [0 II] X3727 
is almost always present in regions where hydrogen is ionized and 
shows the same sharp boundaries—a result we might expect since the 
ionization potential of 0 I (13.56 ev) is nearly the same as that of 
hydrogen (13.54 cv). Now [0 III] is rarely observed, and then only in 
the inner parts of the H II regions, and it fades gradually outward. 
Its presence recpiires the double ionization of oxygen (34.94 ev). On 
the other hand, [0 I] has never been observed. We might expect it in 
the H I regions but the combination of a low electron density and a 
possibly low collisional target area may not permit enough collisional 
excitations of the upper level. The blending with the lines of the aurora 
or night sky may be serious. 

From the observed intensity of the [0 II] X3727 line, Struve esti¬ 
mated the population of the metastable ®Z) level, to be 9.3 X 10^‘ 
atoms/cm* iix the line of sight. If the diameter of the radiating region 
is 9 X 10®° cm, the density of 0 II atoms in the ®D level is 10“ ®. As 
in the planetary nebulae, electron collisions excite the atoms from the 
ground level to the term, whence they cascade back to the ground 
level with the emission of X3727. If T, = 20,000°K, we find the 
number of 0 II atoms/cm® to be 1.2 X 10“®, whence the abundance 
ratio of hydrogen to oxygen is comparable with that found for stellar 
atmospheres (sec Clh. *8). 

We mvist now consider the modifications required by the extreme 
patchiness of the interstellar medium. Recent investigations by Adams, 
Merrill, Spitzer, StrSmgren, and others have emphasized the filamentary 
distribution of the interstellar dust and gas. Probably about 5 per cent 
of the space in the neighborhood of the sun is occupied by the clouds 
of grains and gas. Within one of these clouds the hydrogen atoms 
have a density of the order of 10/cm“ and are predominantly neutral. 
Between the clouds the hydrogenic, density may be as low as 0.08 
atoms/cm®. Btrbmgron finds sodium to be even more strongly con¬ 
centrated in the clouds. In facit, the total mass concentrated there is 
appreciably greater than the amount distributed between them. 

The irregularity of the interstellar gas affects the ionization of 
hydrogen. Hydrogen concentrated in clouds is more eflBlcient in stopping 
the ionizing radiation than a similar mass uniformly distributed in 
space. In fact, if the central ray through a region intercepts two or 
more ionized clouds, the volume will appear as a roughly coherent, 
although somewhat patchy, omission region. Stromgren writes:* "A 
number of clouds, each of density Na, occupying together a fraction 

*Ap. J. 108, 242, 1048. 
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a of space (thus having a large-scale average density p = oNh), when 
ionized by a clustering of 0 stars, yields a hydrogen emission region, 
which with regard to both extent and intensity is equivalent to the 
hydrogen emission region produced by the same stars in a homogeneous 
medium of density equal to the geometric mean iN-apy'‘‘ = oi'^^Nn of 
the cloud density iVn and the large-scale average density p = oN-b.” 

The numOTcal values suggested by StrSmgren are N-b = 10, 
Nb<x‘'^ = 2, JV = Naa — 0.4, a = 0.04, and So = 90 parsecs for an 
05 star. 

Merrill suggests there may be systematic differences between thick 
and thin clouds because of greater ionization in the surface layers than 
in the interiors of thick clouds. Although the sodium and ionized 
calcium line intensities incresise statistically with distance, no such 
relation appears to hold for Ca IX4227, nor for the molecular lines. 

Within the errors of observation, the results of Struve, Dunham, 
and Strdmgren suggest that the composition of the interstellar medium 
is the same as that of the stars and planetary nebulae. Discrepancies 
that exist can be attributed to the uncertainties in the physical param¬ 
eters and also to the effects of the inhomogeneities of the interstellar 
medium. In so far as the atomic constituents of galactic space are 
concerned, the situation seems strai^tforward. What makes the 
problem more difdcult than that presented by the purely gaseous 
nebulae described in Chapter 5 is that both gaseous atoms and solid 
grains exist in the same regions of space. Hence a complete understand¬ 
ing of the phenomena involved requires a knowledge of the interactions 
between atoms and grains. 

Our information on the physical conditions in interstellar space is 
still inadequate. We need more data on the size distribution of the 
grains and their chemical composition. In addition we need to know 
more about the admittedly irregular distribution of the gas and grains 
in space. 

6. The Emetic Temperature of the Interstellar Medium and the 

Influence of Radiation Pressure 

We must now consider the possible interactions between the com¬ 
ponents of the interstellar medium. This problem lies at the basis of 
aU considerations concerning the formation of particles out of the gas 
and the possible evolution of the medium. 

These problems have been investigated by a number of Dutch 
workers, and by Whipple, but in most detail by Spitzer. We assume 
a steady state. If there is a gradual building up of particles at the 
expense of the atoms (or vice versa) let us suppose that it proceeds so 
slowly that it does not seriously affect the “equilibrium.” 
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One of our first questions concerns the “temperature” of the inter¬ 
stellar medium. Since the deviations from thermodynamic equilibrium 
are profound, it is clear that no unique temperature will characterize 
all processes affecting the dust and grains. 

In Chapter *5 we saw that a hypothetical black body which ab¬ 
sorbed and emitted equally well in all frequencies would assume a 
temperature of about 3.2®K in interstellar space. The temperature 
r of an actual small particle would be something different. 

The absorption A by an actual particle will depend on the following 
factors: (1) the energy distribution of the impinging radiation; (2) the 
dimensions of the particle, since the efficiency factor depends on 
2Ta/X; and (3) its temperature, since the conductivity of metals, in 
particular, is temperature dependent. We recall that A is that part of 
the geometrically incident radiation which is absorbed by the sphere. 
Energy balance demands 

r wA('r)A(x, X, 'i\) dk= r Aix, X, r.)B(x, r,) dx (32) 

Jn •'» 

whore T is the adopted color temperature of the stars, Wx is the dilution 
factor (which may depend on the wave length, to allow for the fact a 
unique color temperature cannot be asagned for galactic starli^t), 
and T„ is the temperature of the particle. A simple generalization of 
Kirchhoff’s law shows that the factor A must appear in the emission 
term since absorbed and emitted energy must be equal at each frequency 
when W = 1 and T, = T. 

The starlight received by the particles has a maximum near 0.3-0.4(t, 
while the wave length of the maximum of the radiated energy lies in 
the far infrared (X = 100 m for T = 30®). Hmall particles cannot radiate 
efficiently at long wave lengths.* Iloncic they will assume temperatures 
considerably above that of the hypothetical black sphere. 

H. C. van de Hulst has estimated the temperatures of metallic and 
dielectric spheres of radii 0.0 to 1 m in interstellar space. The former 
assume temperatures of 30-100®K, while (licleciric particles would 
have temperatures of the order of 10-20®K, considerably above the 
black sphere temperature of 3.2®K. A parameter of considerable 
importance is the kinetic temperature of interstellar matter as defined 
by the root mean s<iuaro of the particle velocities. Obviously such a 
temperature will have meaning only if there exists an C(iuipartition of 
energy among the atoms and grains of the interstellar medium. Elcc- 

*If we r(wu-(l the griviim iis tiny elnswcnl antciman which arc roquiKsl to radiate 
at wave IcngUiH many times thoir liwuir dimensions, it is oiwy to understand why 
thoy may absorb like' gray botlios in the visible regions but nuliato as though they 
were nearly wMte in the far infrared. 
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trons and ions will set up an equipartition of energy and follow a Max¬ 
wellian distribution appropriate to some electron temperature T,. 
Spitzer has foxmd that interactions between grains and gas molecules 
will suffice to bring the kinetic energy of the grains into equipartition 
with the energy of the ions and electrons. 

Interstellar grains may absorb light quanta and eject photoelectrons. 
The process efficiency is low and the available light quanta are few. 
Actually, the capture of electrons that tend to charge the grain negatively 
may more than compensate for the accumulation of positive charge by 
the ejection of electrons. In the H II regions where the temperature is 
about 10,000®K, the grain will be charged to —2.2 volts independently 
of its composition or radius. Then the number of positive ions reaching 
the surface equals the number of electrons that can get to the particle 
over the potential barrier. The problem is analogous to that of an 
insulated probe placed in an electric discharge tube; the probe becomes 
charged negatively imtil the number of positive ions and electrons 
reaching it are equal. 

In the H I regions the charge on the grain is small and may even be 
positive. Spitzer finds that initial irregularities in the motion should be 
wiped out in a time small compared with the age of the galaxy. 

In a steady state, the kinetic temperature is determined by the con¬ 
dition that the kinetic energy gained per cm® per second by all processes 
must equal the kinetic energy lost by all processes. Processes capable 
of increasing the average kinetic temperature of the interstellar atoms, 
molecules, and grains are: (1) photo-ionization of hydrogen and other 
atoms, (2) photoelectric emission from grains, (3) photo-dissociation of 
molecules and negative ions such as H". Processes extracting energy 
from the motions of free electrons, ions, molecules, etc., are: (1) excita¬ 
tion of metastable energy levels of ions like N II, 0 II, and O III by 
electron impact, (2) excitation of vibrational and rotational molecular 
energy levels by electronic or atomic impact, (3) free-free emissions in 
the field of a positive ion or neutral atom, (4) excitation of vibrational 
levels of a grain by inelastic collisions. The balance of these processes 
establishes the equilibrium temperature. 

Spitzer concludes that in the H II regions the kinetic temperature 
is in the neighborhood of 5000®K to 10,000°K. In the H I regions 
the grains depress the temperature as electrons and atoms give up 
energy when they strike and heat the particles. Spitzer and Savedoff 
find that the kinetic temperature is probably about ()0'’K in these 
regions. The variation in the kinetic temperature from point h) point 
in the medium has an important bearing on the problem of initial 
particle formation and the rate of growth of the grains. 

Radiation pressure exerts an important influence on the components 
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of the interstellar medium. Its effect has been discussed by Bok, 
Spitzer, Greenstein, Schal^n, and others. One effect pointed out by 
Spitzer is that two particles m the more or less uniform field of galactic 
radiation will be urged toward one another. Each particle, as seen from 
the other, will block out a portion of the luminous Milky Way. That 
is, the shadow of each grain on the other will produce an uncompensated 
force along the line joining them. This shadowing effect causes the 
particles to be pushed together with a force which varies as the inverse 
square of the distance between them. For ice particles with a radius 
of 10"® cm, the radiative force is ten thousand times the force of gravity. 
For any given pair of particles, this force is much less than the minor 
statistical fluctuations in the general field of galactic radiation. Since 
it always operates in such a way as to force the two particles toward 
one another, its cumulative effect wiU be statistically important. 
Although a dust cloud will tend to be blown about by radiation pressure 
from passing stars, the net effect of the general luminous background 
of the galaxy is to make the cloud contract. 

In the immediate neighborhood of a star the behavior of the particles 
is more complicated. Near a cool supergiant the atoms will remain 
neutral and will be little affected by radiation pressure. The force 
acting upon the grains much exceeds the interactive force between the 
grains and gas. Hence a late-type star repels the grains without affecting 
the distribution of the atoms. 

Near highly luminous hot stars, on the other hand, hydrogen becomes 
ionized and the interaction between the positive protons and negatively 
charged grains becomes largo. The grains and gas tend to stick together, 
and the whole interstellar medium will be repelled provided the velocity 
of the star is less than 10 km/scc. Spitzer finds the effect of the radiation 
pressure on the grains to bo much more important than on the atoms. 
The radiation pressure on neutral hydrogen atoms is not important. 
A (luantum of Lyman a radiation will diffuse slowly through space and 
be absorbed by a grain before it has gone a fifth of a parsec. 

The temperatures and physical interactions of the atoms and grains 
have an important bearing on the problem we now want to consider— 
possible mechanisms for building grains from the gas. 

7. The Fomiatioii of Grains 

The studies of the interstellar medium have shown it to be made up 
of two components: (1) gas of roughly the same composition as the 
solar atmosphere, often highly ionized but containing neutral atoms and 
sometimes a few molecules; (2) grains of about 10 ® cm in diameter of 
a presumably dielectric substance. 

The problem is this: how can solid particles be formed in a medium 
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initially gaseous? We may distinguish three separate topics: (a) forma¬ 
tion of diatomic and polyatomic molecules as nuclei of cuudeusation 
from ■which larger and more complex particles are eventually built 
(main work by ter Haar and Kramers); (b) growth of nuclei to large 
particles (Lindblad and ter Haar, and particularly van de Hulst); 
(c) processes limit ing the growth of particles (Oort and van de Hulst). 

Topic (a) is a rather speculative subject. On the basis of the work 
by Kramers and ter Haar it seems likely that the first step in the building 
up of grains is the formation of molecules such as OH, CH^, and CH 
by a radiative capture process. If the molecule escapes photo-dissocia¬ 
tion it may combine "with another atom or molecule and gradually a 
crystal of some sort is built up. 

The lower the temperature, the less the chance for evaporation and 
the more stable the crystal. Since we have a fair idea of the tempera¬ 
ture of the grains and the density of the gas and other parameters, 
step (b) is less uncertain than step (a). From experimental data on 
the vapor pressure of a frozen gas and absorbed layers one would expect 
a solid hydrogen particle to evaporate while a frozen oxygen one would 
remain. From the composition of the interstellar gas we would expect 
the grains to consist naainly of carbon, oxygen, and nitrogen with a 
smaU. admixture of metals. Finally, just as much hydrogen will be 
retained as can be held by the other constituents. We may expect the 
grains to be similar to ice crystals with impurities akin to ammonia and 
methane. They probably have an irregular structure. 

F. D. Kahn has treated the water molecule as the fundamental 
structure and suggests that, at the low temperatures of the H I regions, 
long crystals of parallel dipoles could be formed. 

The Dutch investigators estimated the rate of growth of the grains 
on the basis of the kinetic temperature, the average density of the 
medium, and the rate of hydrogen and helium evaporation. They also 
took into account slight electrostatic attractions between negatively 
charged grains and positive ions. It appears that the grains would 
attain their present radii of the order of 10“‘ cm in about 3 X 10^ years. 
Since the interval is much shorter than the 3 X 10*-year time scale of 
our galaxy, some process must limit the growth of the grains. It cannot 
be the exhaustion of the interstellar gas, since the latter is still widely 
spread through the galaxy and appears to be actually concentrated in 
clouds where the grains are numerous. Oort suggested that these grain 
and gas clouds move with random velocities of the order of 20 km/scc. 
When they meet one another and interpenetrate, many of the colliding 
grains become evaporated or fused together. Evaporation would occur 
when two grains strike one another with a relative velocity greater 
than 3 km/sec. Calculation shows that with the adopted densities. 
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cloud velocities, and dimensions an average particle will survive a 
dozen encounters between clouds and will live about a hundred million 
years. Otherwise, the particles would grow to sizes larger than those 
observed. Oort suggested that the luminous edges of dark nebulae 
arise from collisions between such clouds. 

On the assumption of a quasi-equilibrium, the distribution law of 
grain diameters may be computed in terms of Wo, the number of particles 
per unit interval of length r, at r = 0, and a radius r,, which can be 
estimated by theoretical means. Here n depends on the rate of growth 
of the particle and the velocities and dimensions of the cloud. Similarly, 
no depends on the number of proto-crystals that have been buUt up, 
presumably by the mechanism suggested by Kramers and ter Haar. 
The final test of the theory is how well the predicted size distribution 
fits the observational data. On the assumption that the interstellar 
particles were dielectric with refractive indices of 1.33 (like water), 
van de Hulst calculated the law of selective absorption. The scale 
factors in the distribution law are fixed when the theoretical curve is 
fitted to the extinctions observed by Stebbins and Whitford. He 
found that the theory could represent the observations in a satisfactory 
way if no = 10"*/cm® and n = 2.8 X 10~‘ cm. The value of falls 
just within the range of solution of the theory. On the other hand, 
no is smaller than the values suggested by theory. 

This would indicate that the formation of polyatomic nuclei proceeds 
more slowly than the (rather inexact) theory would suggest. 

Furthermore, the growth of the grains may proceed more slowly 
than has been supposed. Recent discussions by Bertram Donn have 
emphasized that our knowledge of capture cross-sections and of the 
rates of building of grains is still very unsatisfactory. This deficiency 
can be overcome only after careful low-temperature experimental studies 
have been made of condensation and evaporation rates, etc., in mixtures 
simulating the interstellar grains. Nevertheless, the picture presented 
by the Dutch astronomers shows internal consistency and a sufficiently 
good agreement with observation to encourage further studies along 
these lines. 

8. The Formation of Stars 

Much impetus for work on the interstellar medium stems from the 
strong evidence that stars are continually being formed from the grains 
and gas. Wo re(jall from the discussions of Chapter 2 that the super¬ 
giants and bright maii>-se()[uenoc stars characteristic of Typo I popula¬ 
tion are younger than tlie galaxy, lienee wo believe that these stars, 
and fainter objects on the main scquenco as well, had been formed 
out of the interstellar medium. 
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Baade’s study of the Andromeda galaxy Messier 31 shows that the 
hi^ly luminous supergiant and main-sequence stars are found only in 
or near the spiral arms where gaseous nebulae and dark lanes indicate 
the presence of the interstellar medium. They are not found between 
the spiral arms where there is no obscuring matter, nor in the central 
bulge. Nearly all the stars in these regions must belong to the Type II 
population. 

The mechanism by which stars might be formed from the interstellar 
grains has been considered by Whipple and particularly by Spitzer. 
Spitzer has examined the question of how an initially gaseous medium 
could have condensed into small solid grains, and finally how the 
grains and residual gas could have been concentrated into stars. 

His problem is: Given an extended gaseous mediiun, mostly hydrogen 
and helium but with slight traces of heavier elements, how will it evolve 
in a period of the order of 2 X 10® years? The primitive gas cloud 
could not have been much more massive than the present interstellar 
medimn, since the total mass of all the stars in the neighborhood of the 
sun roughly equals the mass of the grains and dust in the same volume. 
Trom such material many of the present stars presumably condensed 
in the more or less remote past. 

Spitzer’s picture of the formation of stars may be sketched briefly. 
A hot star moving through the gas produces temperature inequalities. 
The cooler regions will become denser and the hotter regions more 
attenuated. The building-up of grains is favored in regions where the 
density is hipest and their formation accelerates the cooling. As the 
particles grow, their absorptivity increases, and we detect'them as 
' diffuse clouds upon photographs. Gradually the radiation pressure of 
galactic light forces the material together into small regions of high 
obscuration or dense clouds. As the cloud contracts, the density of 
the solid particles finally surpasses that of hydrogen, and finally the 
gravitational attraction of the mass becomes important. In each dense 
cloud are formed one or more of these pre-stellar masses or proto-stars. 
Finally, when the density exceeds about 10““ gm/cm*, the proto-star 
breaks forth into incandescence. 

If the foregoing picture of star formation is essentially correct, wc 
should find observational evidence for it from concentrations of dark 
matter in the interstellar medium. 

Photographs of rich star fields or diffuse nebulae often show small 
dark globules superposed like iukspots on a luminous background. 
They are most plentiful in the Sagittarius-Ophiuchus-Scutum region of 
the Milky Way, particularly in the region of Messier 8 where 32 
such objects were found by Bok and Miss Reilly. None arc seen 
projected against the Orion Nebula. 
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Although globules with diameters up to 100,000 astronomical units 
are found in the anticenter region, those near Messier 8 appear to have 
diameters mostly between 10,000 and 35,000 astronomical units. Some 
of the smaller globules have minimum absorptions of 2 to 5 magnitudes 
while Bok finds the larger ones to absorb at the most about one magni¬ 
tude. The great Coal Sack near the Southern Cross has a distance of 
about 150 parsecs and an absorption of about 1.5 magnitudes. Its 
linear diameter of 8 parsecs is 16 times greater than that of the larger 
globules. Larger systems of dark nebulae with diameters of 30 to 40 
parsecs and total absorptions of 1.5 magnitudes appear in Taurus and 
Auriga. They are probably groupings of many small clouds and do 
not represent single dynamical units. Eventually they may evolve into 
structures from which stars can be formed. On the assumption that 
the observed absorptions of the clouds arise entirely from particles of 
the most efficient size for scattering and absorption (i.e., grains with 
radii of about 10"® cm), Bok has derived minimum masses of the globules. 
For example, he finds a globule of 5-magnitude total absorption and 
0.0(5 parsecs diameter to have a minimum mass of 0.002 that of the 
sun. One of 1.5-magnitude total absorption and 0.5 parsecs diameter 
will contain 0.05 solar masses while the Coal Sack will have 13 solar 
masses. A mixture of grains of differing sizes and gas atoms and mole¬ 
cules may give masses exceeding these figures tenfold or more. It 
seems probalfie that globules and the Coal Sack Nebula represent the 
closest approach to star formation. Their densities suffice to prevent 
them from being torn apart by the shearing effects of galactic rotation. 
Furthermore, their relatively opaque character allows radiation pressure 
from surrounding stars to squeeze them together. In such objects it 
seems likely that radiation pressure will exceed gravity by a factor 
between 10 and 100. A stationary globule would collect grains from 
the surrounding medium as they were driven in by radiation pressure, 
while a moving globule would sweep up both dust and gas. Bok finds 
that an average globule should double its mass in 3 X 10" years, the 
Coal Sack in 3 X 10^ years. ()nc.e gravitational contraction starts, 
the proto-star will evolve rapidly, it will burst into incandescence and 
move speedily toward the main seciuencc. 

Photographs of the Andromeda galaxy show numerous luminous 
stars on the edges of the dark clouds as though they had been formed 
in the clouds and escaped. Stars of all masses are formed in this process; 
the more luminous ones are naturally the easiest to detect. A star of 
solar mass may either be a recent c.reation or it may have existed for 
2 or 3 billion years, whereas a bright star must be young. The T Tauri 
stars may be dwarf stars in the pro<!ess of formation—objects that have 
not y(!t c.ompleted their evolution into normal main-sequence objects. 
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An alternative process is that luminous stars may have been enlarged 
from less massive objects by the accretion of interstellar material. 

Eddington treated this problem on the assumption that the grains 
and gas were captured as independent particles which did not affect 
one another. If p is the density of the gas, v the relative velocity of 
the star and of the particles of the cloud, 0 the constant of gravitation, 
M and R the mass and radius of the star, the rate of accretion of matter 
wiUbe* 


dm _ 2irGMBp 

Eddington concluded that accretion could not play an important role 
in stellar evolution. Hoyle and Lyttleton argued that, despite the 
low density of the cloud, collisions produced by the gravitational action 
of the star may produce important dissipative processes so that the 
mass motion of the gas as it streams by the star is not the same as 
that of the independent particles. He found the accretion rate to obey 
the relation 


2tO^M^p ^ dm . M?M^p 

-~ 7 ~ < dT < 

and concluded that if the interstellar gas has a sufficiently high density 
gm/om’ in some regions) massive stars could be built up. Accre¬ 
tion requires a low relative speed of star and medium. A high degree 
of internal motion in the medium severely cuts down the rate of this 
process. 

At the moment, it appears that, althou^ accretion might build 
up the mass of an already existing star under especially favorable 
circumstances, stars are more likely to be formed directly from the 
interstellar medium. 

Spitzer and Schwarzschild have attempted to explain the composition 
differences between Tsrpe I and Type II populations. They suppose 
that when our galaxy was young, the interstellar matter had large 
random velocities corresponding to violent turbulence with largo 
density fluctuations. The Type II stars were formed at this time. 
Subsequently, the velocities of the interstellar matter decayed to their 
present average values and Type I stars were formed. At the same 
time grains began to form abundantly, and the stars formed out of 
these grains were less rich in hydrogen. 

The most convincing evidence for the formation of stars out of the 
interstellar medium is that provided by A. Blaauw’s study of the 

*The Interned CmstU'ution, of the Stare (Cambriclgo: Cambridge University Prciss, 
1930), p. 391. 
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motions in the f Persei cluster of B stars. This group is some 40 X 20 
parsecs in size and located some 300 parsecs from us. Proper-motion 
studies showed the group to be expanding at the rate of 12 km/sec, 
which would imply an age of about 1,300,000 years. The stars must 
have formed quickly out of the interstellar medium, whose turbulent 
velocities appear to have been about 5 km/sec. The region still contains 
dark and bright interstellar matter. A similar family found by Blaauw 
and W. W. Morgan in Lacerta appeared to have an age of 4.2 X 10* 
years. The Scorpio-Centaurus cloud, with dimensions of 290 X 100 X 
70 parsecs, contains no bright supergiants. With an expansion velocity 
of one km/sec the cloud would have attained the dimensions, amount 
of elongation, and spatial orientation that is observed today after an 
interval of 00 million years. 

Ijack of space prevents further discussion of the topics of stellar 
evolution. Mention must he made of the work of Ambarzumian who 
had suggested that stars were formed not only as early-type objects 
in bright and dark nebulosities (which he calls 0 associations), but also 
as dwarf stars in such groups as the T Tauri vsjiables (T associations). 

To summarize. Typo I stars appear to be formed continually from 
the interstellar medium in the spiral arms, whereas the Type II popula^- 
tion appears to have been formed about 5 X 10* years ago. 

9. Galactic Radio-Frequency Radiation 

An important irow field of research was opened in 1931 by K. G. 
Jansky’s discovery of radio-frequency radiation from the Milky Way. 
SubHC(iuent studies have been made with frequencies ranging from 10 
to ROO megacycles. The regions of strong radiation are fairly regular 
and symmetrical about the direction to the galactic center. The dis¬ 
tribution Huasosts that the radiation comes from the bulk of mass of 
the galactic system. 

Although the sun occasionally radiates a great amount of energy in 
the micro-wave region, the total emission from the stars (if the sun is 
typical) would fail by a factor of 10® to account for the galactic relation. 
Some stars may be mucjh more powerful sources of radio noise than 
the sun, but the factor required to bridge the gap is so very large ^t 
no ado<iuate mechanism has as yet been suggested. Free-free transitions 
in the interstellar gas appears to account for some of the radio noise 
hut does not give the correct intensity or dependence on frequency. 
Wosterhout and Oort suggested that the bulk of the galactic ra^o 
noise is supplied by discrete sources that had about the same distribution 
as the mass of the galaxy. The general features of the radio-frequency 
emission appear to be well explained except that the intensity comes out 
to be systematically too low by about the same amount aU over the 
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sky. Considerable radiation appears to be contributed by external 
galaxies. Furthermore, there are some outstanding residuals; an 
intense radiation appears to originate in the spiral arms identified by 
W. W. Morgan in the region around the anticenter, and at high latitudes. 
Further investigations have been carried out by S. P. Wyatt, Jr., 
who finds that the observed intensities at 100 megacycles/sec can bo 
best accounted for by an axially symmetric radio galaxy, with axis 
ratio 5:1 and emission density at the galactic center five times that 
near the sun. 

Eadio-frequency radiation from a few external galaxies inchiding 
Messier 31 and the Magellanic Clouds has been detected. The ratio of 
stellar to radio-frequency radiation is sometimes, but not always, 
about the same as in our own galaxy. 

In addition to the general galactic radiation field, there are observed 
certain small regions of high energy output, the so-called “radio stars,” of 
which one of the best known is the small Cygnus source. Baade found 
this source to coincide with two colliding galaxies. The Perseus point 
source appears to coincide with two apparently colliding extragalactic 
nebulae which show high-excitation emission nebulosity. The unusual 
elliptical extragalactic nebula Messier 87 appears to agree in position 
with the Virgo source. This galaxy contains a bright jet-like pro¬ 
tuberance with many condensations. B. Y. Mills concludes from his 
interferometric observations that the jet is not the source of the mdio 
emission. 

The Crab Nebula is a strong source of radio-frequency radiation 
which cannot be accounted for as thermal emission. The radio-frcciuoncy 
energy distribution with frequency does not resemble that of other 
sources. Tycho’s supernova of 1572 (for which no visible remnants 
were ever seen) was found by the Manchester group. A number of 
relatively extended sources have also been located. The Australian 
observers found a source in Puppis which has a diameter of about 1®; 
direct photographs of this region reveal a wispy nebulosity of about 
this size for which Minkowski finds erratic internal motions up to 
about 100 km/sec. These wisps recall those photographed in the 
extended Cygnus source (Cygnus X), and in the Cassiopeia source 
which has a diameter of 5’. Baade and Minkowski point out that these 
wisps have a distinctive appearance that separates them from other 
nebulae. Minkowski has pWographed the spectra of a couple of these 
filaments. In one of them each spectral line is split into a number of 
components showing an over-all range of velocity of about 1500 km/see. 
Oxygen is represented by strong forbidden lines, but hydrogen is not 
present, possibly as a consequence of a collisional rather than a radiative 
excitation of the spectrum! These filaments may be remnants of super- 
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novae but the question is far from settled as yet. It must be emphasized 
that the vast majority of point sources cannot be accounted for in this 
fashion, and we have no hints concerning their identification. In fact, 
these point sources show no appreciable galactic concentration; they 
resemble the bright stars or galaxies in distribution. On the other hand, 
no radio-wave emission has ever been detected from any bright star. 

Thermal radio-frequency radiation similar to that emitted by the 
quiet sun and arising primarily from free-free emissions recently has 
been detected from a number of diffuse galactic nebulae. At the Naval 
Research Laboratory, Haddock, Mayer, and Sloanaker observed 
Messier 8, Messier 17, and Orion with 9.4 cm radiation. Most emission 
nebulae are too faint or too small to be detected. 

The nonthermal radiation from the disturbed sun or the aforemen¬ 
tioned strong sources invariably appears to be associated with matter 
in rapid motion. The exact mechanism for the emission of radio waves 
has not yet been worked out. 

In Chapter *2 we mentioned the hyperfine structure of certain 
spectral lines, which is due to the coupling between the angular momen¬ 
tum of the electron and the nuclear magnetic moment. The ground 
level of H is resolved into a single lower state and three coincident upper 
states. The magnetic dipole transition has a wave length of 21 cm 
and a transition probability A = 2.85 X 10"“. In 1944 van de Hulst 
suggested that the interstellar neutral hydrogen gas should emit this 
radiation and the radiation was actually detected by Ewen and Purcell 
in March, 1951. The importance of this discovery for studios of galactic 
structure and the interstellar medium can hardly be overemphasized. 

The line is produced in the 111 regions, and, where the optical depth 
is very large, the temperature of the gas may be deduced from the inten¬ 
sity at the line center. It comes out in the neighborhood of 100®K, 
in excellent tigroemcnt with the theoretical predictions of Spitzer and 
Bavedoff. The average density of neutral II appears to be about one 
atom per cubic centimeter. Oort and his co-workers have measured 
the profile of the lino in different galactic longitudes and have shown 
how one may separate the effects of galactic rotation and the peculiar 
motions of the clouds. In the directions of the galactic center (and also 
the anticenter) the profiles are symmetrical; galactic rotational effects 
vanish. The neutral hydrogen becomes optically thick in a few hundred 
parsecs and our 21-cm radio-telescopes do not “see” more than 300 
parsecs toward llio galac.tic (icntior. In other directions, the galactic 
rotation (Miters, the linos arc broadened and distorted by differential 
motions and the profiles are no longer symmetrical. It is then possible 
to detect radiation from great distances. The Ijeiden investigators 
confirm tlio spiral arms discovered by Morgan, Sharpless, and Oster- 
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brock. In the direction of Cygnus they have located not only Ae 
nearby spiral arm, but also two other H I regions with radial velocities 
-60 km/sec and -90 km/sec. These conde^tions ma.y belong to 
spiral arms 3,000 and 10,000 parsecs away. Since the radial velociti^ 
can be measured with hi^ accuracy, the dynamics of the galactic 
system can be studied at great distances from the sun. 

An analysis of the 21-cm radiation profiles shows that the neutral 
hydrogen is confined to the spiral arms. The gas density between them 
must be vanishin^y small. The radio astronomy data thus confirms 
Miinch’s conclusions from his study of the interstellar K lines that the 
gas is confined to the spiral arms. These results are what one would 
expect from Baade’s observations concerning the distribution of the 
gas in the Andromeda galaxy. 

At Harvard, B. J. Bok, H. I. Ewen, A. E. Lilley, and E. S. Hooschcn 
have studied the distribution of the neutral hydrogen gas away from 
the galactic plane. They find strong 21cm radiation from the dark 

nebulae in Ophiuchus and Taurus. 

F. J. Kerr and J. V. H indman of the Radiophysics Laboratory in 
Sydney have measured the intensity and distribution of the 21 cm 
radiation from the Magellanic Clouds. They find the Small Cloud to 
contain a great quantity of neutral gas. Their estimate of the density 
of hydrogen in the Large Cloud is in good agreement with that found 
from the emission nebulae by Henize, Doherty, and the writer, Kerr 
and G. de Vaucouleurs find the Large Cloud to be in rotation with a 
TriftYinrinTn rotational velocity of 20 km/seo about 3° from the center 
of the cloud. 

Although but a few years old, radio astronomy has established itself 
as perhaps the most active branch of the science and certainly one of 
the most exciting. Lack of space prevents our doing justice to this 
topic and reference must be made to the excellent treatments by Lovell 
and by van de Hulst. 

10. Polarization of Galactic Light 

Some years ago Chandrasekhar pointed out that oolipsing binaries 
of early spectral type should show polarization effects during eclipse 
as a consequence of the fact that the opacities of their atmospheres 
arise largely from electron scattering. In searching for this effect, 
W. A. iTilt.nftr and John Hall foimd that the interstellar medium polarizes 
li^t pnaging thxough it. Hiltner found polarizations as high as (5 per 
cent, while HaU found the polarization to be independent of the wave 
length. The polarization direction tends to bo con-clatcd iji stars which 
are at small angular distances from one another. The polarization is 
not strictly proportional to the color excess, indicating that the particles 
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which produce the interstellar reddening are not strictly identical with 
those that are responsible for polarization. The star, HD 183143, which 
shows strong polarization effects, has the strongest interstellar X4430 
line! 

This polarization can be produced by the preferential absorption of 
one plane of polarization by small elongated particles whose axes point 
in a common direction over large regions of space. Ljonan Spitzer and 
J. W. Tukey supposed the particles to be needle-diaped and of a ferro¬ 
magnetic character, lined up in large-scale interstellar magnetic fields 
of the order of 10~* gauss. They supposed that in the course of the 
building up and evaporation of grains, compounds involving iron, 
magnesium, silicon, and other heavy substances would be retained. 
Because oxygen is so abundant, we might expect such ferromagnetic 
substances as Fea 04 and MgFejOa. These tiny magnetic particles 
would tend to form elongated structures and line up in a weak magnetic 
field. Scattering would differ in different directions and a beam of 
ordinary light would become polarized. Since the scattering efficiency 
exceeds tliat of ice crystals, these particles need not be very numerous 
to provide detectable effects. 

Disorientation of the particles is continuously being produced by 
collisions with gas molecules. In order for the mechanism to work, a 
temperature of the order of 10°K is required, which seems low even for 
interstellar space. Furthermore, the more abundant paramagnetic 
substances cannot l)e successfully frozen into parallelism. 

I.everett Davis and J. L. Greenstein have proposed a process which 
may orient paramagnetic substances at the kinetic temperatures likely 
to prevail in interstellar space. The mechanism depends on the recent 
work by Gorier and his colleagues in Holland, on the high-frequency 
magnetic susceptibility of paramagnetic materials. 

in a steady state, random bombardment by gas molecules at a 
kinetic temperatxvre of 10,000*K will give a particle of lO’^-cm radius 
an angular velocity of about 10* radians/sec. If the axis of rotation 
is inclined to the magnetic field, an observer on the particle would 
notice a liigh-froiiuoncy alternation of the field. The rapidly varying 
magnetization of the particle depends on the susceptibility which is 
complex for many paramagnetic substances. The imaginary component 
is analogous to the imaginary part of the dielectric constant, which is 
connected with the heating of a condenser in an alternating electric 
field. In the magnetic field there is a corresponding dissipation of 
kinetic energy of rotation which acts as a torque tending to bring the 
axis of rotation of the particle parallel to the field. In this picture, the 
shtnlest axis of the elongated particle coincides with the axis of rotation, 
i.e., the long axis is perpendicular to the field. In the Spitzer-Tukey 
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theory the longest axis of the particle coincides with the field. Collisions 
with gas molecules tend to disorient the particles with respect to the 
field, so that a distribution of orientations will be set up. 

Davis and Greenstein conclude that if the paramagnetic material 
makes up 1 per cent of the mass of a particle 10”° cm in radius, a field 
of 3 X 10"' gauss can produce appreciable orientation at a kinetic 
temperature of 10,000®K. With dielectric prolate ellipsoids of ratio 
of axes 0.64, the polarization divided by the total absorption in magni¬ 
tudes is about 0.016, which is the approximate maximum observed 
value. 

H. C. van de Hulst finds that interstellar grains of the size suggested 
by the reddening measures give a barely sufficient amount of polariza¬ 
tion, unless these particles strongly absorb as well as scatter the incident 
light. 

Thus the polarization appears to arise from the orientation of inter¬ 
stellar grains in a galactic magnetic field. Furthermore, this magnetic 
field seems to he approximately parallel to the direction of the nearby 
spiral arm. That it is not exactly parallel is shown by the large and 
seemingly irregular fluctuations in the polarization direction of the 
light from distant stars seen along the spiral arms. The magnetic lines 
of force therefore must possess an undulatory character. The average 
n-nglft e between the plane of polarization (which is interpreted as 
defining the magnetic field) and the spiral arm seems to be about 11®. 
This angle d must be connected with the strength of the galactic mag¬ 
netic field H. 

The interstellar medium is a good electrical conductor. Accordingly, 
magnetic lines of force act as though they were frozen in the medium 
so that as the gas is dragged hither and yon in turbulent motions, tlie 
lines of force are twisted and warped. If the field is weak, it can exert 
little restraint on the turbulent motion, and 6 can become largo. If 
the galactic magnetic field is strong, the lines of force will tend to bo 
straight, and 6 will be small. 

Chandrasekhar and Fermi showed that, if p is the density of the 
interstellar medium and v is the root mean square velocity of turbulent 
motion, H and 6 are related by 

m 

Using p = 2 X 10“*' gm/cm' from Oort’s estimate based on the 21-cm 
line data, v = 5 km/sec (from an estimate by Blaauw), and d = 0.2 
radians, they found H = 7.2 X 10"° gauss. A second method nxiuires 
that the spiral arm be in equilibrium with respect to lateral expansion 
and contraction. That is, the pressure due to gravitational contraction 
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in the spiral arm must exactly equal the sum of the gas and magnetic 
pressure. In this way they found = 0 X 10"“ gauss. A third method 
is based on the stability ot the spiral arms. If no magnetic field were 
present, a spiral arm would disintegrate into a series of separate clouds 
in about 10“ years. If the magnetic field were strong, the spiral arms 
would last for a long time. Actually, the arms exist, but appear to be 
starting to disintegrate. The magnetic field required for a spiral arm 
to last 5 X 10“ years is near 7 X 10"“ gauss. 

The close accord of these three determinations leads to a galactic 
magnetic field strength of 7 X 10gauss and indicates that the orienta¬ 
tion mechanism is more efficient than Davis and Greenstein su^ested. 

Fermi has suggested that these interstellar magnetic fields may be 
connected with the origin of cosmic rays. The required fields are of 
the same order of magnitude as indicated by the above arguments. 
In any event, the interstellar medium promises to play an increasingly 
important role in astrophysics. 

PROBLEMS 

1. If the number of Ca II atoms in the line of sight is 3.12 X 10‘“ 
per cm* while the number of hydrogen atoms in the third level per 
cm* in the line of sight is 6, compare the relative emissions in the Oa II 
\3933 (*/Si/a — '‘ 1 * 3 / 3 ) line and Ha. Assume W = 10'‘“, A(\3933) = 
1.66 X 10 ", A (Ha) = -t.39 X 10^. The excitation potential of *P,/4 
in Ca H is 3.2 volts. Assume the color temperature of the radiation 
is 15,000'’K. 

2. Eddington estimated that for the wave-length ranges relevant 
to the ionization of calcium, the composite energy distribution of the 
stars could be represented by a black body at 15,000® K. The total 
light of all stars is ociuivalent to 2000 stars of the first apparent magni¬ 
tude. GivoJi the absolute bulometric magnitude of the sun (4.62) and 
its energy output, compute the energy density in interstellar space 
and the dilution factor companxl with a bla(!k body at 15,000°K. 

3. A particle of radius 10 “ cm is located on the edge of a globule so 
that it ntceives radiation from only one side. AHSume that the illumina¬ 
tion from this homisplutre is uniform and use results from Problem 2. 
If tlic efficiency fa<!tor is 2 (corresponding t.o iron) what is the radiation 
pressure upon tin* parti(!le? 'Pho efficiency factor for ice is 0.10. What 
will be the radiation pressure upon an ice particle of this size? 

4. Consider tlu! Hca(.lering of the light of a distant star by a plane 
parallel slab of thickness I). Assume the illuminating star and the 
observer to be on the same side of the reflection nebula. Show that if 
the phase function for .setattering is ^(a), and k is the extinction coefficient 
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the intensity of the scattered light (neglecting multiple scattering) 
will be given by an expression of the form 


T - ^ f \ cosr 
1 - + cosr 


(l-expr-W— 

t \ cosr cos 5 /JJ 



6. Assume that the ionized inner portion of the Orion Nebula is 
surrounded by a zone of neutral hydrogen a third of a parsec thick, 
with a density of 10® atoms/cm*. With electron temperatures of 
100®K, 1000®K, and 10,000°K, calculate the optical thickness of this 
zone due to continuous absorption of the negative hydrogen ion at 
X5000, X6000, and X7000A. Assume iV, = 0.1. 
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Stellar evolution, 79-82 

Stellar rotation, theory of, 77-79 

Supernovae 

light curves of, 184, 185 
spectra of, 184, 186 

T associations, 271 
Temperatures in stellar interiors 
calculation of, 62 et seq, 
mean values of, 6, 6 
Thermal instability, 17, 18, 61 
Thomson sciittering; see Electron scat¬ 
tering 

Tidal action in close binaries, 75 
Triangulum Spiral (Messier 33), 232 
Trifid Nebula (Messier 20), 230 
T Tauri variables, 141,142, 245,269, 271 
Turbulence, 17 
Turbulent convection, 17, 42 
Turbulent pressure, 43 

‘‘Ultraviolet quanta” defined, 201 
Uniform energy generation model, 49, 52 

Variable stiirs; see Cepheids; Long period 
variables; Novae; Rll Lyrao sttirs; 


RV Tauri stars; SS Cygni stars' 
Supernovae; T Tauri stars; and W 
Virginis stars 
irregular, 135, 138 
semi-regular, 136, 138 
“symbiotic,” 137, 141, 180-82 
von ZeipeVs theorem, 79 

White dwarf stars, 84, 86-90 
Wolf-Rayet stars, 141, 142, 150,161, 166 
as components of binaries, 156 et seq, 
atmospheres of, 157, 169 
chemical composition of, 160 
luminosities of, 166 
origin of, 88, 90 
spectra of, 158 
temperatures of, 158-60 
W Virginis stars, 98, 99 
light curve of, 102 
spectrum changes of, 105, 106 

Ylom, 03 

Zone of avoidance of spiral nebulae, 230 



